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To the memory of my mother, Vera Gajic¢
and my uncle, Radovan Gajic.

Chapter 17 is dedicated to Colette.
Another smart, generous, and witty soul
gone too soon.



Reader,

I Here put into thy Hands, what has been the diversion of some of my idle and heavy
Hours: If it has the good luck to prove so of any of thine, and thou hast but half so much
Pleasure in reading, as I had in writing it, thou wilt as little think thy Money, as I do my
Pains, ill bestowed. Mistake not this, for a Commendation of my Work; nor conclude,
because I was pleased with the doing of it, that therefore I am fondly taken with it now
it is done.

John Locke, The Epistle to the Reader
An Essay Concerning Human Understanding, 1660

Well, that’s about it for tonight ladies and gentlemen, but remember if you’ve enjoyed
watching the show just half as much as we’ve enjoyed doing it, then we’ve enjoyed it twice
as much as you. Ha, ha, ha.

Monty Python’s Flying Circus, Episode 23, ‘Scott of the Antarctic’, 1970



Preface

This book is shorter than In Search of Lost Time, is easier to read than Principia
Mathematica, and has more mathematical content than War and Peace.'? Tt
provides an introduction to set-theoretic methods in the field of C*-algebras,
functional analysis, and general large metric algebraic structures. The main objects
of the study are the two classes of C*-algebras: (1) nonseparable but usually nuclear,
and even approximately finite, C*-algebras and (2) properties of massive quotient
C*-algebras such as coronas, ultraproducts, and relative commutants of separable
subalgebras of massive algebras.
While writing this book, I had in mind four types of readers:

1. Graduate students who had already taken an introductory course in C*-algebras
and would like to learn set-theoretic methods

2. Graduate students who had already taken an introductory course in combinatorial
set theory and would like to apply their knowledge to C*-algebras

3. Graduate students who had taken a first course in functional analysis, and
possibly a first course in mathematical logic (the latter can be replaced by
‘sufficient mathematical maturity’), and are interested in learning about set-
theoretic methods in functional analysis, and C*-algebras in particular

4. Mature mathematicians interested in learning about applications of set theory to
C*-algebras

This book can be used as a text for an advanced two-semester graduate course.
Alternatively, one can use Chapters 1-8, Section 9.2, and Chapters 10 and 11 for a
one-semester course on constructions of nonseparable C*-algebras.

'If you thought there wasn’t much mathematical content in War and Peace then you haven’t
made it as far as the second epilogue, where the following sentence can be found: ‘Arriving at
infinitesimals, mathematics, the most exact of sciences, abandons the process of analysis and enters
on the new process of the integration of unknown, infinitely small, quantities’. Tolstoy proceeded
to speculate on applications of calculus to history. This was written in the 1860s, barely 10 years
after the birth of Riemann’s integral and full 80 years before Asimov’s ‘Foundation’.

2...and some of the jokes were not stolen from Douglas Adams.
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viii Preface

Another alternative is to use Chapters 1 and 2, and all of Part III (except Section
12.5, which relies on Chapter 5) for a one-semester course on set-theoretic aspects
of the Calkin algebra, other coronas, and ultraproducts.

Yet another possibility for a minicourse on representations of C*-algebras would
be to use only Chapters 1-5. This option involves no set theory, but it covers aspects
of the representation theory of C*-algebras not covered elsewhere.

If a course is given to students with a solid background in set theory, then all of
Chapter 6 and parts of Chapters 7 and 8 should be omitted.

In the dual situation, when the audience consists of students with a solid
background in C*-algebras, Chapters 1-3 can be omitted.
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Why Bother?

In his 1925 PhD thesis, John von Neumann defined the cumulative hierarchy by
transfinite recursion on the ordinals. The Oth level is the empty set, the successor of
a given level is its power set, and a limit level is equal to the union of all preceding
levels (see Section A.5). Virtually, all of mathematics as we know it (and then some)
takes place within the first ten infinite levels of this hierarchy.

supercompact cardinal

We are here! We are here??

The cumulative universe (not drawn to scale). The cumulative universe.

So why do we need all these sets?

The use of abstract set theory in mathematics can be compared to the analytic
number theory, where analytic methods are applied to prove statements about
natural numbers. Or think of the definition of cohomology, using uncountable free
groups. The only difference is that the gap between the cardinalities of objects
considered and tools used can be much larger and that it is known that in many
situations, this is necessarily so. Here are a few examples.

Take n > 1 and a Borel subset X of R"*2. Let Y be the projection of X to R"*!.
Let Z be the projection of R**! \ Y to R". Can one prove that Z is Lebesgue
measurable for every choice of the Borel set X ? In Godel’s constructible universe L,
the answer is negative, and with n = 2, one can even choose X so that Z is a

XV



XVi Why Bother?

well-ordering of the reals. However, the existence of a very large cardinal called
measurable cardinal® implies a positive answer. This is the question of Lebesgue
measurability of ¥ é sets of reals (see [148, 216]).

The assertion that there are uncountably many infinite cardinals cannot be
proved in Zermelo’s original axiomatization of set theory Z. This can be proved
by using the replacement axiom, added by Fraenkel, to obtain the Zermelo—
Fraenkel set theory (ZF). Borel Determinacy asserts that natural two-player games
of perfect information with a Borel payoff are determined. Borel Determinacy
cannot be proved in Z [108]. It was proved in ZF by Martin (see [151]) using
transfinite iteration of the power set operation. The interplay between the Axiom of
Determinacy and large cardinals that dwarf measurables provides one of the most
fascinating justifications of the higher set theory (see [148] and [265]).

Laver used one of the strongest large cardinal assumptions not known to lead to
a contradiction (the existence of a nontrivial elementary embedding of a rank-initial
segment of von Neumann’s universe into itself) to solve a problem about algebras
satisfying the left-distributive law a(bc) = (ab)(ac). This assumption has been
removed, but large cardinals provided a natural route towards the solution (see [53]).

Last but not least, some questions about operator algebras on a (separable!)
Hilbert space can be answered only by using abstract set theory. Read on.

SThe extent of largeness of measurable cardinals is the subject of Exercise 16.8.32.



Introduction for Experts

Some papers should be seen as territorial claims, not instruments of instruction.
A R.D. Mathias

A C*-algebra is a subalgebra of %(H), the algebra of all bounded linear
operators on a complex Hilbert space H, closed under the formation of adjoints and
the norm topology. A von Neumann algebra is a unital subalgebra of Z8(H) which
is closed in the weak operator topology. The study of von Neumann algebras, under
the name of ‘rings of operators’, was initiated in the 1930s and 1940s in the work of
Murray and von Neumann. The study of C*-algebras began in the 1940s by a result
of Gelfand and Naimark stating that a complex Banach algebra with an involution is
isomorphic to a C*-algebra if and only if it satisfies the C*-equality ||aa*|| = [a]>.
It has since expanded to touch much of modern mathematics, including number
theory, geometry, ergodic theory, mathematical physics, and topology.

Set theory is an area of mathematical logic concerned with the foundational
aspect of mathematics and to some extent (but by no means exclusively) inde-
pendence results. Godel’s Incompleteness Theorem implies that no consistent and
recursive set of axioms that extends the theory of natural numbers can decide every
statement expressible in its language. Therefore, some statements of number theory
can be neither proved nor refuted on the basis of the standard Zermelo—Fraenkel set
theory with the Axiom of Choice (ZFC). Godel’s statements code metamathematical
statements and are unnatural from the point of view of number theory. In spite of
Godel’s Theorem, parts of core mathematics are generally considered immune to
set-theoretic independence, and such independent statements in the field of operator
algebras were found only recently. The answers to some prominent and long-
standing open problems on operator algebras are independent from ZFC, and this is
one of the main themes of this text.

In the past century, the connection between logic and operator algebras was
sparse albeit fruitful. In this text, we present one aspect of this progress that brought
two subjects closer together. Our main goal is to give a self-contained and as
elementary as possible ‘instrument of instruction’ for set-theoretic methods used
in the past 15 years to resolve several long-standing problems in the theory of

XVii



xviii Introduction for Experts

C*-algebras. Along the way, we provide an introduction to several loosely related
topics, such as the representation theory of C*-algebras, massive C*-algebras such
as coronas, asymptotic sequence algebras (reduced products), and ultraproducts, as
well as infinitary combinatorics and its applications to functional analysis.°

The problems from the field of operator algebras that were resolved using set
theory generally fall into one of the two following categories.

Nonseparable Examples

The problems in the first group ask whether all operator algebras with a certain
property P also satisfy a related property, Q. Two textbook examples of such
problems are Dixmier’s 1967 problems, asking is every unital inductive limit of
full matrix algebras isomorphic to a tensor product, and is every C*-algebra that
locally looks like a full matrix algebra isomorphic to an inductive limit of full matrix
algebras? (In technical terms, is every unital approximately matricial (AM) C*-
algebra is uniformly hyperfinite (UHF), and is every unital locally matricial (LM, or
matroid) C*-algebra approximately matricial?) Yet another example is Naimark’s
problem, asking whether a C*-algebra all of whose irreducible representations
are unitarily equivalent is isomorphic to the algebra of compact operators on
some Hilbert space. A problem closely related to Naimark’s is whether Glimm’s
Dichotomy, asserting that the number of unitary equivalence classes of irreducible
representations of a separable and simple C*-algebras is either 1 or not smaller than
¢’ holds for all simple C*-algebras. Another problem asks whether every amenable
norm-closed algebra of operators on a Hilbert space is isomorphic to a C*-algebra.
All of these problems, except possibly the last one, have positive solutions when
restricted to separable C*-algebras.

In the simplest form of a set-theoretic resolution to a problem of this sort, an
example is defined from concrete parameters such as cardinals or real numbers. Both
Dixmier’s problems fall into this class, with counterexamples of minimal density
characters® equal to the first two uncountable cardinals, 81 and X, respectively.

Some other problems in the first group are solved by a recursive construction
of transfinite length. An example was provided by Weaver’s construction of a
prime, but not primitive, C*-algebra. Crabb and Katsura later simplified Weaver’s
construction and provided a definition of such an algebra, thus ‘upgrading’ (or
perhaps downgrading?) the solution of this problem to the first class. The problem
of the existence of an amenable norm-closed algebra of operators on a Hilbert space

6Students and non-experts, please proceed to ‘Annotated Contents’ on page Xx or even straight to
‘Prerequisites and Appendices’ on page xxv and later use the earlier pages of this introduction as
a reference.

T¢ .= 280 the cardinality of the real line.
8The density character of a topological space is the smallest cardinality of a dense subset.



Introduction for Experts Xix

not isomorphic to a C*-algebra is resolved by defining a counterexample, but the
definition uses as a parameter a so-called Luzin family of subsets of N, constructed
by transfinite recursion.

In the third subgroup of examples, the algebras are again constructed by a trans-
finite recursive construction, but the construction is facilitated by a diagonalization
principle independent from the standard ZFC axioms of set theory such as the
Continuum Hypothesis or its strengthening, Jensen’s diamond <y,. The latter is
used to construct counterexamples to Naimark’s problem and Glimm’s Dichotomy
for C*-algebras of density character 8. More precisely, for every 1 < n < R, we
construct a simple C*-algebra with exactly n irreducible representations (up to the
unitary equivalence) that is not isomorphic to the algebra of compact operators on
a Hilbert space. This algebra can be chosen to be nuclear, stably finite, and even
approximately finite.

Properties of Massive Quotients

Another, even more exciting and more fundamental, group of questions is concerned
with properties of familiar, canonical, examples of C*-algebras. Explicitly defined
C*-algebras, some of whose essential properties may depend on set theory, are
unlikely to be separable.’ The massive quotient algebras are the most likely can-
didates for having a ‘set-theoretically malleable’ theory. This unruliness is closely
related to the fact observed in both noncommutative geometry and descriptive set
theory, that the quotient spaces are frequently intractable. The simplest, and most
established, example of a massive quotient C*-algebra is the quotient of the algebra
of bounded linear operators on H = £, (N) over the ideal of compact operators. This
is the Calkin algebra, 2(H).

Motivated by their seminal work on extensions of separable C*-algebras by the
algebra of compact operators, Brown, Douglas, and Fillmore asked whether 2(H)
has an outer automorphism. By results of Phillips—Weaver and the author, the answer
to this question is independent from ZFC.

Separable C*-algebras and the General Theory

While the main goal of this text is to present the theory of nonseparable C*-algebras,
a substantial amount of space and effort is devoted to the theory of C*-algebras that
does not explicitly involve set theory. In addition, a fair portion of this theory applies
only to separable C*-algebras.

9This is essentially a consequence of Shoenfield’s Absoluteness Theorem and standard descriptive
set-theoretic coding arguments (see Theorem B.2.12).
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This choice was guided by two rationales. First, students may appreciate having
all the required information in a single volume. The second one is more substantial.
Many of the standard results needed in the latter parts of this text cannot be easily
found elsewhere, and in at least one case, a complete proof hasn’t been available at
all until now. A list of these results follows.

The strong homogeneity of the pure state space of every separable C*-algebra is
Theorem 5.6.1. A rough sketch of a proof of this theorem was given by Akemann
and Weaver in [6], combining techniques of [110, 161], and [121].19 We give a
complete proof, including Kishimoto’s rather elementary proof [159] of Haagerup’s
result on the existence of an approximate diagonal of an irreducible representation
of a C*-algebra (Theorem 5.1.2). The Wolf—Winter—Zacharias Structure Theorem
for completely positive maps of order zero is Theorem 3.2.9. Theorem 12.3.2
is the Johnson—Parrott Theorem about derivations of C*-algebras (or rather its
consequence that the image of any masa in %(H) under the quotient map is
a masa in the Calkin algebra). The Akemann—Anderson—Pedersen Theorem on
excision of pure states is proved in Theorem 5.2.1. We use excision to provide
a proof of Kirchberg’s Slice Lemma.!! Excision also forms the basis for the
theory of noncommutative analogs of ultrafilters, known as maximal quantum filters
(see Section 5.3). They are used to facilitate the use of set-theoretic methods in the
study of pure states on C*-algebras. A proof of Ulam stability of e-representations of
compact groups and e-*-homomorphisms between finite-dimensional C*-algebras is
in Section 17.2.

Many of the proofs have been taken apart, have had all of their gears oiled,
and were then reassembled. One example is Theorem 3.7.2, Glimm’s Theorem that
every non-type I C*-algebra has a subalgebra with a quotient isomorphic to the CAR
algebra.!?

Annotated Contents

Part I is about C*-algebras.

In Chapter 1, we introduce the abstract C*-algebras and work towards the
Gelfand—Naimark—Segal Theorem (Theorem 1.10.1). Along the way, we discuss
abelian C*-algebras and Gelfand—Naimark and Stone dualities, continuous func-
tional calculus, positivity in C*-algebras, approximate units, and quasi-central
approximate units.

10As T was writing these lines, a more detailed exposition of this proof became available in [242].
This proof is adapted from [206], where a proof of the excision of pure states in the case of
purely infinite and simple C*-algebras can be found.

12This result can be found, for example, in the classic [192], but the proof given here is somewhat
different.
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In Chapter 2, we give basic examples of constructions C*-algebras: direct
sums and products, inductive limits, stabilization, suspension, cone, hereditary C*-
subalgebras, quotients, tensor products, full and reduced group C*-algebras, and
full and reduced crossed products. Finite-dimensional C*-algebras and *-homomor-
phisms between them are classified by Bratteli diagrams. Universal C*-algebras
given by generators and relations are studied in some detail. After a discussion of
automorphisms of C*-algebras, we conclude with a section on C*-algebras of real
rank zero.

Chapter 3 starts with a telegraphic introduction to von Neumann algebras. We
also prove the Stinespring and Wolf—Winter—Zacharias Structure Theorems for
completely positive maps and completely positive maps of order zero, respectively,
and introduce averaging techniques and conditional expectations. We prove the
Kadison Transitivity Theorem and its generalization due to Glimm-Kadison. After
studying pure states and equivalence relations on the space of pure states of a
C*-algebra (unitary/spatial equivalence and conjugacy by an automorphism), we
conclude with a study of the second dual of a C*-algebra.

In Chapter 4, we adapt a technique, borrowed from the theory of II; factors, of
juxtaposing the GNS Hilbert space structure associated with a tracial state and the
C*-algebra structure to study reduced group C*-algebras. An emphasis is given to
the C*-algebras associated to free products of groups. We give basic norm estimates
for the elements of a group algebra and present basics of Powers groups and criteria
for simplicity of reduced group C*-algebras. The chapter concludes with a study of
normalizers of diffuse masas.

Chapter 5 starts with Kishimoto’s construction of approximate diagonals. We
then prove the Akemann—Anderson—Pedersen Theorem on excision of pure states
and apply it to prove Glimm’s Lemma and Kirchberg’s Slice Lemma. Excision
is also used to exhibit a bijection between ‘maximal quantum filters’ and pure
states of a C*-algebra. The maximal quantum filters are used to study extensions
of pure states. The chapter concludes with a proof of the Kishiomoto—Ozawa—Sakai
Theorem on the homogeneity of the pure state space of separable C*-algebras.

In Part II, we introduce set-theoretic tools and apply them to C*-algebras.

Chapter 6 is devoted to infinitary combinatorics: club filter, nonstationary ideal,
the pressing down lemma, variants of the A-system lemma, and Kueker’s Structure
Theorem for clubs in [X]%0.

In Chapter 7, we introduce continuous variants of the results from Chapter 6 in
which [X]%0, the family of countably infinite subsets of a fixed uncountable set X,
is replaced with Sep(A), the family of all separable substructures of a nonsepa-
rable metric structure A. The latter directed set is o-directed, but not concretely
represented, and in some cases, only the approximate versions of results studied in
Chapter 6 hold. These approximate versions are used to reflect properties of large
C*-algebras to their separable subalgebras and prove that algebras indistinguishable
by any of the standard K-theoretic invariants are not isomorphic. The spaces of
models—both discrete and metric—are studied in Section 7.1. Proposition 7.2.9 is
a metric variant of the Pressing Down Lemma.
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Chapter 8 is devoted to the additional set-theoretic axioms used in this text. They
are literally treated as axioms—no attempt has been made to prove their relative
consistency with ZFC. We start with rather standard, brief, and self-contained
treatments of the Continuum Hypothesis and Jensen’s <y, and use <>y, to construct
a Suslin tree. The o -complete directed systems of isomorphisms between separable
substructures are studied in some detail. The axiom asserting that a Polish space
cannot be covered by fewer than ¢ meager subsets is used to construct a selective
ultrafilter on N. The chapter ends with a discussion of the Ramseyan axiom OCAT
and some of its applications.

Several themes picked up later on in this text originate in Chapter 9. The
first one is the structure of the Boolean algebra &?(N)/Fin and related quotient
structures. The interplay between separability of &7(N) (identified with the Cantor
space) and countable saturation of &?(N)/Fin is used to construct several objects
witnessing the incompactness of Np, such as the independent families, almost
disjoint families, and gaps in &?(N)/ Fin. In the latter sections, this Boolean algebra
is injected into massive corona C*-algebras. This is used to construct subalgebras
of A(H) with unexpected properties, such as an amenable norm-closed algebra
of operators on a Hilbert space not isomorphic to a C*-algebra (Section 15.5),
and Kadison—Kastler near, but not isomorphic, C*-algebras (Section 14.4). We
introduce the Rudin—Keisler ordering on the ultrafilters and construct Rudin—Keisler
incomparable nonprincipal ultrafilters on N. The basics of the Tukey ordering of
directed sets are presented in Section 9.6. We prove that two directed sets are
cofinally equivalent if and only if they are isomorphic to cofinal subsets of some
directed set. We study the directed set NN, the associated small cardinals b and 0,
and two directed sets cofinally equivalent to N used to stratify the Calkin algebra,
Party and Partg,. This chapter ends with a convenient and well-known structure
result for comeager subsets of products of finite spaces.

In Chapter 10, infinitary combinatorics is applied to study graph CCR algebras.
These ‘twisted’ reduced group C*-algebras associated to a Boolean group and a
cocycle given by a graph are AF (approximately finite) and even AM (approximately
matricial) if they are simple (i.e. if they have no proper norm-closed, two-sided
ideals). After developing structure theory, we recast results of the author and Katsura
and show that in spite of their simplicity (here ‘simplicity’ stands for ‘lack of
complexity’), graph CCR algebras provide counterexamples to several conjectures
about the structure of simple, nuclear C*-algebras. We construct an AM C* algebra
that is not UHF, but it has a faithful representation on a separable Hilbert space.
In every uncountable density character «, there are 2 nonisomorphic graph CCR
algebras with the same K-theoretic invariants as the CAR algebra. By using an
independent family of subsets of N, we construct a simple graph CCR algebra that
has irreducible representations on both separable and nonseparable Hilbert spaces.

Other examples of nonseparable C*-algebras are constructed in Chapter 11. We
start with Akemann’s C*-algebra with no abelian approximate unit. This is followed
by a strengthening of a result of Akemann and Weaver due to the author and
Hirshberg. It gives a counterexample to Glimm’s Dichotomy for nonseparable C*-
algebras: for every n < R, there exists a simple C*-algebra of density character 8
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with exactly n unitarily inequivalent irreducible representations. The case n = 1
is a counterexample to Naimark’s problem. These results use Jensen’s <y, and it
is not known whether they can be proved in ZFC. The chapter concludes with a
study of C}(Fy), the reduced group algebra of the free group with « generators.
For every «, this C*-algebra has only separable abelian C*-subalgebras (Popa), and
every two pure states are conjugate by an automorphism (Akemann—Wassermann—
Weaver). Both results apply to C} (1), where I is the free product of any family of
nontrivial countable groups.

Part III of this text is devoted to the Calkin algebra and other massive quotient
structures—coronas, ultraproducts, asymptotic sequence algebras, and relative com-
mutants of their separable C*-subalgebras. A mix of set-theoretic, model-theoretic,
and operator-algebraic techniques provides means for a unified treatment of these
C*-algebras.

In Chapter 12, we introduce the Calkin algebra 2(H) and establish the parallel
between the poset of its projections and the quotient Boolean algebra &?(N)/ Fin.
We prove the Weyl-von Neumann—Berg—Sikonia Theorem on the existence of
diagonalized liftings of singly generated abelian C*-subalgebras of 2(H). In the
separable case, the only obstructions to the existence of diagonalized liftings are
K-theoretic. In the nonseparable case, examples can be provided by a simple
counting argument or by a more profound Luzin-type construction of a ‘twist’
of projections in 2(H). We prove the Johnson—Parrot Theorem, that the image
of a masa in % (H) under the quotient map is a masa in 2(H). Pure states on
2(H) are the noncommutative analogs of nonprincipal ultrafilters on N, and this
connection is brought forth by the language of maximal quantum filters. A recursive
construction of maximal quantum filters facilitated by the Continuum Hypothesis is
used to construct non-diagonalizable pure states on 2(H), refuting a conjecture of
Anderson and giving a negative answer to a problem of Kadison and Singer; this
is a theorem of Akemann and Weaver. We offer additional proofs of this theorem
from two weakenings of the Continuum Hypothesis (cov(.#) = ¢ and ? < t*) that
between them cover many ‘common’ models of ZFC. No ZFC construction of a
nondiagonalizable pure state on 2(H) is presently known.

In Chapter 13, we study multiplier algebras and coronas of non-unital C*-
algebras. These are the noncommutative analogs of the Cech—Stone compactifica-
tion and the Cech—Stone remainder, respectively, of a locally compact Hausdorff
space.

Gaps in coronas are studied in Chapter 14. We show that the rich and well-studied
gap spectrum of &(N)/Fin embeds into the corona of every o -unital, non-unital
C*-algebra. This is used to prove two incompactness results. The Choi—Christensen
construction of Kadison—Kastler near, but non-isomorphic, C*-algebras is recast in
terms of gaps: every gap in the Calkin algebra can be used to produce a family
of examples of this sort. Every uniformly bounded representation of a countable,
amenable group in the Calkin algebra is unitarizable. Using a Luzin family, one
defines a uniformly bounded, non-unitarizable representation of Py , Z/2Z in the
Calkin algebra. This example yields an amenable operator algebra not isomorphic
to a C*-algebra. This is a result of the author, Choi and Ozawa.
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In Chapter 15, we study the overarching concept of countable degree-1 saturation
and prove a theorem of the author and Hart that that all massive quotient C*-
algebras (coronas of o -unital, non-unital C*-algebras, ultraproducts associated with
anonprincipal ultrafilter on N, and relative commutants of separable C*-subalgebras
of countably degree-1 saturated C*-algebras) have this property. Countable degree-
1 saturation subsumes several separation properties of massive C*-algebras with
neat acronyms, such as Pedersen’s SAW*, CRISP, and AA-CRISP, also sub-Stonean
and Kirchberg’s o-sub-Stonean C*-algebras, and those C*-algebras satisfying
the conclusion of Kasparov’s Technical Lemma. Many of these properties are
analogs of the absence of gaps with countable sides in &?(N)/Fin. Among other
applications, we prove that countably degree-1 saturated C*-algebras are essentially
non-factorizable (Section 15.4.3), that every uniformly bounded representation of a
countable amenable group into such C*-algebra is unitarizable (Section 15.4.1; this
fails for uncountable groups, Section 14.5), and that such C*-algebras admit a poor
man’s version of Borel functional calculus that generalizes the Brown—-Douglas—
Fillmore ‘Second Splitting Lemma’ (Section 15.4.2).

In Chapter 16, we use continuous model theory to study ultraproducts and
asymptotic sequence algebras (i.e. reduced products associated with the Fréchet
filter). The Fundamental Theorem of Ultraproducts (L.o§’s Theorem) and the cor-
responding result for reduced products, Ghasemi’s Feferman—Vaught Theorem, are
proved for arbitrary metric theories. These theorems are used to prove the countable
saturation of ultraproducts associated with countably incomplete ultrafilters and the
countable saturation of reduced products associated with the Fréchet filter. The o-
complete back-and-forth systems of partial isomorphisms between metric structures
(introduced in Section 8.2) are used in Section 16.7 to prove that the Continuum
Hypothesis implies all ultrapowers and all relative commutants of a separable C*-
algebra associated with nonprincipal ultrafilters on N are isomorphic.' The chapter
ends with theorems due to Ge-Hadwin and the author, Hart, and Sherman, in which
a large number of (outer) automorphisms of ultrapowers, asymptotic sequence
algebras, and related massive C*-algebras are constructed using the Continuum
Hypothesis.

Chapter 17 begins with a rather elementary proof of the Phillips—Weaver
Theorem: the Continuum Hypothesis implies that the Calkin algebra has outer
automorphisms. The analogous result, due to Coskey and the author, is proved for
the coronas of all stable, o-unital C*-algebras. This is followed by a proof of the
Burger—Ozawa—Thom Theorem on Ulam stability of e-homomorphisms, used to
prove an Ulam stability result for e-*-homomorphisms whose domain is a finite-
dimensional C*-algebra. The final sections of this chapter (and the text) are devoted
to a complete proof that OCAT implies that all automorphisms of the Calkin algebra
are inner.

13This assertion is equivalent to the Continuum Hypothesis. In order to keep the cardinality of the
set of pages of this text within reasonable limits, the proof of the converse is only outlined.
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Prerequisites and Appendices

The reader is assumed to have taken a standard one-semester first course in
functional analysis. This subsumes some familiarity with the basic point-set topol-
ogy: compactness, Hausdorffness, nets, and Cauchy nets. Paracompactness is used
exactly once in this text. The reader is also assumed to be familiar with rudimentary
axiomatic and naive set theory. Some acquaintance with model theory and logic of
metric structures is helpful, but not necessary (except in Chapter 16, but this chapter
is an end in itself). To be specific, most uses of model theory outside of Chapter 16
can be summarized in three words, ‘Lowenheim—Skolem Theorem’, and the readers
who would rather call it ‘Blackadar’s method’ are by all means welcome to do
so. In addition, all uses of Lo§’s Theorem for ultraproducts relevant to us can be
proved with one’s bare hands. However, one can also solve any cubic equation using
Tartaglia’s original algorithm.

The appendices contain brief reviews of the axiomatic and naive set
theory (Appendix A), descriptive set theory (Appendix B), functional analysis
(Appendix C), and model theory (Appendix D).

Notation

Our notation is mostly standard is what I wish I could say at this point. Alas! This
text attempts to bridge the gap between two sophisticated areas of mathematics,
each of which has its own (often idiosyncratic) notation and terminology. The best
that I can do is provide a list of notational conventions and conflicts.

The issue of choosing the right fonts and symbols cannot be overestimated—
one of the most serious criticisms of [52] that I am aware of is that ‘the author
used all the wrong fonts’. I will mostly refrain from using @ (see Exercise 1 and
Exercise 2), with two exceptions. The vector state associated to a unit vector &
will be denoted wg. I will write N instead of @ almost everywhere; in transfinite
constructions, @ will denote the least infinite ordinal.

Greek letters £, n, and ¢, denote vectors in a Hilbert space except in the
appendix, where they denote ordinals. Thus, wg stands for the vector state associated
with vector £ throughout this text, except in Appendix A (see page xxviii,
Exercise 2). The letters ¢ and § will stand for small but positive real numbers, with
one exception. The standard § symbol is defined by 8, y = 1if x = yand 6, , =0
otherwise.

14An early draft of this text contained an extensive appendix on absoluteness. I am convinced
that understanding absoluteness is necessary for understanding the role (and the limitations) of set
theory as we presently know it. Nevertheless, the insane idea of cramming this sensitive material
into an appendix to a 500 page book that already contained diverse, and sometimes technically
demanding, material has been abandoned. I owe special thanks to Matt Foreman for providing the
voice of reason.
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The symbol 7 (sometimes embellished with subscripts) is used to denote repre-
sentations of C*-algebras, projections from a Cartesian product to its components,
various quotient maps, and, last but not least, the area of the unit disk. Symbols
m,n,i, j, k, and [ stand for natural numbers, with an occasional i = J—1.

The asterisk is even more overused than w or 7 (at least in operator algebras). In
addition to having a¢* denote the adjoint operation, X* denote the dual of a Banach
space, and assorted C*s and W*s denote self-adjoint operator algebras, I will use
the standard set-theoretic notation X C* Y for ‘the difference X \ Y is finite’.

We shall be using |a| only to denote the absolute value of a scalar, the absolute
value of a function or an operator, and the cardinality of a set.'

Some of the rules for the assignment of fonts to data types are described in the
following lines.

Ultrafilters are assumed to be nonprincipal (or free) ultrafilters on N, and they
will be denoted %, ¥, and #'.

Blackboard bold font is used for sets of numbers, N, Z, Q, R, C, T, and D,
where

T:={ze€C:lz]l=1} and D:={z € C: |z] < 1}.

The remaining symbols, N, Z, Q, R, and C, are I believe standard enough (but note
that 0 € N and w = N when convenient).

For abstract sets, I use the sans-serif font: A, X, Y, s, and t. This font is also used
to denote distinguished sets of operators or functionals associated to a C*-algebra A:
S(A) is the set of states on A, P(A) is the space of pure states in A, and U(A) is the
unitary group of A. In order to avoid confusion with the power set & (A) and the set
of pure states P(A), the poset of projections of a C*-algebra A is denoted Proj(A).

Capital letters A, B, C, and D will usually denote C*-algebras, and capital
letters M and N will usually denote von Neumann algebras or multiplier algebras
of non-unital C*-algebras. Operators are denoted by lower case letters, mostly
a, b, c, and d, but in some of the more complex arguments, we use up a fair portion
of the alphabet. When venturing into operator theory and talking about concrete
operators on a Hilbert space that do not belong to any given operator algebras,
we denote them with capital Roman letters R, S, T, .... Capital letters in fraktur
font are used to denote structures (in the model-theoretic sense), both discrete and
metric: 2, and ®B. The domains of these structures are denoted by the corresponding
letters in sans serif font, so that the domain of 2l is denoted A, the domain of B is
denoted B, and so on. This convention is used only until the distinction has been
made very clear. Small fraktur font is reserved for small cardinals associated with
the continuum.

And now, for the good news, the fruitful interaction between operator algebras
and descriptive set theory is reflected in some common terminology. In both

15Indeed, N.C. Phillips pointed out that the absolute value signs are even more overused in
mathematics than the asterisk.
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subjects, analytic sets are continuous images of Borel sets, and an equivalence
relation is smooth if the quotient Borel space is standard. Unlike ‘normal’, the word
‘compact’ has, to the best of my knowledge, the same meaning throughout all of
mathematics. ‘“Weakly compact’ will mean ‘compact in some weak topology’ or
‘compact in the weak operator topology’; weakly compact cardinals haven’t been
used in the field of C*-algebras, yet.

The e-ball centred at x in a metric or normed space is denoted

B:(x) :={y:dx,y) <e}.

If X and Y are subsets of a metric space, I write X C. Y if infyey d(x, y) < & for
all x € X. For elements x and y of a metric space, x &, y stands for d(x, y) < e.
(In spite of the suggestive notation, this is certainly not an equivalence relation.)
We write F € A for ‘F is a finite subset of A’.
It will be convenient to use the following two quantifiers:

(V*°n) stands for (Am € N)(Vn > m)
(3*°n) stands for (Vm € N)(3n > m).

Following a convention going back to von Neumann, an ordinal is identified with
the set of smaller ordinals, and natural numbers are identified with finite ordinals:
0:=%,1:={#),andn = {0,...,n — 1} for all n € N.'° This is but one reason
why it is important to distinguish between f(X) and

FIX]:={f(x) :x € X}.

The characteristic function of a set X (considered as a subset of some fixed set clear
from the context) is denoted xx. (Some authors, and functional analysts in particular,
use 1y, but in this text, 14 is reserved for the unit of a C*-algebra A.)

Symbols for index sets are omitted whenever this is convenient both for myself
and—to the best of my knowledge—for the reader. I will interchangeably write
(bj : j €l), (bj)j,oreven (b;) when the index-set is clear from the context. The
same remark applies to standard abbreviations such as [[,, A for the ultraproducts
and ®N A, or ]_[n A, for products. The symbol lim,, stands for lim,,_, o, and lim;,
stands for lim,_, 4 if A is a net clear from the context.

Apart from the hopefully innocuous conventions described in the previous para-
graph, between redundancy and confusion, I systematically choose redundancy.!”
Every ordered set is therefore either ‘linearly ordered’ (this is synonymous to
‘totally ordered’) or ‘partially ordered’. A relation is a quasi-ordering if it is
transitive but not necessarily antisymmetric.

16The line has to be drawn somewhere; I avoid writing (¥ € n) in place of (V) < n).
7With apologies to George Elliott.
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Exercises

As an ice-breaker, I provide a multiple-choice quiz.
Exercise 1 What does R® stand for?

1. An ultrapower of the hyperfinite II; factor R associated to a free ultrafilter @
on N

2. The space of all sequences (1, : n € w) of real numbers, where @ denotes the
least infinite ordinal, identified with N (and yes, zero is a natural number)

Exercise 2 What does w; stand for?

1. The vector state on B (H) associated with a vector & in the Hilbert space H, in
symbols wg (a) := (a§|§).

2. The &th infinite cardinal, also denoted 8¢, where £ is an ordinal and counting
starts at 0.

Exercise 3 What is the meaning of ‘@ is a contraction’?

1. lo(x) — eI < |lx — y| for all x and y in the domain of ¢.

2. [le(x) — eIl < |lx — y|| for all x and y in the domain of ¢.

3. Well, it’s the shortening of a word or a group of words by omission of a sound or
letter.

Hint Apparently, there is not much use for Banach’s fixed point theorem in operator
algebras. Contraction is a 1-Lipshitz function, i.e. function f between metric spaces
such that d(x,y) > d(f(x), f(y)) for all x,y. (A notable special case of a
contraction is a linear operator of norm < 1.)

Exercise 4 What does |A| stand for?

1. (A*A)1/2.
2. The smallest ordinal equinumerous with A, assuming the Axiom of Choice.
Otherwise, this is the equivalence class of all sets equinumerous with A.

Exercise 5 A C*-algebra A is finite if

1. For every partial isometry v € A such that the projections p := vv* and g := v*v
satisfy pg = ponehas p =g
2. |A] < Ry

Exercise 6 What are the elements of L,?

1. Equivalence classes of square-integrable functions.
2. They are @ and {¢}.

If you answered (1) to more than half of the questions, you are an operator
algebraist. If you answered (2) to more than half of the questions, you are a set
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theorist.'® If you answered (3), then you may be a linguist or a ‘Weird A’ Yankovich
fan.

Exercises

A fair number of the exercises form an integral part of the text. They are chosen
to widen and deepen the material from the corresponding chapters. Some other
exercises serve as a warm-up for the latter chapters, either by preparing the technical
grounds or by putting a bug into the reader’s ear. Every single instance of the
dreaded ‘it is easy to see’ phrase has been (at least) repackaged as a timely exercise,
invoked later on, sometimes several chapters later. Every exercise used in some
proof has been clearly marked. Finally, the entire subsections work as mini Moore-
style courses, enticing and cajoling the reader to learn more about C*-algebras and
set theory. '

Silliness

Every effort has been made to relieve and reward the reader’s efforts. In addition
to providing the best available proofs and unearthing analogies and connections
previously unknown to humanity, the text contains a variety of quips of varying
relevance (and, regrettably, of varying funniness degrees). All of them serve the
purpose of putting the reader’s mind at ease before hitting them with complex (no
pun intended) mathematics. All quotations are related to the section they precede in
some, frequently unobvious, way.

What Has Been Omitted

In order to maintain an elementary level and a (relatively) slow pace, it was
necessary to omit numerous results. Descriptive set theory and abstract classification
are mentioned only in passing, and model theory plays a nontrivial role only in
Chapter 16 (cf. [83]). We do not prove the relative consistency of set-theoretic
axioms, such as Jensen’s <y, or OCAT, with ZFC. The reader can either take
this on faith or read any of the existing excellent presentations (e.g. [165, §II1.7],
also [258]).

18Bonus question: What is M,,?
190r so 1 like to think.
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The original (abandoned) plan for this text included a section on selective
ultrafilters, but see [98].

The most recent general book on C*-algebras that omits K-theory that comes to
my mind is the (recently reissued) 40 years old [192]. The K-theory, K-homology,
and Ext haven’t yet been applied to C*-algebras in conjunction with set theory, but
this may be only a matter of time.

As I am writing these lines, exciting new developments are taking place in direct
applications of forcing to C*-algebras and set-theoretic analysis of the uniform Roe
algebras, but it is now too late to start another elephant (see [183, p. 155]).

All C*-algebras in Part I are separable unless otherwise specified. All C*-
algebras in Part II and Part III are nonseparable unless they are obviously separable.
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C*-algebras



Chapter 1 ®
C*-algebras, Abstract, and Concrete G

For a moment, nothing happened. Then, after a second or so, nothing continued to happen.
Douglas Adams, The Hitchhiker’s Guide to the Galaxy

In the first chapter we start with linear operators on a Hilbert space, define
concrete and abstract C*-algebras, and prove the GNS representation theorem.

1.1 Operator Theory and C*-algebras

This section contains a fast-paced review of operator theory in Hilbert spaces,
including the polar decomposition theorem.

Let H denote a complex infinite-dimensional Hilbert space equipped with the
inner product (£|n) and norm |&]| := (§|& )!1/2_ The inner product is sesquilinear,
i.e., linear in the first coordinate and conjugate linear in second. By the polarization
identity

Eln) = L300 i + i*nlg + i*n)

the Banach space structure on a Hilbert space completely determines its inner
product structure. All other properties of H follow from these first principles.
Moreover for every infinite cardinal « all infinite-dimensional Hilbert spaces of
density character «! are isometric to the sequence space

(k) i=fa € C* 1 3 aj|* < o0}

equipped with the inner product (a|b) := ) jajbj.

IThe density character of a topological space is the minimal cardinality of a dense subset.
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The Cauchy-Schwarz inequality (also known as the Cauchy-Bunyakowski—
Schwarz, or CBS, inequality) states that

IEImI =< &Il

where the equality holds if and only if & and 5 are linearly dependent. By the
Riesz—Frechet Theorem for Hilbert space every bounded linear functional ¢ on H
is implemented by a vector &,, via ¢(-) = (:|§,). The transformation ¢ — &,
is a conjugate linear isometry from H* onto H. This identification of H with its
Banach space dual equips H with the weak™ topology, usually referred to as the
weak topology on H (after all, H is reflexive and this topology coincides with the
weak topology on H induced by H*). A net of vectors in H converges weakly if
and only if the associated functionals converge pointwise. By the Banach—Alaoglu
Theorem, the unit ball H<; of H is weakly compact® and, since the unit ball of a
Banach space is norm-compact if and only if the space is finite-dimensional, the
norm and weak topologies agree only if H is finite-dimensional.
If K is a linear subspace of H then its orthogonal complement

K+ :={n:(€n) =0forall& € K}

is a norm-closed (see Exercise 3.10.1) subspace, and (K )" is equal to the norm-
closure of K.

Let #8(H) denote the algebra of all bounded linear operators on H. (There is no
consensus on what font to use for % in Z(H), and some authors use .2 (H).) The
operator norm

lall := supye<; llaéll

is a Banach algebra norm on Z(H). A sesquilinear form is a function : H> — C
which is linear in the first variable, conjugate linear in the second variable, with
the norm defined by [la|| := supygj=j,=1 l¢(§, n)|. Every a € HB(H) uniquely
determines a bounded sesquilinear form o, (¢, ) := (a&|n) and (by the Riesz—
Frechet Representation Theorem for Hilbert space) for every bounded sesquilinear
form o there is a unique a € ZA(H) such that @ = «,. This correspondence between
bounded linear operators and bounded sesquilinear forms is isometric. The adjoint
of a € #(H) is defined implicitly by its sesquilinear form

(@*&ln) = (&lan).

The association a +— a* is a conjugate-linear isometry. Given ¢ € %(H) and
€]l < 1 the Cauchy—Schwarz inequality implies

2 Any similarity with the weakly compact large cardinals [148] is accidental—“weakly compact”
means “compact in the weak topology”.
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lag | = (a§la§) = (a*a§(§) < la*al|

and therefore ||a||> < |la*a||. Since |la*a| < |allla*|l < |al?, all operators in
AB(H) satisty the C*-equality

2
lall® = lla*all.

An operator a € J8(H) has finite rank if a[H] is finite-dimensional; in this
case the rank of a is the dimension of a[H]. An operator a € H(H) is
compact if the a-image of the unit ball, a[H<;], is a norm-compact subset of H.
(Equivalently, compact operators are weak-norm continuous, which is why a[ H<]
is automatically closed.) In a Hilbert space an operator is compact if and only if it
is a norm-limit of a sequence of finite-rank operators.

If & and n are vectors in H define operator £ © n via

Eome = (InE.

This is the unique linear operator that sends 1 to ||n||?& whose kernel is equal
to {n}*. Every rank-1 operator is of the form & © 7 for some & and 7, and every
finite-rank operator is a linear combination of rank-1 operators. We have

EON =n0E,
EoOoME o) =(1<InE o).

In particular, if ||£]| = ||n]| = 1 then (§ © n)*(§ © n) is the orthogonal projection
to Cn and (£ © n)(§ © n)* is the orthogonal projection to C&. The norm-closure
of the algebra of finite rank operators is the algebra of compact operators, 2 (H)
[187, §2.4]. (This does not necessarily hold for compact operators in other Banach
spaces.)

Example 1.1.1

1. Perhaps the most important single operator (see [27, Examples 1.2.4.3]) is the
unilateral shift, s. It is defined relative to an orthonormal basis, &,, for n € N, of
a separable Hilbert space H by

$En) = &nt1

for n € N. Its adjoint s* is the “reverse” shift, defined by s*(§,41) = &, for
n € Nand s*(&) = 0.

2. An operator a is normal if aa* = a*a. 1t is self-adjoint (sometimes called
Hermitian) if a* = a.

3. Suppose H is presented as Lo(X, i) for a o-finite measure space (X, n). The
multiplication operator, My, associated to f € Lo (X, 1) is defined as follows.
If n € La(X, u) and x € X, then M ¢(n) is the (a.e. equality class of) function
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My () (x) == f(x)n(x).

Then M;E =M; (where f is the pointwise conjugation of f), and M £ is normal
because My My = M ;2 = M7My. Also, f is real-valued if and only if M
is self-adjoint. Then ||[My| = esssup(f) and My is invertible if and only if
f‘1 (B:(0)) is null for a small enough ¢ > 0. In this case M7 s My, where
g € Lo (X, ) is any function that satisfies g(x) := 1/f(x) if x > ¢.

We give a sample of a construction that can be performed in Z(H) (but not in a
C*-algebra).

Lemma 1.1.2 Suppose a and b are in Z8(H) and ||a& || > ||b&|| for allé € H. Then
there exists ¢ € PB(H) such that ca = b and ||c|| < 1.

Proof On a[H] let c(a&) := bE. Since our assumption implies ker(a) < ker(b),
a&é = animplies b = by and ¢ is well-defined. For € a[H]* let ¢y = 0. Linearly
extend c to all of H. Our assumption implies ||c|| = 1 and clearly ca = b. m|

An operator a on a Hilbert space is positive if (a&|€) > 0 for all £ € H, and
projection is an orthogonal projection to a closed subspace of H. If K is a closed
subspace of H, then the orthogonal projection to K is denoted projg. An operator
v such that both v*v and vv* are projections is a partial isometry. The following is
the analog of polar decomposition of complex numbers, z = re'™?.

Theorem 1.1.3 For every a in 8(H) there exists a partial isometry v € B(H) and
positive operators |a| and |a*| such that a = v]a| = |a™|v.

Proof Once |a| is defined as (a*a)'/? (as can be done in any C*-algebra, see Sec-
tion 1.4), this follows from Lemma 1.1.2. See e.g., [194, Theorem 3.2.17]. O

Suppose H is presented as £ (J) for an index-set J, with a distinguished orthonor-
mal basis é;, for j € J. Operators a € Z(H) are in bijective correspondence with
sesquilinear forms ¢, on H. By linearity a sesquilinear form can be identified with
its restriction to the basis vectors. Such restriction is a “k X k matrix” whose entries
are (ad;|8;), fori € Jand j € J. (Not every matrix corresponds to an element of
Z(H).) A “diagonal” matrix—i.e., one such that (ae;|e;) = O unless i = j—with
uniformly bounded entries corresponds to an element of ¢, (J). Therefore Z(H)
can be thought of as the “noncommutative” analog of £.

1.2 C*-algebras

In this section we introduce concrete and abstract C*-algebras and construct the
unitization of a C*-algebra. We prove that the invertible elements form an open
subset of a unital C*-algebra, and that all *-homomorphisms between C*-algebras
are continuous.
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A subalgebra of Z(H) is self-adjoint if it is closed under adjoint operation. A
concrete C*-algebra is a norm-closed, self-adjoint, algebra of operators on some
Hilbert space.

Example 1.2.1

1. The most obvious examples of concrete C*-algebras are Z(H) and its finite-
dimensional instances, n X n matrix algebras M,,(C) = A(¢(n)) forn > 1.

2. The algebra of finite-rank operators is denoted Zy(H). Its norm-closure is
the algebra # (H) of compact operators on H (see Theorem C.6.1). It is
a concrete C*-algebra and it is also a two-sided, self-adjoint ideal of Z(H)
(Proposition C.6.2). The algebra of compact operators on £, (N) will be denoted
by % .

3. If (X, ) is a measure space then L, (X, @) is isomorphic to a subalgebra
of #B(Ly(X, i), via identifying f with the multiplication operator My as in
Example 1.1.1 above.

4. If X is a compact Hausdorff space then

C(X):={f: X — C: fiscontinuous}

is isometrically isomorphic to a concrete C*-algebra: If 1 is a Radon measure on
X such that u(U) > 0 for every nonempty open set U, then C(X) is identified
with a subalgebra of Lo (X, ). It is not difficult to see that this identification is
an isometry. If X is a locally compact Hausdorff space then let

Co(X) :={f: X — C: f is continuous and it vanishes at infinity}.

This C*-algebra is identified with the maximal ideal of C (X U {oo}) (X U {o0} is
the one-point compactification of X) consisting of all f such that f(co) = 0.

Thus in the case when X is compact the C*-algebras Cy(X) and C(X) coincide.
If X is a nonempty compact subset of C and 0 € X, then some authors (notably,
in [27]) write Co(X) for {f € C(X) : f(0) = 0} and C,(X) for Co(X). The reader
should therefore take a note that, for example, the notation Co ([0, 1]) in [27] has the
same meaning as our Co((0, 1]), but not the same meaning as our Co([0, 1]).

1.2.1 Abstract C*-algebras

Definition 1.2.2 An abstract C*-algebra is a complex Banach algebra with an
isometric involution that satisfies the C*-equality, |jaa™|| = ||a 2.

From now until the end of the proof of Theorem 1.10.1, all C*-algebras are assumed to be
abstract C*-algebras.

A C*-subalgebra of a C*-algebra A is any B C A that is norm-closed and closed
under algebraic operations +, -, and *.
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A C*-algebra A is unital if it has a multiplicative unit, denoted 14 or 1. The unit
of M,,(C) will be denoted by 1,,. A unital C*-subalgebra of a unital C*-algebra is a
C*-subalgebra that contains the unit.

In model theory a homomorphism is defined to be a morphism that preserves
all algebraic and relational structure. In the theory of operator algebras, a homo-
morphism sometimes (but not always) refers to an algebra homomorphism—a map
that preserves +, x, and multiplication by scalars but not necessarily the adjoint
operation. In order to avoid ambiguity we follow the common practice and refer to
a homomorphism that preserves the adjoint operation a *-homomorphism. We will
see later (Lemma 1.2.10) that every *-homomorphism is automatically continuous.
The only place in this book where we consider homomorphisms of operator algebras
that are not necessarily *-homomorphisms is Section 14.5.

Definition 1.2.3 A *-polynomial in non-commuting variables xo, ..., x,— is an
expression of the form p(xo,...,x,,,l,x(’)",...,x:_l) where p is a complex
polynomial in non-commuting variables.

As in the case of other algebraic structures, C*-subalgebras generated by a given
set can be characterized both “from above” and “from below”, and the proof of the
following lemma is similar to the proof of any analogous statement.

Lemma 1.2.4 Suppose A is a C*-algebra, S € A, and B C A. The following are
equivalent.

1. The set B is equal to the intersection of all C*-subalgebras of A that include S.
2. The set B is equal to the norm-closure of {p(5) : 5 € §", p(x) is a *-polynomial
in n non-commuting variables with zero constant term and n € N}.

If A is in addition unital then the following conditions are equivalent.

3. The set B is equal to the intersection of all unital C*-subalgebras of A that
include S.

4. The set B is equal to the norm-closure of {p(5) : 5 € §", p(x) is a *-polynomial
in n non-commuting variables and n € N}.? O

The C*-subalgebra B that satisfies either of the first two conditions in
Lemma 1.2.4 is the C*-subalgebra generated by S, and it is denoted C*(S). If
S C A then C*(S) denotes the C*-subalgebra of A generated by S.

If A is a C*-algebra (unital or not) the unitization A" of A is the algebra defined
on Banach space A @ C (identified with the algebra of formal sums a + A - 14 for
a € A and A € C) with the addition and adjoint operations defined pointwise and
the multiplication defined by

(a@+r-10)b4+u-14)=ab+rAb+pua+ru-14.

3Here, and elsewhere, we use logician’s convention that a stands for a tuple (ay, .. ., a,—1) of an
unspecified length n.
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The elements of AT are considered as left multiplication operators on A. When
endowed with the corresponding operator norm,

la+A-14]:= sup |lab—+ Ab|,
beA,|bl<1

it is a unital C*-algebra and A is isomorphic to its maximal ideal A @ {0}. The
construction is functorial and a *-homomorphism between C*-algebras uniquely
extends to a *-homomorphism between their unitizations.

Definition 1.2.5 For a C*-algebra A we define A to be A if A is unital and the
unitization AT of A otherwise.

Let GL(A) (some authors use A1) denote the group of invertible elements in a
unital C*-algebra A.

Lemma 1.2.6 Suppose A is a unital C*-algebra. If |la — ul| = ¢ < 1 for some
unitary u, then a is invertible and |u* — a~'| < ¢/(1 — ¢&). Also, GL(A) is open
in A.

Proof By replacing a with u~'a, we may assume |la—1|| < 1. The geometric series
b .= Z;’;O(l —a)" is absolutely convergent and since a = 1—(1—a), a telescoping
argument shows ba = ab = 1. Clearly |1 — b|| < ¢/(1 — ¢). A computation shows
that the ball of radius [|c~!||~! centred at an invertible c is included in GL(A). O

The spectrum of an element a of a C*-algebra A (unital or not) is defined as
spa(a) = {A € C:a — Al is not invertible in A}.

The spectrum of an operator a in 8(H) is defined analogously (Definition C.6.6).
Example 1.2.7

1. If A = M,(C) then sp4 (a) is the set of eigenvalues of a.
2. if A = C(X) then sp4(a) is the range of a. If X is not compact then sp 4 (a) is
equal to the union of the range of @ and {0} for a € Co(X).

Every compact operator on an infinite-dimensional Hilbert space has 0 in its
spectrum. If @ € A then A + a — A is a continuous map from C into A. Therefore
Lemma 1.2.6 implies that sp,(a) is a closed subset of C. A calculation shows
that sp4 (a) is included in the ||a||-disk centred at 0. Liouville’s Theorem is used
to prove that sp 4 (a) nonempty for every a € A (and this is why we consider C*-
algebras on complex Hilbert space; for a proof see e.g., [194, Theorem 4.1.13]). The
proof of Lemma 1.2.6 uses a simple form of the holomorphic functional calculus.
Another notable instance of the holomorphic functional calculus is the definition of
the exponential function on A by

oo an
exp(a) := R
n=0 "
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We have exp(a 4+ b) = exp(a) exp(d) if a and b are commuting (but not in general),

and the range of exp is included in GL(A) with exp(a)~! = exp(—a). Therefore if a

is self-adjoint then exp(ia)* = exp(—ia) = exp(ia)", hence exp(ia) is a unitary.
It is as good a moment as any to make a simple estimate.

Lemma 1.2.8 There is a universal constant K < 0o such that for all a € $(H),
r € C, and & € H satisfying max(||lall, |r], [|x]) < 1 we have

lexp(inr)é —exp(ima)é| < K|r§ — af].

Proof Letd := ||r& —aé||. Since r is a scalar and max(||a||, |7, |€]]) < 1, by induc-
tion forn > 1 we have ||a"& —r"&|| < nd. Therefore ||(ima)"& — (inr)"&|| < nn"$
and || exp(ira)s — exp(inr)é|| < Y oo 7" /(n — 1)! = we™§ and K := we™ is as
required. o

Definition 1.2.9 The spectral radius of a is r(a) := max{|A| : A € sp,(a)}.

If a is self-adjoint then the C*-equality implies ||a2 | = lla ||2, and by induction
we have [|a?" || = ||a||*" for all n > 1. Since another use of Complex Analysis gives
r(a) = lim, ||a"||'/" (e.g., [187, Theorem 1.2.7]) we conclude that

n 2=n
I

r(a) = limja = |lal

for a self-adjoint a (see also Exercise 1.11.13).
Lemma 1.2.10 Every *-homomorphism between C*-algebras is contractive.*

Proof We have only to prove that the unital extension ®: A — B of any
*-homomorphism is contractive. Fix a self-adjoint a. Then |a| = r(a) and
sp(d;(a)) - dg[sp(a)], and therefore (P (a)) < r(a). Because @ sends self-adjoint
elements to self-adjoint elements, we have ||@ (a)| < ||a|| for a self-adjoint a. For
every b € A we have 6112 = ||b*b]|| = r(b*b), and the conclusion follows. O

A norm on a complex algebra with an involution is a C*-norm if it is a Banach
algebra norm that satisfies the C*-equality.

*

Example 1.2.11 By Corollary 1.3.3, any algebraic *-isomorphism #: A — B
between a C*-algebra and a normed *-algebra that satisfies the C*-equality is an
isometry. We emphasize that the assumption that the norm on at least one of A or
B be complete is necessary. Take for example the algebra C[x] of all *-polynomials
over C in a single variable x. For a nonempty compact subset K of C take a normal
operator a in ZB(H) with sp(a) = K. Then || p(x)| ¢ := ||p(a)|| defines a C*-norm
on this algebra. The fact that the norms || - || and || - ||z differ if K # L can be
checked for example by combining the Tietze extension theorem and the Stone—
Weierstrass Theorem.

“Warning: In the theory of operator algebras “contractive” is synonymous with “of norm < 1”.
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Also, the assumption that @ is *-preserving is necessary. If A is a unital C*-
algebra and @ € GL(A) then x +> axa~! is an automorphism of A. It is a *-
automorphism if and only if a is a unitary. See also note (1.11) at the end of this
section.

1.3 Abelian C*-algebras

In this section we prove the Gelfand—Naimark Theorem that the category of abelian
C*-algebras is equivalent to the category to the locally compact Hausdorff spaces.
We also prove that every injective *-homomorphism between C*-algebras is an
isometry, and that every homomorphism from an abelian C*-algebra into any C*-
algebra is continuous. The Stone duality between Boolean algebras and compact,
totally disconnected Hausdorff spaces is also briefly discussed.

A character of a C*-algebra A is a unital *-homomorphism from A into C. The
spectrum5 of A, A, is the space of all characters of A. It is considered with respect to
the weak*-topology. Lemma 1.2.6 implies that every maximal ideal in a unital C*-
algebra is automatically norm-closed. Since the kernel of a character is a maximal
ideal, every character of a unital C*-algebra is automatically continuous. Hence A
is included in the Banach space dual A* of A.

Ifp e Aanda € Athena — ¢(a) € ker(¢), and therefore ¢(a) € sp(a). Since
sp(a) € {z € C : |z|] < |la]||}, this implies that ||¢| < 1 and, since ¢ is unital,
llell = 1. Therefore A is a subset of the unit dual ball of A, and it is weak*-closed
if A is unital. (In the non-unital case the weak™-closure of A in the dual unit ball is
its one-point compactification, AU {0}.)

If A is unital the Gelfand transform I': A — C(A) given by I'(a)(¢) := ¢(a). It
is a *-homomorphism and, since A is included in the unit dual ball, it is contractive.
The space A is called the Gelfand spectrum of A.

Theorem 1.3.1 (Gelfand-Naimark) Every abelian C*-algebra is isomorphic to
Co(X) for some locally compact Hausdorff space X.

Proof Suppose A is an abelian C*-algebra. If it is unital, then Ais weak*-compact
and Hausdorff and the Gelfand transform is a *-homomorphism from A of norm not
greater than 1 into C(A).

Claim Every ¢ € Ais self-adjoint, i.e. p(a*) = ¢(a) forall a € A.

5Not to be confused with the spectrum of an operator!
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Proof It suffices to prove that ¢(a) is real if a is self-adjoint. Then u, := exp(ita)
is a unitary for every r € R. We have

exp(—t3(p(a)) = exp(N(itg(a)) = |exp(itp(a))| = lpu)| = 1.

Since t € R is arbitrary, this implies J(¢(a)) = 0. O

In order to show that I is an isometry, fix a € A and A € sp(a). Then a — A
generates a proper ideal in A. Use Zorn’s Lemma to extend this ideal to a maximal
proper ideal J. Then A/J = C (by Exercise 1.11.1) and character ¢ with kernel J
satisfies ¢ (a) = A. We have proved that I"[A] is isometric to A. Since I'[A] is a self-
adjoint, norm-closed algebra which separates points in A, the Stone—Weierstrass
Theorem implies the claimed surjectivity of I".

In the non-unital case, (A)A is the one-point compactification of A, and I'[A]
consists of all f € C (A =C (A U {oo}) vanishing at infinity. m|

Theorem 1.3.2 The category of unital abelian C*-algebras is contravariantly
equivalent to the category of compact Hausdorf{f spaces.

Proof By Theorem 1.3.1 the spectrum of a unital abelian C*-algebra A is a compact
Hausdorff space. The map F(A) := Aisa bijection between unital abelian C*-
algebras and compact Hausdorff spaces.

Morphisms in the category of C*-algebras are *-homomorphisms and morphisms
in the category of topological spaces are continuous maps. Suppose (: X — Y is
a continuous map between compact Hausdorff spaces. Define (*: Co(Y) — Co(X)
by *(f) := f o, this is clearly a *-homomorphism.

1
X —Y

o)
A——
fozeCO(X)*J /ECO(Y)* u/och /
C

C

B

Conversely, suppose @ : A — B is a *-homomorphism and consider the adjoint
map between the dual spaces, ®*: B* — A* (i.e., ®*(¥) := ¥ o ®). Since the
composition of *-homomorphisms is a *-homomorphism, @* sends Bto A. As an
adjoint map, @* sends weak*-continuous maps to weak*-continuous maps. It is
straightforward to check that F (@) := @* commutes with taking compositions and
that it implements the equivalence of categories. O

While abelian C*-algebras correspond to locally compact Hausdorff spaces by
Theorem 1.3.1, we do not have an equivalence of categories because the zero
homomorphism does not correspond to a continuous map between the spectra.
A more interesting example can be found in Exercise 1.11.10 and a remedy is
given in Exercise 1.11.11. Additional information on the Gelfand—Naimark duality
between the categories of compact spaces and unital abelian C*-algebras is given in
Exercise 1.11.8.
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Corollary 1.3.3 Every injective *-homomorphism between C*-algebras is an isom-
etry. In particular, if a complex algebra A has a C*-norm with respect to which it is
complete, then this is its unique C*-norm.

Proof Suppose @: A — B is an injective *-homomorphism between C*-algebras.
By the C*-equality it suffices to prove that ||® (a)|| = ||la| for a self-adjoint a. Fix
a self-adjoint a, restrict @ to C*(a), and extend it to the unitization of C*(a). This
is an abelian C*-algebra, and Theorem 1.3.2 implies that sp(a) = sp(®(a)), and
accordingly ||a|| = ||@ (a)||. The second part follows immediately. m|

One can also consider homomorphisms between C*-algebras that are not neces-
sarily *-homomorphisms.

Lemma 1.3.4 Every homomorphism ® : A — C from an abelian C*-algebra into
a C*-algebra is necessarily a *-homomorphism.

The assumption that A be abelian cannot be dropped from Lemma 1.3.4.
Example 1.3.5 Not every homomorphism between C*-algebras is a *-homomorphi-

sm. E.g., take the endomorphism b + aba™"! of M,(C) for a := (1 1).

01
In general, if a is an invertible element of a C*-algebra A then by Lemma 1.4.4
there exists a unitary u € A such that a = wulal|. It can be proved that the

endomorphism b +— aba™! is a *-homomorphism if and only if |a| belongs to
the centre of A.

Proof (Lemma 1.3.4) Since @ uniquely extends to a homomorphism from the
unitization of A into the unitization of C by P(a+ 1) = @(a) + Al, we may
assume that it is a unital homomorphism between unital C*-algebras. It clearly sends
invertible elements to invertible elements. Since @ (Aa) = A® (a) for all scalars A
and all a € A, @ is equal to the identity on the scalars. Therefore sp(a) 2 sp(P(a))
and in particular the spectral radius of a (Definition 1.2.9) satisfies r(a) > r(P(a))
for all @ € A. Since A is abelian, each a € A is normal and therefore r(a) = ||a||
(Exercise 1.11.13).

We have proved that @ is a contraction. Therefore the images of a unitary # and
its adjoint #* both have norm < 1, and @ (u)~! = ®(u*). But the continuous
functional calculus implies that sp(® w™H = {A‘l : A € @(u)}. Therefore
the spectrum of @ (u) is included in T. Since @(u) is normal, it is a unitary,

and ®(u)~! = ®(u)*. Since every element of A is a linear combination of
unitaries (Exercise 1.11.16), @ (a*) = ®(a)* for all @ € A. Therefore @ is a *-
homomorphism. O

1.3.1 Stone Duality

The duality between compact, totally disconnected Hausdorff spaces and Boolean
algebras ought to be mentioned at this point. The Stone space of a Boolean
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algebra B, denoted Stone(B), is the space of all ultrafilters of B. The basis for its
topology consists of sets of the form

U, :={% € Stone(B) :a € %},

for a € B\ {Og}. This space is clearly Hausdorff and since (assuming the Axiom
of Choice) every filter on B can be extended to an ultrafilter, it is compact.
Compactness implies that the algebra of closed and open (known as clopen) subsets
of Stone(B) is isomorphic to B. Hence Stone(B) is zero-dimensional, i.e., it has a
basis consisting of clopen sets. Conversely, a compact Hausdorff space is a Stone
space of a Boolean algebra if and only if it is zero-dimensional.

Theorem 1.3.6 The category of compact zero-dimensional Hausdorff spaces is
contravariantly equivalent to the category of Boolean algebras.

Proof We have already defined a bijection between the objects in these two
categories. Fix a Boolean algebra homomorphism @: B; — B,. For % in
Stone(B,) let

fo (%) =2 ().

This defines a continuous map fp: Stone(B;) — Stone(B;). Conversely, suppose
f: Stone(B;) — Stone(B)) is continuous. By the continuity of f for every a € By
there exists b € B such that f~1(U,) = Up; then D s(a) := b defines a Boolean
algebra homomorphism. It is evident that

(i) the operations f +— @7 and @ > fp are inverses of one another,
(ii) f is a surjection if and only if @/ is an injection, and
(iii) f is an injection if and only if @ ¢ is a surjection.

This completes our proof that the functor F(B) := Stone(B), F(®) := f¢ is an
equivalence of categories. O

Together with the Gelfand—Naimark duality (Theorem 1.3.2), Theorem 1.3.6
gives us the equivalence of three categories: Boolean algebras, Stone spaces, and
C*-algebras of continuous functions on Stone spaces.

B; —— Stone(B;) —— C(Stone(B;))

q>| qu] fiﬁ[

B, —— Stone(B,) —— C(Stone(BB,))

A Boolean algebra B is identified with a subset of C(Stone(B)) whose elements
are characteristic functions of clopen subsets of Stone(B). An element p in a C*-
algebra is projection if it is a self-adjoint idempotent (i.e., p* = p and p*> = p).
The set of projections in C*-algebra A is denoted Proj(A).
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Example 1.3.7 Suppose X is a compact, zero-dimensional, Hausdorff space.
Then X is equal to the Stone space of the algebra of all projections of X,
Stone(Proj(C(X)). (The Boolean algebra Proj(C (X)) is also naturally isomorphic
to Clop(X), the algebra of all clopen subsets of X.) Every element of C(X) is
a norm-limit of elements with finite spectrum and sp(a) is finite if and only if
a € C(X) is measurable with respect to the algebra Clop(X).

1.4 Elements of C*-algebras: Continuous
Functional Calculus

In this section we introduce most important types of elements of C*-algebras and
the continuous functional calculus for normal elements. We also prove that the well-
supported elements allow polar decomposition in the C*-algebra that they generate.
The section ends with some soft numerical estimates.

The taxonomy of elements of a C*-algebra A is imported from Z(H).

Definition 1.4.1 Suppose A is a C*-algebra. An element a € A is (assuming A is
unital in (4), (5), and (7))

. normal if aa* = a*a;

. self-adjoint (or Hermitian) if a = a*;

. projection if a* = a* = a;

. unitary if aa* = a*a = 1;

. isometry if a*a = 1;

. partial isometry if both aa* and a*a are projections, called the range projection
and the source projection, respectively, of a (see Exercise 1.11.19);

7. coisometry if aa* = 1;

8. contraction if ||a| < 1.

NN B WN =

Self-adjoint elements of a C*-algebra A form a real Banach subspace of A,
denoted Ag,. If A is unital, then the unitaries of A form a multiplicative group,
the unitary group of A, denoted U(A). If A is a concrete C*-algebra containing
1%, then this terminology agrees with the standard terminology from Hilbert
space operator theory.

If B is a unital C*-subalgebra of A then sp,(a) = spg(a) for every a € B
(Exercise 1.11.6). Consequently, from now on we will drop the subscript and write

sp(a).
Theorem 1.4.2 If A is a C*-algebra and a € A is normal then

C*(a) = Co(sp(a) \ {0}

and the natural isomorphism sends id to a. If A is unital, then C*(a, 1) = C(sp(a)).
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Proof Theorem 1.3.1 implies that B := C*(A) is isomorphic to Co(é) where B is
the space of its characters equipped with the weak*-topology. Every character ¢ of
C*(a) is uniquely determined by ¢(a), and necessarily ¢(a) € sp(a). Conversely,
every A € sp(a) \ {0} defines a unital *-homomorphism of A into C that sends a
to A. Consequently, Az sp(a) \ {0}. The last sentence follows immediately. O

Theorem 1.4.2 provides us with a powerful tool.

If a is a normal element of a C*-algebra and f € Co(sp(a) \ {0}), then f(a) € A
is uniquely defined by Theorem 1.4.2 as the image of f under the isomorphism
of Co(sp(a) \ {0}) onto C*(a) that sends the identity function to a. This is the
continuous functional calculus. It enables us for example to define |a| for a self-
adjoint element a and write a as a difference of its positive and negative parts,
a=ay —a_,wherea; := (a+|al)/2and a_ := (|la|] — a)/2. More generally, the
absolute value of an element a is

la| == (a*a)'/%.

Note that (aa*)'/? # (a*a)'/? unless a is normal. If a is self-adjoint, then the
two definitions of |a| agree. This notation agrees with the previously defined
holomorphic functional calculus, in particular P(a) (for a polynomial P) and
exp(a).

In applications it will be convenient to use continuous functional calculus with
piecewise linear functions. We introduce a convenient terminology for defining such
functions.

Definition 1.4.3 A function f: [0, 1] — [0, 1] is a piecewise linear function with
breakpoints f(x;) = yj,for j < m,if 0 = xop < x1 < -+ < xpu—1 = 1, the
restriction of f to each of the intervals [x;, xj41] is linear for j < m — 1, and
f(xj) =yjforall j < m (seeFigure 1.1).

Every a € %A(H) has a polar decomposition a = vla|, where v is a
partial isometry. The situation in C*-algebras is less straightforward; in addition
to Lemma 1.4.4 below see Exercise 1.11.17. An element a of a C*-algebra is well-
supported if sp(a*a) does not contain O or has 0 as an isolated point (Exercise 1.11.4
implies sp(aa™) U {0} = sp(a*a) U {0}).

Fig. 1.1 A piecewise linear
function with breakpoints 3
fxi) =y, for0<i <4

¥ o

y2

X0 X1 X X3 X4
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Lemma 1.4.4 If an element a of a C*-algebra is well-supported then there exists a
partial isometry v € C*(a) such that a = v|a|. If a is invertible then v is a unitary.

Proof We may assume a # 0. Let f: [0, c0) — [0, 0c0) be defined by f(0) = 0
and f(r) = =12 for t > 0. The restriction of f to sp(a*a) is continuous, and con-
sequently by the continuous functional calculus f(a*a) € C*(a). Letv := af (a*a).
By Theorem 1.4.2, C*(a*a) = Co(sp(a*a)) and v¥v = f(a*a)a*af (a*a). Suppose
that ¢ is a character of Co(sp(a*a)). Then ¢(v*v) = 0 if ¢(a*a) = 0 and if
p(a*a) = t > 0 then ¢(v*v) = 1. Consequently, sp(v*v) C {0, 1}, and since
v*v is self-adjoint it is a projection. This implies that v is a partial isometry.

If a is invertible then so are a*a, (a*a)~'/?, and u = a(a*a)~'/?. But a partial
isometry is invertible if and only if it is a unitary. O

Quantitative estimates in the conclusion of Lemma 1.4.4 will be useful in
Section 5.1 and in Section 17.2.

Lemma 1.4.5 Suppose a = vl|a| is the polar decomposition of a.

L IfI|l1 —al <& < 1then |1 —|al|l <2¢and]|l—v]| < 3e.
2. If u is a unitary and ||u — a|| < ¢ then |1 — |a||| < 2¢ and ||lu — v|| < 3e.

Proof (1) Lemma 1.4.4 implies v is a unitary, and therefore
e> 1 —all = [v*—lall = llv— lall.

Since t/(14+1t) < 1land 1/(1 +1) < 1 fort > 0, continuous functional calculus
implies |a|(1 + |a|)~! < 1 and (1 + |a|)~! < 1. Using

1—lal*=1—a+vlal —lal* = 1 —a) + (v — |a])al,
we have
1—lal =1 — a1 +laD™ = (1 —a)(1 +lal) " + (v — laDlal(1 + a7,

and therefore |1 — |al||| < |1 —a] + ||Jv — |a||| < 2e.

For the second estimate, |1 — v|| < ||[1 — |a]||| + |||la] — v] < 3e.

(2) Assume |lu — a| < e. Applying (1) to au™, we obtain |1 — |au*||| < 2¢ and
I1T —vu*|| < 3e. Clearly ||lu — v|| = ||l — vu™*|| < 3e. By continuous functional
calculus, |au*| = (ua*au®)'/? = ula|u* hence |1 — |au*||| = |1 — |a||| < 2e. O

Lemma 1.4.6 Suppose max(|la*a — 1], |laa* — 1||) < € < 1 and a = u|a| is the
polar decomposition of a. Then u is a unitary and ||la — u|| < e.

Proof Lemma 1.2.6 implies that both a*a and aa* are invertible. Therefore a is
invertible, u is a unitary, and |la — u|| = |lula| — u|| = |||a| — 1||. Since a*a = lal?,
we have & > [[|al* — 11| = maxesp(ia 11> — 1| > max;esp(apy 1t = 1 = lllal = 1]
by the continuous functional calculus. O
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The distance between a point x and a subset Y of a metric space is

dist(x, Y) := inf d(x, y).
yeyY

The Hausdorff distance between two compact sets K and L in a metric space is
dy (K, L) := max(sup, g dist(x, L), SUpyer, dist(y, K)).

Lemma 1.4.7 Suppose a and b are normal (and not necessarily commuting). Then
dp (sp(a), sp(b)) =< lla — D]

Proof Let ¢ := |la — b|| and fix A € C such that dist(A, sp(a)) > &. We will
prove that A ¢ sp(b). Let ¢ = (a — A - 1). Then c is invertible and |lc™!|| < 1/e
(Exercise 1.11.15). Then ¢~ (b—x-1) = ¢ Y(a—r-1)—c Ha—b) = 1—c " (a—b).
The right-hand side is invertible by Lemma 1.2.6, and therefore b — A - 1 is invertible
as required. We have proved that sp(b) C. sp(a), and the proof of the converse
inclusion is analogous. This completes the proof. O

It is not surprising that the issue of continuity is a bit more subtle in the
noncommutative context. The commutator of elements a and b is defined as

la, b] := ab — ba.

Lemma 1.4.8 For every polynomial f(x) there exists a constant Ky < 00 such
that for every C*-algebra A and all normal a € A with ||a|| < 1 and allb € A we
have ||[f(a), b]ll < Kllla, b]

Proof First prove ||[a", b]|| < n||[a, b]| by induction on n. If f(x) = Z?:o ajxj,

this implies |[f(a). bl < Y'_; jlojlllla. b1l and Ky = 3", jla;| is as
required. O

1.5 Projections

In this section we study projections in C*-algebras and compare the Murray—von
Neumann equivalence, unitary equivalence, and homotopy of projections.

The set of projections in a C*-algebra A is denoted Proj(A). Projections are
“quantized” analogs of sets and Murray—von Neumann equivalence is a quantized
analog of the equinumerosity relation of sets (see [255]). It is also a continuous ana-
log of the dimension of closed subspaces of the Hilbert space (see Example 1.5.5).

For projections p and g we write p < ¢ if pg = p. A simple algebraic
manipulation proves that this is a partial ordering. It also yields the following
lemma.
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Lemma 1.5.1 Suppose p and q are projections in C*-algebra A. Then p < q if
and only if qp = p, if and only if g — p is a projection. O

Unless H is one-dimensional, there are projections p and ¢ in Proj(%(H)) such
that p £ g and ¢ £ p. An ordered set with this property is called a partially ordered
set, or a poset. The poset Proj(ZA(H)) is a lattice, but for some C*-algebras A the
poset Proj(A) is not necessarily a lattice (see e.g., Proposition 13.3.3).

Lemma 1.5.2 If A is a C*-algebra and p, q are projections in A then the following
are equivalent.

1. pg =qp.
2. pq is self-adjoint.
3. pq is a projection.

If any of these applies then pq is the maximal lower bound for p and q in Proj(A)
and p + q — pq is the minimal upper bound for p and q in Proj(A).

Proof If pg = gp then a short computation shows (pg)* = pq and (pq)* = pq.
Every projection is self-adjoint and if pgq is self-adjoint then gp = (pg)* = pq.

If pq is a projection then pg < p and pg < g. If r is a projection satisfying
rp = r and rq = r then rpg = r hence r < pgq. Therefore pg = p A q. If
pq is a projection then (1 — p)(1 — g) is a projection and the above shows that
1-pAd—-q)=A—-p) Al —gq). Since r — 1 — r is an order-reversing
involution of Proj (A) it follows that p 4+ g — pq is the minimal upper bound for p
and q. O

Definition 1.5.3 Projections p and ¢ in a C*-algebra A are Murray-von Neumann
equivalent (in A) if there is v € A such that vv* = p and v*v = g. We write p ~ ¢
and keep in mind that this relation depends on the ambient algebra A.

Lemma 1.5.4 Projections p and q in a unital C*-algebra A are unitarily equivalent
ifandonlyifp ~qand1 —p ~1—q.

Proof Suppose p = uqu* for a unitary u. Then v := ugq is a partial isometry
that satisfies vv* = p and v*v = ¢ and w := u(1 — g) is a partial isometry that
satisfies w*w = 1 — ¢ and ww* = 1 — p. Conversely, if we have such v and w then
u = v + w is a unitary such that p = uqu*. O

In M,(C) two projections are Murray—von Neumann equivalent if and only if
they have the same rank. In this case Murray—von Neumann equivalence coincides
with the unitary equivalence of projections.

Example 1.5.5 If A = Z(H) then p ~ ¢ if and only if the range of p and the
range of g have the same dimension, where the dimension of a closed subspace of
the Hilbert space is the cardinality of an orthonormal basis, because two complex
Hilbert spaces with the same dimension are linearly isometric. In Z8(H) we can find
projections such that p ~gbut1—p 4 1—gq:e.g.,if p = 1 and g(H) is a subspace
of a cofinite dimension. Subsequently, the Murray—von Neumann equivalence and
unitary equivalence do not necessarily coincide. See however Exercise 1.11.30.
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Example 1.5.6 Projections of C(X, M,(C)) are maps f: X — M, (C) such that
f(x) is a projection for all x € X. By identifying a projection in M,(C) with a
subspace of C”" one sees that projections of C(X, .%") are vector bundles over X.
Murray—von Neumann equivalence of these projections is the usual equivalence of
vector bundles (see e.g., [132]).

Two projections are homotopic in a C*-algebra A if they belong to the same
path-connected component of Proj(A).

Lemma 1.5.7 Suppose that p and q are projections in a C*-algebra A such that
e :=|p —qll < 1. Then the following hold.

1. The projections p and q are homotopic.

2. The projections p and q are unitarily equivalent in A.

3. Some self-adjoint unitary u € A satisfies upu = q and uqu = p.
4. The unitary u also satisfies ||[u, b]|| < 6e forall b € qAq.

Proof (1) For 0 <t < lleta; := tp + (1 — t)gq. This is a continuous path of
self-adjoint elements connecting p and gq. For every ¢ we have

. 1 1
min((la; — pll, llar = qll) = 3P —4qll < 3,

and since sp(p) = sp(g) € {0, 1} Lemma 1.4.7 implies 1/2 ¢ sp(a;).

If f: R — {0, 1} is a function that sends (—oo, 1/2) to 0 and (1/2, co) to 1 then
the restriction of f to sp(a;) is continuous and r; := f(a;) is a projection for all ¢.
We also have rop = g, r; = p, and by Exercise 1.11.12 the path ry, for0 <t < 1, is
continuous.

(2) clearly follows from (3), and we proceed to prove the latter. Since the self-
adjoint @ := p + g — 1 is within ¢ of the unitary 2p — 1, it is invertible by
Lemma 1.2.6. Since a? = pg+gp— p—q—+1 commutes both with p and ¢, so do all
elements of C*(a2), |a| and |a|~! in particular. Since a is self-adjoint, u := alal™!
is a self-adjoint unitary. A calculation shows that ga*> = gpq and upu* = qpqla|=2,
hence upu™® = ¢. An analogous calculation shows that uqu™ = p.

(4) Witha = p + g — 1 as in the proof of (4) we have ||(2g — 1) — a|| < &, and
Lemma 1.4.5 (2) implies ||(2g — 1) —u|| < 3e.If b € gAq then [2qg — 1,b] = 0,
hence ||[u, b]|| < 6¢. |

Corollary 1.5.8 Homotopic projections are unitarily equivalent.

Proof “Discretize” the path between homotopic projections p and g by finding a
large enough n and projections p = po, ..., pu—1 = g such that ||p; — pi1] <2
for all i < n — 1. By the second part of Lemma 1.5.7 there are unitaries u; such that
ufpiu; = piy1, and therefore v := [ [, _,_, u; satisfies v*pv = ¢. O
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1.6 Positivity in C*-algebras

The purpose of this section is to introduce positivity and order on the set of self-
adjoint elements of a C*-algebras. We give equivalent definitions of positivity and
show that the positive elements of a C*-algebra form a cone. After our first encounter
with the approximate units, the section ends with applications of the continuous
functional calculus to positive elements.

Definition 1.6.1 An element of a C*-algebra A is positive if it is self-adjoint and
sp(a) € [0, 00). If a is positive then we write a > 0 and define a translation-
invariant partial order on Ay, by a > bifa — b > 0.

Lemma 1.5.1 implies that this ordering extends the ordering on projections
defined in Section 1.5. The set of positive elements in A is denoted A . The intuition
for the following lemma comes from the continuous functional calculus. Its proof
is, being a straightforward computation, omitted.

Lemma 1.6.2 Ifa € Ay, and |a|| <2thena > 0ifandonly if |1 —al < 1.IfA
is abelian, then A4 is closed under addition and multiplication. O

A cone in a Banach space is a subset closed under addition and multiplication
by positive scalars (Definition C.5.9). The n-ball in A will be denoted by A<, or
sometimes A,. (There will be no danger of confusion since we will never need to
refer to the n-sphere of a C*-algebra.)

Lemma 1.6.3 Positive elements form a closed cone in a C*-algebra A.

Proof Since sp(ta) = tsp(a), RyA; € A,. Lemma 1.6.2 implies that Ay N A<,
is equal to the intersection of three convex sets, Ag; NA<xN{a : ||1 —all < 1}, and
is therefore convex itself. |

Lemma 1.6.4 An element a of a C*-algebra is positive if and only if a = c*c for
some c.

Proof If a > 0 then ¢ := a!/? satisfies @ = c*c. The inequality a*a > 0 holds for
a normal a since sp(a*a) = (A2 a e sp(a)}. It is true for every a, but the proof
requires a clever algebraic manipulation; see [27, I1.3.1.3(ii)]. O

Corollary 1.6.5 Forall a, b, and c in a C*-algebra A the following holds.

1. There exists d € C*(a, b) such that a*a + b*b = d*d.
2. If a > 0 then c*ac > 0.

3. Ifa > b then c*ac > c*bc.

4. If b € Ay, then a*ba < a*al|b].

Proof These are immediate consequences of Lemma 1.6.4. For (1) also use that the
positive elements form a cone. O

Example 1.6.6 Working out the computations in a few peculiar examples may help
furnish the intuition.



22 1 C*-algebras, Abstract, and Concrete

1. There are 0 < a < b in a C*-algebra A such that a? £ b2. Take e.g., A= M;(C),

22 30
a= [2 2i|,andb_ |:06]'

2. There are 0 < ¢ < d and e in a C*-algebra A such that |lec| > |ed]|.
With A = M(C) and a, b asin (1),takec = e =a and d = b.

We are about to switch to a higher gear, but only after introducing a concept so
fundamental that it appears two sections earlier than may be obvious from the table
of contents.

A poset A is directed if every finite subset of A has an upper bound.

Definition 1.6.7 An approximate unit (or an approximate identity) in a C*-algebra
is a net (ep : A € A) of positive contractions indexed by a directed set A such
that lim, ||a — ejal| = O for all @ € A. If in addition A < p implies e < e, the
approximate unit is said to be increasing.

An approximate unit is sequential if it is indexed by N. A C*-algebra is o -unital
if it has a countable approximate unit.

Not every countable approximate unit is sequential, but a C*-algebra has a
countable approximate unit if and only if it has a sequential approximate unit. This
is because every countable directed set has a cofinal subset isomorphic to (N, <).

Since A is self-adjoint, (e;) is an approximate unit if and only if

limy |la — epa|| = limy, ||la — ae, || = lim,, ||a — ejaey | =0

for alla € A. If A is unital, then {1} is an approximate unit of A, and A has a finite
approximate unit if and only if it is unital.

Proposition 1.6.8 Every C*-algebra A has an approximate unit. If A is separable,
then it has a sequential approximate unit.

Proof We may assume A is nonunital. Let A := {a € A4 : |la|| < 1}. We will
prove that A is directed with respect to <.

If b € Athen 1 — b is invertible by Lemma 1.2.6. Exercise 1.11.38 implies that
ifb<carein Athen1 < (1 —b)~! < (1 — ¢)~!. For that reason,

ob):=1-b""1-1
defines an order-preserving map from A into A. Conversely, d € A, implies that
d + 1 is invertible with ||d||™! < (d + 1)"! < 1. Thus 1 — (d + 1)~ isin A. By
Exercise 1.11.38,

W) :=1-d+D7!
defines an order-preserving map from A to A. A calculation gives @ o ¥ =ida,

and ¥ o @ = id 4. Therefore A is order-isomorphic to A, . Since A is directed,
this proves our claim.
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Ifa € A4 then la'/"a — a|| — 0. Since a'/"(1 — 1/n) € A, we have
infpe 4 ||ba — a|| = 0.

Every element of A is a linear combination of positive elements (Exercise 1.11.16)
and A is directed; therefore A is an approximate unit.

Suppose A is separable and fix a countable dense subset of A. It is included in
a countable directed subset, and every countable directed set has a cofinal subset of
order type w. This set is easily checked to be the required sequential approximate
unit. O

Proposition 1.6.8 implies that every separable C*-algebra is o -unital, but the con-
verse is false (see Example 2.1.2). We will revisit approximate units in Section 1.8,
in a curious example given in Theorem 11.1.2, and in important Section 1.9.

As hinted earlier, the remaining part of this section is somewhat technical. The
readers not particularly fond of intricate estimates may want to skip ahead to the next
section on the first reading. The following proposition is worth the trouble caused
by parsing its statement.

Proposition 1.6.9 Suppose b, c, d belong to a C*-algebra A, f, g € C([0, |b||])+,
and h(t) = f(t)g(t)t™" continuously extends to [0, |b||]. If0 < b, c*c < f(b)?,
and dd* < g(b)2 then the Sequence6 a, .= cb+ l/n)_ld norm converges to a
limit a with ||a]| < ||h(b)].

Proof The functions &, (t) := f(t)(t+1/ n)~1 g(t) converge to their supremum, #,
pointwise on [0, ||b]|]. Since A, (t) < h,(¢) forallm < nandt > 0, the convergence
is uniform by Dini’s Theorem.

Content advisory: Merciless pummelling of ||, — a,||> with the C*-equality
ahead. Let Ay, := (b4 1/m)~" — (b + 1/n)~1. Then

”am_an”2 = ”CAmndd*AmnC*” = ”CAmng(b)2AmnC*” = ”g(b)AmnC*CAmng(b)”
< 118(6) Amn f (B)* Amng D) = (f)(B) A 1> = [l (b) — B (D).
Since h,, converge to & uniformly on [0, ||b]||], the sequence (a,,) is Cauchy. Let

a := lim,, a,,. By replacing A,, in the above computation with (b 4+ 1/m)~!, we
obtain ||ay, || < ||hm (b)|| for all m and therefore ||a|| < ||A(D)]. O

Proposition 1.6.9 has some ‘obvious’ statements with tricky proofs as corollaries.

Corollary 1.6.10 Suppose a and e > 0 are elements of a C*-algebra and a*a < e.
Then there exists ¢ € C*(a, €) such that ||c|| < |l€"/®| and a = ce'/3.

Proof The idea is to prove that the sequence ¢, := a(e*/3 4+ 1/n)"'e!/3 is Cauchy
and that its limit ¢ satisfies the requirements. Let b := ¢>/3 and d := ¢!/3. Then
a*a < b3/? and d?> < b, therefore f@) = 1374, g = tY2 and h(t) = /4

SThat is |b| + % certainly not (|b| 4+ 1)/n!
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satisfy the assumptions of Proposition 1.6.9. This implies that ¢ := lim,, ¢, exists
and satisfies ||| < b4 = |le'/®||. In order to prove that a = ce'/3, using
a*a < e we have

lla = call® = lle' (1 = &~ a*a(1 = 7P < 171 = )72,
Dini’s Theorem implies that r3/3(1 — t2/3)=2 — 0 uniformly on [0, |l¢|]. By the
continuous functional calculus, the right-hand side converges to 0. O
Corollary 1.6.11 If a,, are elements of a C*-algebra A and ||ay,| < 27"~ for all
n € N, then there exist contractions b and cy, in A such that a,, = ¢, b for all n.
Proof Let ¢ := ) ara,. Then |le] < 1 and a}a, < e for all n. By

Corollary 1.6.10, with b := e!/3 for every n there exists a c, as required. O

Corollary 1.6.12 Suppose a and by belong to a C*-algebra A.
If0 < aanda < bib; then a € bTAb;.

Proof Let f(1) =1t/2,g(t) =t,d =b = biby,and c = al’?. The assumptions of
Proposition 1.6.9 are satisfied, and the sequence x,, := a((b]b1) + l/n)_lbi‘bl is
Cauchy. Its limit is equal to a, since this sequence clearly SOT-converges to a. As
X, Xy is in by Aby for all n, a? = lim, X, x, also belongs to b} Ab;. Since this is a
C*-algebra, it also contains a. O

Corollary 1.6.13 Suppose b = v|b| is the polar decomposition of b.

1. If g € Co(sp(|bl)) then vg(|b]) € C*(D).
2. If Ais a C*-algebra such that b € A and ¢ € b*Ab, then vc € A.
3. If a < b*b then va € C*(a, b).

Proof (1) Let a, := b(|b| + 1/n)"'g(|b]). Then WOT-lim,, a,, = vf(|b])
Proposition 1.6.9, with f (r) = ¢, implies that (a,) is a Cauchy sequence; therefore
vf(|b]) is its limit, and it belongs to C*(b).

(2) Since |b|'/", for n € N, is an approximate unit for b*Ab, we have

lim,, [lve — v|b|Y/"¢|| < lim, |[c — |b|"/"c|| =0

Since (1) implies v|b|1/" € C*(b), vc € C*(b, ¢) C b*Ab.
(3) By Corollary 1.6.12, a € b* Ab hence this is a special case of (2). O

Proposition 1.6.14 [fa and b are positive contractions such that ||a — b|| < & then
there is x € C*(a, b) such that xbx* = (a — &)+ and ||x|| < 1.

Proof Since limgs_, o+ ||b — b' 8| =0, some § > O satisfies ¢’ := |la — b!T?| < e.
Since (a—¢)+ < (a—&')4, acontraction h € C*(a) satisfies (a —¢&)+ = h(a—&')h,
and therefore (a — &) < hb'*oh.

Let ¢ = b#h, with polar decomposition ¢ = v.|c|. Since (a — &)+ < c*c,
Corollary 1.6.13 (3) applied to ((a — €)4)'/? implies that d := v.((a — €)4)'/?
belongs to C*(a, ¢). Then
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dd* = ve(a — €)4ve < vec*cve =cc* =b2 h?b 2 < p'T9.
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Proposition 1.6.9 implies that x,, := d* (b# +1/n)~15%/? is a Cauchy sequence,

that x := lim, x, belongs to C*(a, b), and that || x|| < 1. By adding up the exponents
one sees that xb'/? = d* and therefore xbx* = d*d = (a — €) .. O

1.7 Positive Linear Functionals

In this section we introduce positive functionals and states and prove that the linear
span of positive functionals is equal to the dual space of a C*-algebra. We also prove
some variants of the fact that every state has a limited extent of multiplicativity on
normal elements.

Definition 1.7.1 A linear functional ¢ on a C*-algebra A is positive if ¢ (a) > 0 for
every a € Ay. Itis a state if it additionally satisfies ||¢|| = 1.

The space of all states of C*-algebra A is denoted by S(A). It is also called the
state space of A. Since the set of positive functionals (including the zero functional)
is clearly weak*-closed and the unit ball of A* is weak™-compact, if A is unital then
S(A) is a weak*-compact subset of the dual unit sphere. If A is not unital, the weak™*
closure of S(A) contains 0, and it is equal to the convex closure of S(A) U {0}.

Example 1.7.2 If A is an abelian C*-algebra then A = CO(A) by the Gelfand-
Naimark duality. The Riesz Representation Theorem (Theorem C.3.8) implies that
the continuous linear functionals on A are precisely the integrals [ a d u with respect
to finite (complex) Radon measures p on A. This correspondence is isometric:
llell = llell, where ||¢]| is the norm A* and ||| is the total variation of .

The following two sentences consist of three easy exercises, one of which is
solved in the Appendix. Positive functionals correspond to positive measures, and
states correspond to probability measures. The extreme points of the state space of
A (called pure states; see Definition 3.6.1) correspond to the point mass (Dirac)
measures (see Example C.5.4). In other words, pure states on Cp(X) are the
evaluation functionals, f +— f(x) for x € X. This implies that a state on an abelian
C*-algebra A is extremal if and only if it is multiplicative (and therefore a character,
since states are self-adjoint by Lemma 1.7.4 below).

Assume, in addition, that A is unital, and therefore that A = C(X) for a compact
Hausdorff space X. Furthermore assumed that the spectrum X is zero-dimensional.
Since every normal element with finite spectrum is a linear combination of projec-
tions, a state ¢ of C(X) is uniquely determined by its restriction to the Boolean
algebra of projections, Proj(C(X)). Hence if X is zero-dimensional then the state
space S(C (X)) is in one-to-one correspondence with the finitely additive measures
on Clop(X). The extreme points of S(C (X)) are the {0, 1}-valued measures, and a
¢ € S(C(X)) is an extreme point of S(C (X)) if and only if

{p € Proj(C(X)) : p(p) = 1}

is an ultrafilter of Clop(X).
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Example 1.7.3 Fix a Hilbert space H.

1. Given a unit vector £ € H define a functional wg on (H) by

wg (a) = (a&l§).

Then wg (a) > 0 for a positive a and wg (1) = 1; hence it is a state. A state of this
form is a vector state.

2. For two unit vectors & and 7 the corresponding vector states satisfy wg = wy if
and only if & = zn for some z € T. Therefore, the space P(M,,(C)) of pure states
on M, (C) is homeomorphic to the space of one-dimensional linear subspaces
of C" (the n-dimensional complex projective space).

3. The restriction of a state to a unital C*-subalgebra is a state. In particular if A is
a unital C*-subalgebra of Z(H) then the restriction of wg to A is a state.

Lemma 1.7.4 Suppose ¢ is a positive functional on a C*-algebra A.

1. (The Cauchy-Schwarz inequality) |p(b*a)|*> < @(b*b)p(a*a) for all a and b
in A.

2. The functional ¢ is self-adjoint, i.e., it satisfies (b*) = @(b) for all b.

3. We have |l¢|l = sup{p(a) : 0 < a, [lal| < 1}

Proof Since (a, b) — ¢(b*a) is a sesquilinear form on A, a proof of (1) is identical
to the standard proof of the Cauchy—Schwarz inequality for the inner product.

2) If a € Ay, then p(a) = ¢(ay) — ¢(a-) is a real as a difference of two
nonnegative reals. Write an arbitrary b € A as a linear combination of two self-
adjoints, a + ic, and verify ¢(b) = o (b%).

(3) In the unital case the Cauchy—Schwarz inequality implies

loll> = supypy<1 l9B)I* < o(1) supypy<; 9(B*b) < llll supg<, <1 ¢(@)

hence [|¢|| < supg,<; ¢(a). The converse inequality is trivial.
The non-unital case is a straightforward modification of the above, using an
approximate unit (ey) of A, in which ¢(1) is replaced by sup, ¢(ey). O

Suppose A is an abelian C*-algebra with zero-dimensional spectrum X. By the
last part of Example 1.7.2, pure states on A are in a bijective correspondence to
ultrafilters on the Boolean algebra Proj(A) of its projections, and this algebra is
isomorphic to the algebra Clop(X) of clopen subsets of X. “Poor man’s projections”
in a projectionless C*-algebras are positive contractions of norm 1. We define

Apyi={acAs:lal=1)
and note that Proj(A) € A4 1. Part (1) of Lemma 1.7.5 is one of the most valuable

properties of states, and part (2) is its quantitive version. See Proposition 1.7.8 and
Lemma 1.10.7 for some variations on the theme.
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Lemma 1.7.5 Suppose ¢ is a state on A, a € A4 1, and ¢ > 0.

1. If p(a) = 1 then ¢(b) = p(ab) = ¢(ba) = ¢(aba) for all b € A.
2. If p(a) = 1 — ¢ then

a. lp(ab) — @(b)| < e'/2||b|,
b. |p(ba) — ¢(b)| < e'/?|b|, and
c. lp(aba) — p(b)| < 2¢'/2|b].

Proof This is a consequence of Lemma 1.7.4. Since (1) is (2) with & = 0 it suffices
to prove the latter.

(2) Since the inequalities are trivial when b = 0 and both sides of the inequality
are homogeneous in b, by replacing b with b/||b|| we may assume ||b|| = 1. By the
Cauchy—Schwarz inequality, (1 — a)2 < 1 — a, and the positivity of ¢ we have

lp((1 —a)b)| < \/(<p(1 —a))2p(b*b) < Vo1 — a)p(b*b) < V.

Also, ¢(b) — p(ab) = ¢((1 —a)b) and therefore |¢(b) — p(ab)| < /% as required.
Since ¢ is self-adjoint we have |@(b) — ¢(ba)| = |p(b*) — @(ab*)| < &'/, The
third inequality follows because ||ab|| < |la]|||b]] < 1.

Since a > a2, the assumption of 1 is an immediate consequence of (2). O

Complete positivity of a linear functional is an elusive condition. The following
lemma gives a practical reformulation that makes the task of extending a state to a
larger C*-algebra straightforward.

Lemma 1.7.6 Suppose A is a unital C*-algebra.
1. Then S(A) = {p € A* : |l¢|| = 1 = sup, @(ex)}, where (e,) is any approximate

unit in A. If (ey) is in addition increasing, then

S(A) ={p € A" : |loll = 1 = sup; ¢(ex) = limy p(ez)}.

2. If A is unital then S(A) = {p € A* : |l¢| = 1 = (1)}
3. Every state on any C*-subalgebra B of A can be extended to a state on A.
4. Every positive a € A has a norming functional which is a state.

Proof (1) For the direct inclusion, suppose that ¢ is a state. In order to prove
that sup, ¢(e;) = 1 fix ¢ > 0. By Lemma 1.7.4 there exists a € A4 1 such that
@(a) > 1 — ¢. Lemma 1.7.5 implies that |p(aey) — @(ex)| < +/€ for all A. Since

limy, |@(a) — ¢(aey)|| < limy |la —ae, || = 0 and ¢ > 0 was arbitrary, we conclude
that sup; ¢(ey) = 1.
For the converse inclusion, suppose ¢ € A* satisfies sup; ¢(ex) = 1 = |l¢|,

fix a € A4, and suppose for contradiction ¢(a) ¢ [0, 0o0). Let u be a finite regular
Radon measure on sp(a) such that ¢(f(a)) = f fdp forall f € C(sp(a)) (such
w exists by Example 1.7.2 to C*(a, 1)). Then u is not a positive measure and hence
1 < ||nll = |l¢|l; contradiction.
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This proves (1) in the case of a general approximate unit (e} ), and the case when
(ey) is increasing follows immediately.

(2) is a special case of (1).

Clause (3) is a consequence of the first part and the Hahn—Banach Extension
Theorem. For (4) fix a > 0. Since sp(a) € R is compact we can let x := max(sp(a))
and the point-evaluation at x is a character of C*(a, 1) such that ¢(a) = ||a||. By (3)
this character can be extended to a state on A. O

Suppose A is a C*-algebra and let A* denote the Banach space dual of A. Every
linear functional ¢ on A is uniquely determined by its restriction to Ag,, and ¢ is
self-adjoint if and only if this restriction is real-valued. This correspondence is an
isometry of the space of self-adjoint functionals on A with A},, the dual of the real
Banach space Ag,. Succinctly stated, we have (Ag,)* = (A™)sa and with a modest
abuse of notation one might want to write A¥, in place of (A*) . We will do so, but
only in Lemma 1.7.7 and its proof.

Every element of a C*-algebra is a linear combination of four positive elements
(Exercise 1.11.16) and a similar statement holds for linear functionals.

Lemma 1.7.7 Suppose A is a C*-algebra.

1. Every self-adjoint functional on A is a difference of two positive functionals.
2. Every functional on A is a linear combination of four states.
3. The weak topology on A coincides with the weak topology induced by its states.

Proof (1) We will prove that every 8 € A}, of norm < 1 is a convex combination
of ¢ and — for states ¢ and . Consider A}, with respect to the weak*-topology.
The set 2 = {ro — (1 — )Y : {p, ¥} € S(A),0 < r < 1} is weak*
compact and convex. If this were false then by the Hahn—Banach separation theorem
(Corollary C.4.5) there would be a € Ay, 0 € (A%,)<1, and s € R such that

lp(@)] <5 < 0(a)

for all ¢ € 2. Since 2 is symmetric, we have Sup,c g~ ¢(a) < s < 6(a). But
Lemma 1.7.6 implies ||a|| < s and therefore ||0|| > 1; contradiction.

If0 € A* thenfy(a) := 3(0(a)+0(a*)) and 0, (a) := 5((6(a)—B(a*))) are self-
adjoint functionals such that 6 = 6y — i6;. By (1), each 6; is a linear combination
of two positive functionals and (2) follows; (3) is an immediate consequence. |

We end this section with a variation on the first part of Lemma 1.7.5. It gives
sufficient conditions under which states possess some degree of multiplicativity.

Proposition 1.7.8 Assume ¢ is a state on a C*-algebra A and a is a normal element
such that .. = @(a) is an extreme point of the convex closure of sp(a). Then for every
f € C(sp(a)) and every b in A we have

1. o(f(a)) = f(p(@)) = f(A) and
2. (f(@)b) = f(p(a))p(b) = f(M)e(D).
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In particular,

3. Ifa € Ay 1 and p(a) = 1 then (b) = p(ab) = ¢(ba) = ¢(aba) for all b € A.
4. If a is a unitary and ¢(a) € T then ¢(ab) = ¢p(ba) = p(a)p(b) for all b € A.

Proof (1) Since sp(a) is compact, our assumption implies A € sp(a). The restriction
of ¢ to C*(a,1) is a state on this algebra and by the Riesz Representation
Theorem (Theorem C.3.8) there is a Borel probability measure p on sp(a) such
that ¢(f(a)) = f fdu for all f € C(sp(a)) (see Example 1.7.2). In particular
A = [xdp(x). Since A is an extreme point of sp(a), we have the following.

The following claim actually requires a proof.

Claim The measure u is the point mass measure concentrated at A.

Proof Let M denote the space of all Borel probability measures on sp(a). It is
convex and weak*-compact (we identify measures with states on C*(a, 1)). Then
V> f x dv(x) is an affine homeomorphism that maps M onto Z := conv(sp(a)).
Since A is an extreme pointof Z, F :={v € M : fx dv(x) = A} is a face of M. For
g € C(sp(a)) suchthat0 < g < landr:= [gdu > 0,let ug(A) :=r~! [, gdp.
We claim that ug € F. Since ug < w,r = 1 implies u = pg. If r < 1 then we
have u = rug + (1 —r)p1—g. Since F is a face, ug € F.

Suppose that the assertion is false. The set Z \ {A} is convex, relatively open, and
of positive measure (identify p with a measure on Z). Find a family (K, L,), for
n € N, such that K,, and L, are compact convex subsets of Z\ {1}, K, is included in
the interior of L,,, and |, K, = Z\ {A}. By the countable additivity of u there is n
such that u(K,;) > 0. Fix g € C(Z) suchthat 0 < g < 1, g(x) = 1 forall x € K,,,
and supp(g) € L. Then [ gdu > u(K,) > 0,hence ug € Fbut [ xdjug(x) € Ly;
contradiction. O

Claim implies that the restriction of ¢ to C*(a, 1) is a point-evaluation at A, and
therefore a character. Therefore ¢ (f (a)) = f(¢(a)) = f(1).

(2) Fix b € A. In order to prove ¢(f(a)b) = f(A)p(b) we first consider the case
when f(A) = 0. By the first part and f(A) = 0 we have ¢(f(a)*f(a)) = 0 and
therefore the Cauchy—Schwarz inequality implies

lp(f@Db)I* < 9(f (@) f(@)pd*b) =0.

Hence ¢(f(a)b) = 0 = f(AM)e() if f(A) = 0. For the general case, consider
f1(@) := f(@) — f()). By the above,

p(f(@)b) = ¢(f1(a)b) + ¢(f (M)b) = f(M)p(b).

This concludes the proof of (2).
Both (3) and (4) are special cases of (1) and (2). O

A better insight into Proposition 1.7.8 is given in Exercise 1.11.46.
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1.8 Approximate Units and Strictly Positive Elements

In this section we continue the discussion of approximate units (Definition 1.6.7)
and introduce the notion of a strictly positive element of a C*-algebra.

A self-refinement of Proposition 1.6.8 will come in handy in the analysis of ideals
(Lemma 2.5.1).

Corollary 1.8.1 If L is a left ideal in a C*-algebra A then there exists an increasing
family (e, : A € A) of positive contractions in L such that lim,, ||a — ae, | = 0 for
alla € L.

Proof Since B := L N L* is a C*-subalgebra of A, by Proposition 1.6.8 it has an
approximate unit (¢j : A € A). If a € L then ||a(1 —ey)|| = [|(1 — e))a*a(1 —e,)||
and a*a € B; hence (e), : A € A) is as required. O

In the following lemma we identify Co(X \ 0) with {f € C(X) : f(0) = 0}.
Lemma 1.8.2 Ina C*-algebra A, for every h € A the following are equivalent.

1. hA is densein A.

2. Ah is dense in A.

3. hAh is dense in A.

4. {fa(h) : 2 € A} is an approximate unit in A whenever {f) : A € A} is an
approximate unit in Co(sp(h) \ {0}).

5. @(h) > 0 for every state ¢ of A.

Proof Since both /2 and A are self-adjoint, (1)—(3) are easily equivalent.

We shall prove that (1) implies (4) and that (4) implies (5). We shall not
need the fact that (5) implies other conditions, and it is omitted. See e.g., [192,
Proposition 3.10.5].

Suppose (1) holds, and in order to prove (4) fix an approximate unit { f; : A € A}
in Co(sp(h) \ {0}). It suffices to check that |la — f; (h)a|| — O for alla € A. Fix
¢ > 0and find b € A such that ||a — hb|| < e.If A is such that |hb — fo(h)hb| < &
then

a ~g hb ~¢ fL(h)hb ~¢ fi(h)a

and therefore ||a — fi(h)al < 3¢. Since ¢ > 0 and a € A were arbitrary, this
completes the proof.

Now suppose that a supposedly weaker form of (4) holds, and { f,(h) : A € A}
is an approximate unit in A for some family of functions f) € Co(sp(h) \ {0})+.1.
If ¢ is a state in A then Lemma 1.7.6 implies that lim;, ¢( f5(h)) = 1. Therefore the
restriction of ¢ to C*(h) = Co(sp(h) \ {0}) does not vanish, and ¢ (k) > 0. Since ¢
was arbitrary, this proves (5). O

A positive element & of a C*-algebra A is strictly positive if any of the equivalent
conditions in Lemma 1.8.2 holds.
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Lemma 1.8.3 A C*-algebra A is o-unital if and only if it has a strictly positive
element. If A is unital then h € A is strictly positive if and only if 1 5 < mh for some
m e N.

Proof If & is strictly positive in A then Lemma 1.8.2 implies that rYn forn > 1,
is an approximate unit for A. Conversely, suppose e, for n € N, is an approximate
unit for A and let h := ) 27"e,. If ¢ is a state on A then lim, ¢(e,) = 1 and
therefore ¢(h) > 0.

Now suppose A is unital. If mh > 14 then it is clearly strictly positive. For the
converse, suppose that 0 € sp(h). Since A is unital, 4 generates a proper ideal J
of A. Any state on A/J lifts to a state on A that violates (5) of Lemma 1.8.2. O

The following lemma will play a role in the construction of quasi-central
approximate units in Section 1.9.

Lemma 1.8.4 Suppose J is an ideal in A and (e, : . € A) is an approximate unit
in J. For every a € A the net (e;a — ae) : . € A) weakly converges to 0.

Proof Since the weak topology on a C*-algebra coincides with the weak topology
induced by its states (Lemma 1.7.7) it suffices to verify that lim; ¢(eya — ae;) =0
for every state ¢ and all a € A.

Fix a state ¢ on A and let m: A — Z(H) be the corresponding GNS
representation with cyclic vector £. Let K be the closure of the space w[J]&. Then
m(ep) < pk for all A and by Exercise 1.11.44 {m(e;) : L € A} is a net that
converges to pk in the strong topology. By Exercise 1.11.57 we have pgx € 7(A)’
and therefore

limg(era —ae;) = lim(w (ae). — exa)§|§) = (((a)px — px7(@))§[§) = 0.

Since a € A was arbitrary, this completes the proof. O
We conclude this section with an application of approximate units.

Lemma 1.8.5 Suppose B is a hereditary C*-subalgebra of a C*-algebra A. Then
every state ¢ of B has a unique extension to a state on A. In particular, every state
on A has a unique extension to a state on its unitization A".

Proof Let ¢,, for A € A, be an approximate unit for B (Proposition 1.6.8). Fix
a € A and suppose ¥ is a state on A that extends ¢. Since sup, ¢(e;) = 1 by
Lemma 1.7.6, the second part of Lemma 1.7.5 implies ¥ (a) = limy ¥ (e)ae,).
Since B is hereditary, ejae, € B for all A and the conclusion follows. O

1.9 Quasi-Central Approximate Units

In this section we construct quasi-central approximate units. These will be used
in Section 15.1 to prove that coronas of o-unital C*-algebras and other massive
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C*-algebras are countably degree-1 saturated. The section ends with the so-called
tri-diagonal construction of an element of M,,(A) that “almost commutes” with the
elements of a discretization of a continuous path of elements of A.

In a seminal paper [15] Arveson introduced a refinement, the so-called quasi-
central approximate units, and used them to give simplified proofs of (then hot off
the press) theorems of Choi-Effros and Voiculescu. Our interest in quasi-central
approximate units comes from the observation that they provide means for proving
that coronas of o-unital, non-unital, C*-algebras satisfy a poor man’s version of
countable saturation. This property, countable degree-1 saturation, is a common
generalization of a number of largeness properties of coronas and it will be studied
in Section 15.1.

Definition 1.9.1 Suppose A is an ideal in M. An approximate unit (e) : A € A),

forn € N, in A is quasi-central if lim,,_||ae) —ejal = O0foreverya e M. If X C M

and this condition holds for all @ € X then the approximate unit is X -quasi-central.
An approximate unit is idempotent, if eye, = e; whenever A < p.

The following doubles as a warmup for the proof of Proposition 1.9.3 and a
lemma used in the proof of Theorem 5.1.2.

Lemma 1.9.2 Suppose n > 1, ag, ..., a,—1 belong to B(H)", and E is a finite-
rank projection in 8(H). Then for every ¢ > 0 there exists a finite-rank operator
T € #Z(H)suchthat E <T < 1and||a;, T]| < ¢ forall j <n.

Proof The set & := {(P,P,...,P) : P isafinite-rank projection in Z(H)}
with the coordinatewise ordering is an approximate unit for (H)". Lemma 1.8.4
implies that the net ||[a, Q]|, for Q € 2, weakly converges to 0. By the Hahn—
Banach separation theorem there is a convex combination Ty of elements of Z such
that ||[a, Tp]|| < &. Then To = (T, T, ..., T) for some T, and T is as required. O

Proposition 1.9.3 Suppose A is o-unital ideal in a C*-algebra M and X C
M is separable. Then there exists an X-quasi-central, sequential, idempotent
approximate unit ey, forn € N, in A.

Proof Let a,, for n € N, be an enumeration of a norm-dense subset of X. Fix a
strictly positive element 7 € A. We will find f,, € Co(sp(h)) which satisfy the
following for all n.

LO<fu<fat1 =1L
2. fnfn—H = fn~

3. There exists ¢, > 0 such that f;, vanishes on [0, &,].
4. |l faWaj —ajfu(h)|| <27 " forall j < n.

If f, satisfy conditions (1)—(4) then e, := f;,(h), forn € N, is the required X -quasi-
central approximate unit.

To get the recursive construction of the sequence f,, for n € N going, choose fy
to be identically 0. Suppose that f; and ey, for k < n, satisfy (1)—=(4). Let M®"
denote the direct sum of n copies of M. The direct sum A®" of n copies of A is an
ideal of M®" and (h, ..., h) is strictly positive in A®", With
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2y ={feCph): f(t)y =1forallt > ¢,

and f vanishes on [0, ¢] for some ¢ > 0}

we have ff, = f, forevery f € Z,.

By Lemma 1.8.2 the set {(f(h),..., f(h)) : f € Z,} is an approximate unit
of A®" with respect to the natural order on positive elements.

Consider b := (ag,...,a,—1) and b’ := (h,...,h) in A®" By the Hahn—
Banach Theorem and Lemma 1.8.4 we can find a convex combination f;,4; of
elements of %, such that ||bf,1+1(h") — fur1(B)b|| < 27". Then f, < fur1 < 1,
Sufar1 = fa,and eyqy = f 1 (h) satisfies |laje 1 — epq1ll < 27" forall j < n.
Since f,41 is a convex combination of elements of %, it vanishes on [0, &,,41] for
some €,41 > 0.

This describes the recursive construction and concludes the proof. O

Discretization of homotopy paths leads to k-tuples a(j) € A* as in the
following lemma. They are naturally identified with diagonal elements of M} (A),
and therefore with elements of Z(Ck ® H) if A € Z(H) is a concrete C*-algebra.

Lemma 1.9.4 Suppose A is a C*-subalgebra of Z(H), ¢ > 0,n > 1,k > 1, and
a(j) = (a())i:i <k, for j <n, in A* satisfy

cmax la(j)i —a(Pi+1ll <e.
j<n,i<k—1

Then for every projection E in 9B8(H) of finite rank there exists a projection F of
finite rank in B(CKQ H) such that E®0®- - -®0 < F andmax; ., |[[a(j), F]|l < e.

Proof Let &9 = maxj,i<k—1lla(j)i — a(j)i+1ll and o = & — &o. Using
Lemma 1.4.8 fix § € (0, §0/4) such that if a and b satisfy ||[a, b]]| < 5,0 <a <1,
and ||b|| < 1 then ||[(a(1 — a))'/?, b]|| < 80/4. Using Lemma 1.9.2 find finite-rank
operators F;, for 1 < j < k, in Z(H) such that with E; denoting the support
projection of Fj for j > 1wehave 0 = Fp < Eg < F| < Ey < --- < Fr_y,
I[Fj,a@)j+1lll < 8, and [[[Fj,a(i);]ll < & forall j < k. Then consider the tri-
diagonal matrix’

Fi—F (F(—=F))Y? 0 0
(Fi (1= Fy)l/? F,— R (F(1 = B2 ... 0
P 0 (RLA-FK)HY? FB-F ... 0
' 0 0 (F3(1 — Fi)V2% .. 0
0 0 0 co. F_y — Fy

"For those readers who may prefer a precise definition of F = (F; ;) by its matrix entries:
Fij = Fis1 = Fi, Fip1 = Fi o= (F (1= F)'2, and Fy j = 0if |i — j| > 2.
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Clearly F* = F and (almost as clearly) F2 = F. Therefore F is a projection. Since
Fi — Fp> Ep,wehave F > E® 0 --- @ 0. An exercise in multiplying matrices
shows that

ILF, ()l <eo+max I[a(j)i, (Fi—Fi-n1l+2max |[a(});, (F:(1=FENY?)| <&,

and F is as required. O

1.10 The GNS Construction

I had always thought of mathematics as being much more straightforward: a formula is a
formula, and an algebra is an algebra, but Gel’fand found hedgehogs lurking in the rows of
his spectral sequences!

Dusa McDuff

In this section we prove that every abstract C*-algebra is isomorphic to a concrete
C*-algebra. The proof uses the simple but ingenious GNS construction, whose
discovery marked the beginning of the theory of C*-algebras.® A consequence
of this result is the axiomatic characterization of C*-algebras as complex Banach
algebras with the involution that satisfy the C*-equality. We also give a variant of
the GNS construction for an arbitrary functional on a C*-algebra. Finally, we briefly
discuss cyclic representations and prove that GNS representations are the building
blocks of the representation theory of a C*-algebra.

The definitions of concrete and abstract C*-algebras were given in Section 1.2.

Theorem 1.10.1 (Gelfand—Naimark-Segal) Every abstract C*-algebra A is iso-
morphic to a concrete C*-algebra.

Definition 1.10.2 A representation of a C*-algebra A is a *~-homomorphism
. A— B(H)

for some Hilbert space H. It is faithful if ker(w) = {0} (equivalently, if it is
isometric—Lemma 1.2.10). A unit vector § € H is cyclic for m if the orbit 7[A]&
is dense in H. A representation that has a cyclic vector is said to be cyclic. A cyclic
vector, if one exists, is not unique; some representations even have the property
that every nonzero vector is cyclic. (These representations are so important that the
entire Chapter 5 is devoted to them.) The left kernel of a state ¢ is

Ly, :={a€A:g¢(a*a) =0}

(denoted N, in [27]).

8See however footnote 2 in Chapter 12.
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Proposition 1.10.3 (The GNS Construction) Suppose ¢ is a state on A. Then
there exist a Hilbert space H, and cyclic representation wy: A — 98(H,) with
a cyclic vector &, such that ¢(a) = (wy(a)éy|ép)y for all a € A.

We refer to (g, Hy, &) as the GNS triplet associated with ¢.

Proof The formula
(alb)y := @(b*a)

defines a sesquilinear form on A of norm 1 and (-|-), drops to an inner product
on A/Ly. Let H, denote the completion of this pre-Hilbert space. For b € A we
have [|b + Ly || = ¢(b*b)!/2.

For a € A let y(a) be the left multiplication operator on A/L,. Since

b*a*ab < b*b|a*al,

7y (@)l < llall and 7y, (a) therefore extends to a bounded linear operator on H,
and we have a representation 7, of A on Hy,.
If A is unital, then &, := 1 + L, is clearly cyclic and satisfies

p(a) = (T, (a)%_(p |é§<p)<p

for all a € A.If A is not unital, let ¢ be the unique state extension of ¢ to A
(Lemma 1.8.5). Then ¢((1 — ) < @(1 — ex) — 0, and therefore ), + L is a
Cauchy sequence in Hy converging to 1 + L, and we have Hy, = H. O

Proof (Theorem 1.10.1) By Lemma 1.7.6 for every a in A there exists a state ¢ such
that ¢ (a*a) = ||a*a||. Therefore

Iy (@) 17 = 17 (@& 1> = (1 (@), |7y (@)E,) = (Ty(a*a)Ey|E,) = ¢(a*a)

which is by the choice of ¢ and the C*-equality equal to |la||>. Therefore the
representation @w S(4) Ty provided by Proposition 1.10.3 is faithful. O

Corollary 1.10.4 Every separable abstract C*-algebra can be faithfully repre-
sented on a separable Hilbert space. More generally, for every cardinal k an
abstract C*-algebra of density character k can be faithfully represented on a Hilbert
space of density at most k.

Proof It suffices to prove the second, more general, statement. Suppose A is a C*-
algebra of density character k. If ¢ € S(A) then ||¢|| = 1 and hence (a|a), < llall?
for all a € A. Therefore the density character of H,, is not greater than «.

Fix a dense D € A, of cardinality «. As in the proof of Theorem 1.10.1, for
every a € D there exists ¢, € S(A) such that ||z, (a)|| = ||a||. Therefore B, |, 7y,
is a faithful representation of A on a Hilbert space of density at most . O
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Corollary 1.10.5 If A is a C*-algebra then the *-algebra M, (A) of all n x n
matrices over A has a unique C*-algebra norm such that the diagonal embedding
of A into M,,(A) is isometric.

Proof By Theorem 1.10.1 we can identify A with a C*-subalgebra of Z(H) for
some Hilbert space H. Then M, (A) is identified with Z8(H"). The operator norm
of a matrix is not smaller than the absolute value of any of its entries. It is not
difficult to see that this implies M), (A) is norm-closed in Z8(H"). Uniqueness of the
C*-norm on M,,(A) follows from Lemma 1.2.10. |

A relative of Lemma 1.7.5 for bounded linear functionals that are not necessarily
positive (Lemma 1.10.7) is proved after a preliminary result.

Fixm > 1 and n > 1 and suppose (b;;) is an m x n matrix over A. If A € % (H)
then (b;;) can be identified with an element of Z(H", H") and equipped with an
operator norm. We can also identify (b;;) with an element of Myax(m,n)(A) obtained
by adding zero rows or columns. This identification is clearly norm-preserving and
Corollary 1.10.5 implies that the operator norm on of m X n matrices over A is
uniquely determined.

Lemma 1.10.6 Suppose A is a C*-algebra and a € A<). Then the operator norm
of the 1 x 2 matrix [1 —aa* a] is at most 1.

Proof Working inside M (A), we have
I [1 —aa* a] ||2 = [1 —aa* a] [l —aa* a]* Il

Furthermore, [1 —aa* a] [1 —aa*® a]* = (1 —aa*)® +aa* =1 — aa* + (aa*)?.
Since [la|| < 1, we have 1 > aa* > (aa*)? > 0and 0 < 1 — aa* + (aa*)? < 1.
This implies the required estimate. O

Lemma 1.10.7 Suppose a linear functional ¢ on a C*-algebra A and a € A are
such that p(a) = |la|| = ||l = 1. Then ¢(b) = p(aa™b) for all b € A.

Proof For any A € C the following holds (using submultiplicativity of the norm
and Lemma 1.10.6)

b
I(1 — aa*)b + aall < [|[1 — aa* a] | H M < (IBI1* + AHYV2.

Thus
1517 + 111> > (1 — aa™)b + ra)|?
= |p((1 — aa*)b)|> + 2R (hp((1 — aa*)b)) + A%,

and [|b]12 > |o((1 — aa*)b)|? + 2R (L@ (b — aa*b)). Since A € C was arbitrary, this
is possible only when ¢(b — aa™b) = 0. |
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Theorem 1.10.8 Suppose ¢ is a bounded linear functional on a C*-algebra A.
Then there are a *-representation w: A — HB(H) and &,n € H such that
lell = ElInll and ¢ (b) = (w(b)&|n) for all b € A. Furthermore w can be chosen
to be cyclic.

Proof We may assume that ¢ is nonzero and, by replacing ¢ with [|¢| ¢, that
llell = 1. Fix a Banach limit (Theorem C.3.12) Lim: £, (N) — R and define ¢ on
Lo (A) by @((xp)n) := Lim, @(xp).

Choose a,, € A such that ||a,|| = 1 and lim,, ¢(a,) = 1 and leta := (a,), and let
Y (b) := @(ab). If (e,) is an approximate unit of £, (A) then ||y || = limy ¥ (e)) =
1 and ¥ is a state by Lemma 1.7.6. Let (;r, H, §) be the GNS triplet associated
with ¥. Let n := 7 (a)& and view A as a C*-subalgebra of £,(A) via the diagonal
embedding. Lemma 1.10.7 implies (7 ()€ | n) = (7 (a*b)&|n) = ¥ (a*b) = ¢(b)
forall b € A.

It remains to show that v can be chosen to be cyclic. Let K be the norm-closure of
7 [A]€ and let p be the projection of H to K. Then p € [A] and '(a) := pw(a)p
is the required cyclic representation. O

We conclude with a brief introduction of a concept that will play a pivotal role
in Section 3.8 and subsequent sections. Two representations w; : A — B(H;) (for
i < 2) are spatially equivalent (denoted o ~ ) if there exists a unitary operator
u: Hy — Hj such that the Figure 1.2 commutes.

Lemma 1.10.9 A representation of a C*-algebra is cyclic if and only if it is spatially
equivalent to a GNS representation.

Proof Since the GNS construction produces a cyclic representation, only the
forward direction requires a proof. If 7 : A — 9B(H) is a representation and & € H
is a cyclic unit vector then ¢ (a) := (;w(a)§|§) is a state. Recall that L, is the left
kernel of ¢ and that H,, is the completion of A/L, with respect to the inner product
(alb)y = @(b*a). Then a + L, +— aé& is a linear isometry from A/L, into H.
Since £ is a cyclic vector for 7, this isometry has dense range and therefore extends
to a unitary u: H, — H. A routine computation gives 7 (a) = um,(a)u™ for all
a € A. O

Fig. 1.2 Spatially equivalent %( H )
representations, 7wy ~
/
A Adu
x
P(H,)
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Suppose 7;: A — JB(Hj), for j € ], are representations of C*-algebra A. Their
direct sum is the naturally defined representation €@ ;_;7; of A on the direct sum

jel
of Hilbert spaces ;< H;.

Proposition 1.10.10 Every representation w: A — JB(H) is a direct sum of cyclic
representations. Every representation w: A — ZB(H) of a C*-algebra is spatially
isomorphic to a direct sum of GNS representations.

Proof Use Zorn’s Lemma to find a maximal set of unit vectors 2~ such that for
distinct £ and 1 in 2~ spaces w[A]¢ and 7 [A]n are orthogonal. Since every cyclic
representation is spatially equivalent to a GNS representation by Lemma 1.10.9, the
second claim follows. O

1.11 Exercises

The following extensive list can be used as a Moore-style course within a course for
students with no background in C*-algebras. Some of the exercises are very easy
but very important.

Exercise 1.11.1 Prove that C is the only C*-algebra in which all nonzero elements
are invertible.”

Exercise 1.11.2 Prove that in the definition of an abstract C*-algebra the require-
ment that the involution * be isometric is redundant.

Exercise 1.11.3 Suppose A is a C*-algebra and a € A.

1. If a is normal, prove that sp4(P(a)) = P(spy(a)) for every *-polynomial P
over C.

2. Prove sp4 (exp(a)) = exp[sp(a)].
The following few exercises are purely algebraic.
Exercise 1.11.4 Suppose A is a C*-algebra and a, b belong to A.

1. Prove that 1 — ab is invertible if and only if 1 — ba is invertible.
2. Use this to prove that sp4 (ab) U {0} = sp4 (ba) U {0}.

Exercise 1.11.5
1. If A is unital, the following are equivalent for b € A.

a. b is invertible.
b. Both b*b and bb* are invertible.
c. b* is invertible.

9Used in the proof of Theorem 1.3.1.
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2. Give an example of an element b of a unital C*-algebra such that b*b is invertible
but b is not.

Exercise 1.11.6 Suppose B is a C*-subalgebra of a C*-algebra A and b € B. Prove
that sp4(b) = spg(b) or sp,(b) = spp(b) U {0}, and that spp(b) = sp,(b) if Bisa
unital C*-subalgebra of A.

Hint Inthe unital case, if b € By, then use the second part of Lemma 1.2.6 to prove
spp(b) 2 sp,(b) and 9 spp(b) < dsp,(b) (0Z denotes the topological boundary
of Z C (). For the general case use Exercise 1.11.5.

A projection p in a C*-algebra A is nontrivial if it equal to neither O nor 1 and it
is scalar if pAp = C.

Exercise 1.11.7 Prove that a simple C*-algebra has a scalar projection if and only
if it is isomorphic to the algebra of compact operators on some Hilbert space.

Exercise 1.11.8 Suppose X and Y are compact Hausdorff spaces t: X — Y isa
continuous map, and *: C(Y) — C(X) is the associated *-homomorphism (see the
proof of Theorem 1.3.2).

1. Prove that ¢* is a surjection if and only if ¢ is an injection.
2. Prove that t* is an injection if and only if ¢ is a surjection.

The weight of a topological space is the minimal cardinality of its basis.

Exercise 1.11.9 Suppose X is an infinite compact Hausdorff space. Prove that the
density character of C(X) is equal to the weight of X.

Exercise 1.11.10 Find a *-endomorphisms of Cy(R) that is not of the form f
f o g for a continuous g: R — R.

Exercise 1.11.11 Prove that the category of abelian (but not necessarily unital) C*-
algebras is contravariantly equivalent to the category of pointed compact Hausdorff
spaces. The objects in this category are pairs (X, x) where X is a compact Hausdroff
space and x € X, and a morphism between (X, x) and (Y, y) is a continuous
function such that f(x) = y.

Exercise 1.11.12 For a compact K C C and C*-algebra A let 521/3 be the set of all
normal elements a € A such that sp(a) C K. Prove that the function that sends a to
f(a) is continuous on .Ql/é for every f € C(K).10

Exercise 1.11.13 Suppose a € Z(H). Prove that r(a) = ||a|| if a is normal. Find
a such that r(a) < [all."!

Exercise 1.11.14 Prove that every separable abelian C*-algebra is isomorphic to a
C*-subalgebra of C ({0, 1}).

10Used in the proof of Lemma 1.5.7.
"Used in the proof of Lemma 1.3.4.
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Hint In addition to what you learned here, you need to know that every compact
metrizable space is a continuous image of the Cantor space.

Exercise 1.11.15 Suppose!? a is a normal element of a C*-algebra. Prove that every
A ¢ sp(a) satisfies ||(@ — 1)~V ||7! = dist(x, sp(a)).

It is time for the easy exercises promised earlier.
Exercise 1.11.16 Suppose A is a C*-algebra.'?

1. For every b € A there are by and b1 in A, of norm < ||b|| such that b = by+ib;.

2. An element b of A is normal if and only if its “real” and “imaginary” parts as
in (1) above commute.

3. Prove that every a € Ay, can be written as a difference of two positive elements
of norm < |a||. Therefore by (1) every a € A can be written as a linear
combination of four positive elements of norm < ||a]|.

4. Every —1 < a < 1 can be written as a convex combination of two unitaries in A.

5. Every a € A< is a convex combination of four unitaries in A.

6. The density characters of A, Ay, and U(A) are equal.

Exercise 1.11.17 Prove that a € J# (H) has a polar decomposition @ = v|a| with
v € J (H) if and only if it has finite rank.

Exercise 1.11.18 Suppose A is a C*-algebra and a € A.
1. The following are equivalent.

a. a is a projection.
b. a is self-adjoint and a — a*> = 0.
c. a is normal and sp(a) C {0, 1}.

. If Aisunital and a € Ag, then exp(ia) is a unitary.

. If A is unital then « is a unitary if and only if it is normal and sp(a) < T.

. If v is a partial isometry, then lv]|? = [lv*v]| and therefore |v|| € {0, 1}.

. If A is unital and a € GL(A) then sp(a_l) = {171 espla)).

. If A is unital and u is a unitary, then lu*|*> = lul*> = 1, hence sp(u) € D and
sp(u*) € D. Therefore sp(u) < T.

AN kAW

Exercise 1.11.19 Suppose A is a C*-algebra and v € A. Prove that the following
are equivalent.

1. Both v*v and vv* are projections (i.e., v is a partial isometry).
2. v =vv*v.

3. v*v is a projection.

4. vv* is a projection.

12Used in the proof of Lemma 1.4.7.
13Parts of this exercise will be used throughout this book.
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Exercise 1.11.20 Prove that the following are equivalent for every element u# of a
unital C*-algebra.

1. u is both self-adjoint and a unitary.
2. u = 1 — 2p for some projection p.
3. u is a unitary involution: uu* = u*u = u®> = 1.

Exercise 1.11.21 Prove that a € GL(A) is a unitary if and only if
lal = lla~"|l = 1.

Exercise 1.11.22 Supposen > 1 anda := (a; : j < n) is an n-tuple of commuting
normal elements of a C*-algebra. The joint spectrum, jsp 4(a), is defined as the set
of all » € C" such that {A; —aj, A2 — aa, ..., Ay — a,} generates a proper ideal in
A. Prove that C*(a) = Co(jsp(a) \ {(0,0,...,0)}) and C*(a, 1) = C(jsp(a)).

In 1967 Kadison asked whether every simple and separable C*-algebra is singly
generated. This problem is still open. Every separable C*-algebra is isomorphic
to a subalgebra of a singly-generated C*-algebra; see [236] for recent results.
The assertion that every separable and simple C*-algebra is singly generated is
X é-statement and therefore absolute between transitive models of a large enough
fragment ZFC that contain all countable ordinals (this is an exercise for the readers
sufficiently familiar with Theorem B.2.12 and the paragraph preceding it).

Exercise 1.11.23 Prove that for every n there exists an abelian C*-algebra gener-
ated by n + 1 elements, but not by n elements.

Exercise 1.11.24 Prove that C([0, 1]) has an isomorphic copy of C([0, 1]*) as a
unital C*-subalgebra for all 1 <n < Ry.

Exercise 1.11.25 Prove that every separable abelian C*-algebra is isomorphic to a
subalgebra of a singly-generated abelian C*-algebra.

Exercise 1.11.26 Suppose u is a unitary and sp(u) # T. Find a € C*(u)y, such
that |la|| < 27 and u = exp(ia).

Exercise 1.11.27 Prove that any two unitaries « and v such that |u — v| < 2 are
homotopic.

Exercise 1.11.28 Suppose a, b, and c are elements of a unital C*-algebra A such
that a and b are self-adjoint, c is invertible, and a = cbe L. Prove that a = ubu*
for a unitary u.

Exercise 1.11.29 Prove that projections p and g are Murray—von Neumann equiv-
alent if and only if there exists v such that v*pv = ¢ and vgv* = p. Also prove
that in this case pv is necessarily a partial isometry.

Exercise 1.11.30 Suppose projections p and g are Murray—von Neumann equiv-
alent in A. Prove that they are homotopic, and therefore unitarily equivalent,
in M,(A).
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Two unitaries ug and u; in a C*-algebra A are homotopic if there exists a
continuous f: [0, 1] — U(A) such that f(0) = ug and f(1) = u;.

Exercise 1.11.31 Prove that there exists ¢ > 0 such that for all C*-algebras A and
projections p and g in A we have p ~ ¢ if and only if there exists a € A such that
laa* — p|l < ¢ and |la*a — q|| < e.

Exercise 1.11.32 Suppose n > 1 and py, ..., p, are projections in Z(H). Prove
that the following are equivalent.

Lolpr-----pull =1
2. For every ¢ > 0 there exists a unit vector & such that ||p;&]| > 1 — ¢ forall j.

Exercise 1.11.33

1. If an abelian C*-algebra has no nontrivial projections, then it has a C*-subalgebra
isomorphic to Cyp(R)).

2. If an abelian C*-algebra has no scalar projections, then it has a C*-subalgebra
isomorphic to Cp(R).

Hint First reduce the problem to the case when A is unital and separable. In addition
to Theorem 1.3.2 and Theorem 1.4.2 in (2) you will need a standard fact from
general topology: Every uncountable compact metrizable space maps continuously
onto [0, 1].

Positive elements of a C*-algebra are orthogonal if their product is 0.

Exercise 1.11.34 Suppose A is a C*-algebra, n > 1,a; € A, and A; € C, for
Jj <n.

1. If a; are orthogonal posi.tive elements, prove that || Zj Ajaj|l = max; |).»j|||aj Il

2. Prove the same conclusion, || Zj Ajaj|l = max; |Ajllla;||, but assuming only
that aja’ = a;fa,- =0foralli # j.

3. If a; are isometries with orthogonal range projections, prove that

1375 2jajll = 3 (xjllla; DDV,
Exercise 1.11.35 Suppose that @ > 0 and b > 0. Prove that |a + b|| >
max([lall, 1b]]).
Exercise 1.11.36 Suppose 0 < ¢ <d.

1. If in addition 0 < ¢’ < d’ prove that ||c’bc|| < ||d’bd|| for all b.
2. If u is a unitary, prove that ||au| = ||a|| for all a.

Exercise 1.11.37 Prove that 0 < a < b implies 0 < a!/? < b1/2,
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Exercise 1.11.38 Prove that 0 < a < b and a € GL(A) together imply b € GL(A)
and0 <b~! <q 1.1

Exercise 1.11.39 Suppose H is a Hilbert space and K is a closed subspace of H
such that dim(K) < dim(K ). Prove that for every a € #(K) suchthat0 <a <1
there exists a projection g € Z(H) such that a = projg . Such g is the dilation of a.

va — a2
Hint If K and K- N H are isometric tr a )
" y (Va —a? l—a
Exercise 1.11.40 Suppose H is a Hilbert space and K is a closed subspace of H
such that dim(K) < dim(K"). Prove that for every a € Z(K) such that ||a| < 1
there exists a unitary u € Z(H) such that a = projg g projg. Such ¢ is the unitary
dilation of a.'?

a a—a*a
Ja—aa* —a*

Exercise 1.11.41 Prove that the elements of every C*-algebra satisfy the follow-
ing.

Hint If K and K are isometric try (

. The parallelogram identity: (a+b)*(a+b)+ (a —b)*(a —b) = 2(a*a+b*b)."°

. The polarization identity: a*b = % 23:0 iY(b+i‘a)*(b+i’a).

. (@+b)*(a+b) <2a*a+b*b),V"

. (Zj<n aj)*(Zj«f aj) 5 n Zj<n a;faj foralln > 1.

M aiaj = 0fori # jthen ||(X;_,a;b)* (X, aibpll < X, llajbjll
(Bessel’s inequality).

R S N S

Exercise 1.11.42 Suppose A is unital, a € A, and b € A. Then

1. [1 ﬂ > 0in M2 (A) if and only if [|a|| < 1.

a*

2. |: 1* Zi| > 0in M3 (A) if and only if a*a < b.
a
The following exercise can be vastly generalized; it comes handy in some
constructions of counterexamples (see e.g., Exercise 5.7.9).

Exercise 1.11.43 In M,(C), suppose p and g are distinct rank-1 projections and
a < lissuchthat p < aand g < a.Prove thata = 1,.

Exercise 1.11.44 Suppose J is an ideal in A and (e) : A € A) is an approximate
unit in J. Suppose that 7: A — Z(H) is a representation of A and K is the closure

14Used in the proof of Proposition 1.6.8, twice.
15Used in the proof of Lemma 5.6.2.

16Used in the proof of Lemma 3.6.3.

17Used in the proof of Proposition 14.1.6.
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of {m(a)¢ : a € J,& € H}. Prove that 7 (e, ) converges to pg in the strong operator
topology.!®

Exercise 1.11.45 Prove that for every o -unital ideal A of a C*-algebra M and every
X C M there exists an X-quasi-central approximate unit in A of cardinality | X]|.

Exercise 1.11.46 The multiplicative domain of a state ¢ on a C*-algebra A is
My :={a € A:gp(a*a) = ¢p(@)¢(a)}.

Prove the following.

1. My =1{aecA:qplab) =¢p(a)p®)forall b e A}.
2. M, is a C*-subalgebra of A.
B lacedy:p@)=1}={acA:p((1—-a)*(1 —a)) =0}

Exercise 1.11.47 If A is an abelian C*-algebra generated by its projections then a
state ¢ of A is pure if and only if ¢(p) € {0, 1} for every projection p in A.

Exercise 1.11.48 Suppose w: A — (H) is a GNS representation of A. Prove
that the density character of H is not greater than the density character of A.

Exercise 1.11.49 Suppose that B is a C*-subalgebra of a C*-algebra A and
w: B — Z(H) is a representation. Prove that there exist a Hilbert space K 2 H
and a representation 0: A — Z(K) such that the projection py of K onto H
satisfies 7 (b) = ppo (b)py."”

Exercise 1.11.50 For a Hilbert space H classify all representations of JZ"(H) on
JB(H) up to the spatial equivalence. More precisely, prove that the rank of 7 (p),
where p € J£ (H) is a rank one projection, is a complete invariant for the spatial
equivalence.

Exercise 1.11.51 Prove that every state ¢ on a C*-algebra A is uniquely determined
by ker(p), and even by ker(¢) N Ag,.>°

Hint The abelian case is an exercise in measure theory (see Example 1.7.2). For the
general case apply Exercise 1.11.16.

Exercise 1.11.52 Prove that projections p and ¢g in a C*-algebra A satisfy pq # 0
if and only if (p) = 1 and ¢(g) > O for some pure state ¢ of A.

Exercise 1.11.53 Prove the following for every C*-algebra A, every state ¢ on A,
and every a € A.

1. |7y (a)ll = sup{p(b*a*ab) : b € A, ||b|| = 1}.
2. If ¢ is GNS-faithful, then ||a||*> = sup{@(b*a*ab) : b € A, ||b| = 1}.%!

18Used in the proof of Lemma 1.8.4.

19Used in the proof of Corollary 3.2.6.

20Used in the proofs of Proposition 3.6.5 and Lemma 5.3.6.
21Used in the proof of Lemma 4.3.2.
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3. |la|® = sup,, supy, ¥ (b*a*ab), where the supremum is taken over all states
and all » € A of norm 1.

Hint Unravel the GNS.

Exercise 1.11.54 Prove that every normal element of a C*-algebra has a norming
functional which is a state. Then find a C*-algebra A and a € A without a norming
functional which is a state.

Exercise 1.11.55 Suppose J is a two-sided, norm-closed ideal of a C*-algebra A
and ¢ is a state on A which vanishes on J. Prove that J C ker .

Exercise 1.11.56 If 7: A — Z(H) is a representation and p is a projection in
P (H) then p € w(A) if and only if a +> pm(a)p is a *-homomorphism.

Exercise 1.11.57 Suppose J is an ideal in a C*-algebra A, 7: A — HB(H) is a
representation, and £ € H. Prove that the projection to the norm-closure of the orbit
w[J]& belongs to w(A) >

Exercise 1.11.58 Suppose A is a C*-subalgebra of Z(H). A vector § € H is cyclic
if the orbit A£ is dense in H. A vector & € H is separating if aé = 0 if and only if
a = 0fora € A. Prove that £ is a cyclic vector for A if and only if it is a separating
vector for A’

Notes

Section 1.2: Example 1.2.11 (replacing the original, more involved, example, that
used the free group algebra CF, in the place of C[x]) was suggested by N.C.
Phillips.

The Gelfand transform can be defined for arbitrary complex Banach algebras; see
e.g., [16, §1.9]. The conclusion of Exercise 1.11.1 is true for an arbitrary complex
Banach algebra; this is the Gelfand—Mazur Theorem.

Lemma 1.3.4 shows that a homomorphism from an abelian C*-algebra into a
C*-algebra is always continuous. It is not known whether it follows from ZFC that
every homomorphism between C*-algebras is continuous (see the introduction to
[188]). It is relatively consistent with ZFC that all Banach algebra homomorphisms
are continuous [51] and that there exists a discontinuous homomorphism from a
C*-algebra into a Banach algebra [211].

Section 1.5: The not-so-well-known proof of the well-known Lemma 1.5.7 (2)
due to Halmos has been rescued by way of a MathOverflow post and [25].

Section 1.6: Proposition 1.6.9 is [192, Lemma 1.4.4] in a tuxedo. Proposi-
tion 1.6.14 is [157, Lemma 2.2].

22Used in the proof of Lemma 1.8.4.
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Section 1.7: The notion of a multiplicative domain is standard and important (see
[191]). The second part of Exercise 1.11.46 was taken from [166, Lemma 3.4].

Section 1.9: Quasi-central approximate units were introduced in [15].
Lemma 1.9.4 is [160, Lemma 4.1], and the tri-diagonal trick in its proof goes
back to [253]; see also [34].

Section 1.10: The simple proofs of Lemma 1.10.7 and Theorem 1.10.8 were
kindly provided by Narutaka Ozawa.



Chapter 2 ®
Examples and Constructions ke
of C*-algebras

Having the GNS construction under our belt, we proceed to study various ways in
which the abstract C*-algebras can be put together to build new C*-algebras.

2.1 Putting the Building Blocks Together

In this section we introduce basic constructions of C*-algebras: direct sums and
products, continuous fields, stabilization, suspension, cone, and hereditary C*-
subalgebras.

Having proved that every abstract C*-algebra is isomorphic to a concrete C*-
algebra, from this point on we will no longer be emphasizing the distinction between
concrete and abstract C*-algebras.

2.1.1 Direct Sums

The Hilbert space sum (or the £;-sum) of a family of Hilbert spaces H;, for j € J,
is the vector space

Djes Hi =1 €ljey: ey IEWDI? < 00},

It is a Hilbert space with respect to the inner product (§|n) := Zje,]] EWDInG)).

We will be using the obvious notational variations: H & K and H ® ifH=H ; for
all j.

A direct sum of C*-algebras A and B is the algebra of all pairs (a, b) with the
pointwise defined operations and norm defined by ||(a, b)|| = max{||a|, ||b||}. If
A and B are represented on Hilbert spaces H and K, respectively, then A & B
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has a natural representation on H @ K in which (a, b) is identified with the block
matrix (g 2) The standard notation a + b for (a, b) agrees with this representation

when a and b are identified with the appropriate block matrices. A finite direct sum
L, j<n A of C*-algebras is defined analogously. In general, the direct sum of C*-
algebras A;, fori € J, is

@ieJ Ai:={(a; :i €l):a € A;jforalli, and {i : ||a;|| > 1/n} is finite for all n}.

Operations are defined pointwise and norm is the supremum norm. If A; is
represented on H;, then € jey is naturally represented on the f>-direct sum

b jey Hj. Alternatively, one can check that the direct sum satisfies the C*-equality.

2.1.2 Direct Products

Given a family of C*-algebras A;, fori € J, one defines
[lic;Ai = {(ai :i €]) : sup; lla;|| < oo}.

The operations and the norm are defined pointwise. If the index-set J is finite, then
[lic;Aj = @iy Aj. In general, if A; is represented on H;, then [[;.; A; is
naturally represented on ) jey Hj. Ithas @iy Ai as a proper ideal if J is infinite.

2.1.3 Inductive (Direct) Limits

An inductive system of C*-algebras indexed by a directed set A is a family
A,, for A € A, of C*-algebras together with is a commuting family of *-
homomorphisms f;,: Ay — A, for A < n in A. Since each f}, is a contraction
(Lemma 1.2.10), for every a € Aj the net || fy,(a)ll, for n > A, is non-increasing.
Its limit defines a seminorm on the algebraic direct limit. It satisfies the C*-equality
and the completion of the quotient is the direct limit (or inductive limit) C*-algebra,
limy, A,. If the connecting maps are injective, then this seminorm is a norm.

2.1.4 C*-algebras of Continuous Fields

Given a locally compact Hausdorff space X and a C*-algebra A, Co(X, A) is the
algebra of all continuous functions f: X — A vanishing at the infinity with
pointwise operations and the supremum norm. Clearly Co(X, C) is Co(X) and
Co(X, M,,(C)) is easily seen to be isomorphic to M, (Co(X)) (see Section 2.1.5).
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This is a very special case of a continuous field of C*-algebras over a locally
compact Hausdorff space (see [27, IV.1.6]).

2.1.5 Stabilization, Suspension, and Cone

Given a C*-algebra A let M, (A) denote the algebra of n x n matrices over A,
with the naturally defined algebraic operations. If A is represented on Hilbert space
H, then M, (A) can be identified with the C*-algebra of operators on Z(H®")
corresponding to n x n block matrices with entries in A. Corollary 1.10.5 implies
that M,,(A) has a unique C*-norm.

Every C*-algebra is canonically embedded into a unital C*-algebra A (Def-
inition 1.2.5). We will describe three important canonical non-unital algebras
containing A.

For 1 < m < nin N let f,,: M,(A) — M,(A) denote the map

a0
Smn(@) = (0 0
n x n. The stabilization of A is the inductive limit of the inductive system M, (A),
for n > 1 with the connecting maps f,,, for | < m < n. Denoted A ® % (&
stands for . (£, (N), and for more on ® see Section 2.4.1 below), it is non-unital
and noncommutative. !

If A = M (C) for some k > 1, then M,(A) = M, (C) and A Q® % = 7. A
moment of reflection shows that % ® ¢ = % ; see also Exercise 2.8.6.

), where on the right-hand side we have a block matrix of size

Definition 2.1.1 A C*-algebra A is stable if it is isomorphic to A ® 7.

Since % itself is stable, A is stable if and only if it is isomorphic to B ® .#  for
some B.

Example 2.1.2

1. If A is a nonseparable unital C*-algebra, then its stabilization is nonseparable,
yet o-unital: If ¢,, for n € N, is an approximate unit of J#, then 14 ® ¢, for
n € N, is an approximate unit of A ® 7 .

2. An example of a stable, non-o-unital C*-algebra is 2 (£2(R1)) (see
Exercise 2.8.6).

Definition 2.1.3 The suspension of A is
SA = Co(R, A);
it is sometimes convenient to identify it with Co((0, 1), A). The cone over A is

CA := Co((0, 1], A).

I'This is a special case of the tensor product, defined in Section 2.4.1 below.
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Remark 2.1.4 Suppose A is a C*-algebra. Then A is a quotient of SA and of CA,
for example, via the *-homomorphism @ (f) := f(1/2). Both CA and SA are
projectionless (i.e., have no nonzero projections) since every {0, 1}-valued function
on (0, 1) (or on (0, 1]) vanishes. Therefore, a C*-algebra is rarely isomorphic to a
C*-subalgebra of its cone or its suspension.

2.1.6 Hereditary C*-Subalgebras and Corners

A C*-subalgebra B of A is hereditary if for every b € By anda < bin A, we have
a € B. By her(Z") we denote the hereditary C*-subalgebra of A generated by
Z < A.This s the intersection of all hereditary C*-subalgebras of A containing 2 .

A hereditary C*-subalgebra generated by h € Ay is the norm closure of hAh.
If h = p is a projection, this algebra is called a corner and it is equal to pAp.
For example, M,,(C) is a corner of J# (H) for all n, and every corner of JZ (H) as
defined in the previous sentence? is isomorphic to M,,(C) for some n > 1. A corner
of the form pAp for a projection p in A is a unital C*-algebra in its own right, but
it is not a unital C*-subalgebra of A unless it is equal to A.

2.2 Finite-Dimensional C*-algebras, AF Algebras,
and UHF Algebras

In this section we classify the finite-dimensional C*-algebras and, using Bratteli
diagrams, *-homomorphisms between them. This section concludes with a brief
discussion of the inductive limits of finite-dimensional C*-algebras, UHF algebras,
and AF algebras.

We will give a complete classification of finite-dimensional C*-algebras. Then
we will classify all *-homomorphism between finite-dimensional C*-algebras up to
the relation of unitary equivalence. Concrete C*-algebra of all operators on the n-
dimensional Hilbert space ¢;(n) is isomorphic to the algebra M, (C) of all n x n
complex matrices. We can define this algebra abstractly as follows.

Example 2.2.1 Full matrix algebras are algebras M,,(C), for n € N. The matrix
units in M, (C) are any e;;, fori < n and j < n that satisfy

(Myn)  lleijll = 1, eijexs = 8jkeir, and e} = ejj;

for all i, j, k, and 1.3

2The general definition of a corner will be given once we introduce the multiplier algebra
(Definition 13.1.7). According to this definition, ¢ (K) is a corner of % (H) for every closed
subspace K of H.

3We will discuss relations, and universal algebras generated by relations, at length in Section 2.3.
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Suppose that an n2-tuple of elements of a C*-algebra A satisfies these rela-
tions; with a slight abuse of notation (and somewhat prematurely) we denote
these elements by e;;, for i < n and j < n, and call them matrix units.
Then every product of matrix units is equal to a matrix unit, and therefore
C*(ejj : i < n,j < n) is isomorphic to the linear span of these matrix units.
This algebra is therefore isomorphic to M, (C) (and even isometrically isomorphic
to M, (C) by Lemma 1.2.10). We conclude that M, (C) is, up to the isomorphism,
the unique C*-algebra generated by elements satisfying these relations. A set of
elements satisfying (M,,) is a set of matrix units of type M,,.

Lemma 2.2.2 Every simple finite-dimensional C*-algebra A is isomorphic to the
Sfull matrix algebra M,,(C) for some n.

Proof If D is a maximal abelian C*-subalgebra of A, then Theorem 1.3.1
implies D = C" for some n. If p;, for j < n, denote the minimal nonzero
projections in D, then p;Ap; = C for all j by the maximality of D. Since A is
simple we have AppA = A and therefore ppAp; contains a nonzero element.
Pick v; € poAp; such that |jv;|| = 1. Then vjv7 is a positive element of
norm 1 in poApo and therefore v;v¥ = po. An analogous argument shows that
vivj = pjand poApj = {iv; : A € C}. The elements ¢;; := viv; fori < n
and j < n satisfy the matrix unit relations for M, (C). Since ) j<n Pj = 1a,
C*(ejj : i, j < n)is a unital C*-subalgebra of A isomorphic to M,,(C). Any a € A
satisfies a = Zj<n pja Zj<n pj= Zi<n’j<n piap; and is therefore in the linear
span of the e;;’s; therefore A = M, (C). m|

Lemma 2.2.3 Every finite-dimensional C*-algebra A is isomorphic to a direct sum
of full matrix algebras.

Proof One could prove that C*-algebras are semisimple and apply the Artin—
Wedderburn theorem, but we include a self-contained proof. The proof starts exactly
like the proof of Lemma 2.2.2. Let D be a maximal abelian C*-subalgebra of A.
Then Theorem 1.3.1 implies that D = C" for some n. Let &2 denote the set
of minimal nonzero projections in D. The relation E on &7 defined by pEgq if
pAqg # {0} is an equivalence relation. Let &, for i < k, be an enumeration of

the equivalence classes. If n(i) := ||, then the algebra B; generated by & is
isomorphic to M, ;)(C), as in the proof of Lemma 2.2.2.
Projections ¢; := ZPG% p are orthogonal and g;Ag; = {0} for i # j.

Therefore, each ¢; belongs to the centre of A, and the linear map a +— »_; _, giag;
is an isomorphism of A onto €, _; ¢iAqi = D, _; Mnui)(C); this completes the
proof. O

Lemma 2.2.4 There is a unital *-homomorphism from M,,(C) into M, (C) if and
only if m divides n. All unital *-homomorphisms from M,,(C) into M,(C) are
unitarily equivalent.
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Proof Suppose m > 1,n > 1 and m divides n. Define ®@¢: M,,(C) — M,(C) by
PDp(a) := diag(a, ..., a),

where diag(a, ..., a) denotes the block-diagonal matrix with k = n/m blocks of
size m x m. It is straightforward to check that @ is a unital *-homomorphism.

Suppose @ : M,,,(C) — M,(C) is a unital *-homomorphism. Then ®[M,, (C)]
is generated by fi; := P(e;;), for i, j < m. Each f;; is a partial isometry, and
projections p; := fi1 f;; have the same rank and satisfy ), _, p; = 1. Therefore,
the rank of each p; is n/m, and m divides n. The algebra B := poM, (C)pg is
isomorphic to M/, (C), and

V() = Zi<m fllbfzﬂi

defines a unital *-homomorphism ¥ : B — M,,(C). All elements in ¥[B] clearly
commute with each fi1, and fi; = fi1 f]?kl for all i and j. Hence @[M,,(C)]
and ¥[B] are commuting unital C*-subalgebras of M,,(C) isomorphic to M,,(C)
and M, ;,» (C), respectively. Also, C*(®[M,,(C)], ¥[B]) is an n2-dimensional C*-
subalgebra of M, (C), and therefore equal to it.

Therefore, M, (C) can be identified with M, (C) ® M,,,,(C). By Corollary 1.3.3,
the latter algebra has a unique C*-norm. We have proved that for every unital *-
homomorphism of M,,(C) into M,(C) the image of M,,(C) is a tensor factor of
M, (C). Since every automorphism of M,,(C) is inner, the conclusion follows. O

Lemma 2.2.5 Every (unital or not) *-homomorphism @ : M,,(C) — M, (C) is
uniquely determined up to the unitary equivalence by its multiplicity, defined to be
the rank of @ (e11).

Proof Let p := @(1,,). By Lemma 2.2.4 the rank of p, denoted r’, is divisible by m
and unital *-homomorphism @ : M, (C) — pM,(C)p is unique up to the unitary
equivalence. Since any two projections of the same rank in M, (C) are unitarily
equivalent, this concludes the proof. O

By Lemma 2.2.3 every finite-dimensional C*-algebra A is isomorphic to one of
the form P <t Min( 7H(©), and therefore uniquely determined by / and the /-tuple

1), ..., n(l — ).

Lemma 2.2.6 Every *-homomorphism (unital or not) between finite-dimensional
C*-algebras @: @y Mn(j(C) — D, Mu(j)(C) is uniquely determined, up
fo the unitary equivalence, by a matrix k(i, j), fori < ' and j < 1, of natural
numbers.

Proof We first consider the case when !’ = 1. By Lemma 2.2.5, a *~-homomorphism
D My 0)(C) = B, Mu(j(C) is uniquely determined up to the unitary equiva-
lence by the I-tuple (k(0), ..., k(I — 1)), where k() is multiplicity of the composi-
tion of @ with the projection to My(;)(C). Fori < 1" let @;: My ;(C) — D,
M, (jy(C) be the restriction of @ to M,,(;)(C). By the first paragraph &; is uniquely
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determined by the /-tuple of multiplicities (k(i, 0), ..., k(i, I —1)). Since the ranges
of @; for 0 < i < I’ are mutually orthogonal, the conclusion follows. m|

A *-homomorphism between finite-dimensional C*-algebras can be visualized
by a Bratteli diagram. A Bratteli diagram of a *-homomorphism

D: Dy Mu(j)(©) = D, Mu(j»H(©)

is a bipartite graph whose vertices vy, ..., vy_; on the left correspond to the
direct summands of ®j<l’ M,,(j)(C) and whose vertices wp, ..., w;—1 on the right
correspond to the direct summands of @j <1 My, (j)(C©). The vertices v; and w; are
connected by k(i, j) edges, with k(i, j) denoting the multiplicity as in Lemma 2.2.6.
Alternatively, if k(i, j) > 0, then there is a single edge between v; and w; labelled
k(i, j). The vertices may also be labelled by the sizes of the corresponding algebras;
in our example v; would be labelled by m(i) and w; would be labelled by (),
as in the following diagram (for simplicity of the diagram we are assuming that
k(i, j) = 0 for many pairs i, j).
The proof of the following lemma is an easy computation.

. k(0,0) .
m(0) k0.1) n(0)
k(1,1
m(1) n(1)
k(2,0) k(1,2)

n(2)
2 3
m(2) K23) n(3)

Lemma 2.2.7 The bipartite graph described in the previous paragraph is a Bratteli
diagram of a *-homomorphism if and only if Y, _, m()k(i, j) < n(j) forall j <.
It is unital if and only if Y, _, m(i)k(i, j) = n(j) forall j <. O

2.2.1 UHF Algebras and AF Algebras

A C*-algebra is approximately finite (or AF) if it is an inductive limit of finite-
dimensional C*-algebras. A separable AF algebra is an inductive limit of the form
A = limy,en A,. The Bratteli diagram of A is the Rp-partite diagram with vertex
set |, Vi such that the vertices in V,, correspond to the direct summands of A,
and the induced graph on V,, U V, 1 is the Bratteli diagram of the connecting map
@, : A, — A,41. Since the label of a vertex corresponds to the size of the matrix
algebra attached to it, Lemma 2.2.7 implies that if @,, is unital then the labels of the
vertices in V,, uniquely determine the labels of the vertices in Vj41. If A is unital,
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./\./\./\./\
~_ 7 ~ 7 ~ - ~_ -

Fig. 2.1 The Bratteli diagram of My

./\./\./\./\
~_ 7 ~ 7 ~ - ~ -

Fig. 2.2 The Bratteli diagram of M3~

then we may assume all @, are unital and let A9 = C. Therefore, in this case, the
label of every vertex in V,, is uniquely determined by the multiplicities of the maps.

Consider the Bratteli diagram of a separable, unital, AF algebra in Figure 2.1.

It describes a unital inductive system M>(C) — M4(C) — Mg(C)... whose
limit is denoted M»>. As evident from Theorem 3.7.2 and from the diversity of the
names under which it is known: the CAR (Canonical Anticommutation Relation)
algebra, or the Fermion algebra, this is one of the most important C*-algebras.

Figure 2.2 gives another example of a Bratteli diagram.

It describes the unital inductive system M3(C) — Mg(C) — M»7(C) ... whose
limit is denoted M3. A C*-algebra is approximately matricial (or AM) if it is a
unital inductive limit of full matrix C*-algebras. Unlike “AF algebras” and “UHF
algebras” defined in the following paragraph, this terminology is uncommon.

A C*-algebra is uniformly hyperfinite (shortly UHF) if it is a tensor product of
infinitely many (possibly uncountably many) full matrix algebras. The CAR algebra
is, being isomorphic to Q) M2(C), UHF and so is M3~ = Q) M3(C). Along with
these examples, M~ for n > 5 (clearly My~ = My~), a notable example is the
rational UHF algebra is ), .y M, (C). Some authors denote it by 2 or Q.

Let D,, denote the C*-subalgebra consisting of all diagonal matrices in M, (C).
Then D, is a maximal abelian C*-subalgebra of M, (C) isomorphic to C". In the
CAR algebra, lim,, M5 (C), the inductive limit of Dy« is isomorphic to C ({0, 1.
This inductive limit is a maximal abelian C*-subalgebra (Exercise 12.6.17), and the
CAR algebra can be considered as a noncommutative analog of the Cantor space.
The analogously defined C*-subalgebra of M3~ is isomorphic to C({0, 1, 2}").
Since every compact, zero-dimensional, metrizable space is homeomorphic to the
Cantor space, the algebras C ({0, 1, 21Ny and C ({0, 1}V) are isomorphic. However,
M and M3e are not isomorphic (see Exercise 2.8.13).

2.3 Universal C*-algebras Defined by Bounded Relations

In this section we introduce C*-algebras given by generators and relations, and give
several examples: Finite-dimensional C*-algebras, algebras generated by a positive
contraction, Cuntz algebras &, and the algebras generated by a nilpotent of degree
two. We introduce the notion of weak stability. This is also the section in which
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logic makes its first (implicit) appearance and our exposition starts to diverge from
the standard one, if only slightly.

Numerous important examples of C*-algebras are universal C*-algebras given by
generators and relations. “Generators”, denoted ¢, comprise a set of variables, and
there does not seem to be a consensus on what “relations” denoted &, between the
generators are exactly (see [170, §3], [27, I1.8.3.3]). Our definition of the universal
C*-algebra given by generators and relations is naturally influenced by model theory
of metric structures. The readers familiar with it will notice that relations defined
in (C) below are quantifier-free closed conditions of the language of C*-algebras
(Definition 15.2.1, [90, §2.2, §4.1]). This definition is also closely related to degree-
1 conditions (Definition 15.1.1).

For definiteness, we will adopt the following convention. Generators are vari-
ables, each of which is provided with a bound on its norm. In other words, to every
generator x we attach a relation of the form ||x|| < r for some constant r < co. We
will write x for a tuple of generators of an unspecified length n, x = (xg, ..., x,—1).
Terms are expressions of the form p(x) where p is a complex *-polynomial in
non-commuting generators x (recall that the adjoints of the generators are non-
commuting as well, Definition 1.2.3). Relations (or conditions) in generators ¢ are
expressions of the following form.

©) fdiwoll, ..., l1tai=11D) € K, where 19, ..., t,—1 is an n-tuple of terms for some
n>1, f: R" — [0, 00) is continuous, and K C [0, o0) is compact.

We introduce some handy abbreviations.
Lemma 2.3.1 Each of the following is equivalent to a condition as defined in (*).

1. to = t1, where ty and t| are arbitrary terms.

2. x is self-adjoint (normal, isometry, partial isometry, coisometry, unitary, projec-
tion,. .. ).

3. x=x%and x > 0.

4. xx* = x*x and sp(x) C K, for compact K < C.

Proof (1) The condition |[fy — #|| = O is equivalent to fp = .

(2) a special case of (1), given the definitions from Definition 1.4.1.

The condition (3) is an abbreviation for x = y*y where y is a new generator (a
generator is “new” if it does not appear in the set ). Lemma 1.6.4 implies that x >0
is equivalent to “there exists y such that x = y*y”. Therefore, if y ¢ ¢ and x € ¥,
then the universal C*-algebra given by ¢4 U {y} and Z U {x = y*y, |ly| < r'/?}is
the same as the universal C*-algebra given by 4 and ZU{x = x*,x > 0, || x| < r}.

To prove that condition (4) is also an abbreviation, we will use the following
fact: If A is a unital C*-algebra, a € A is normal, and 1 € C \ sp(a), then (see
Exercise 1.11.15)

(@ — 1)l = dist(2, sp(a)).
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Cover C\ K with open disks Dy, forn € N. For each n € N add a new generator y,
to . If D, is the disk with centre A,, and radius r,, then add relations y, (x —A,) = 1
and ||y, |l < r, !, Therefore, if y, ¢ ¢ foralln € N and x € ¢, then the universal
C*-algebra given by Y U {y, : n € N} and Z U {y,(x — A,,) = 1, ||yu |l < 1y} is the
same as the universal C*-algebra given by & and ZU {xx* = x*x, sp(x) € K}. O

The condition (4) cannot be weakened by dropping the requirement that x be
normal while retaining the conclusion of Lemma 2.3.1 (see the example in [170,
p. 24)).

In some references (e.g., in [170]) separate definitions are given for universal C*-
algebras in unital and non-unital categories. We instead introduce the convention
that if the set of relations involves constant symbol 1, then the following definition
is interpreted in the category of unital C*-algebras and that it is interpreted in the
category of all C*-algebras otherwise.

Definition 2.3.2 The universal C*-algebra given by generators ¢ and relations
Z is the C*-algebra C*(¥|#) such that there exists an interpretation (: ¥4 — A
satisfying the following.

1. Every relation R(x) in Z is satisfied in A by ¢(X); in symbols, R4 (¢(x)) for all
R(X) € Z, or Z4(1(X)).

2. A =C*[¥9)).

3. If C*-algebra B and /' : ¢ — B satisfy (1) and (2), then there exists a (necessarily
surjective) *-homomorphism @: A — B such that ® o = (',

The algebra satisfying (1) and (2), if it exists, is by the universality unique up
to an isomorphism. It is called the universal algebra given by generators 4 and
relations .

Every C*-algebra A is the universal C*-algebra given by some generators and
relations: Introduce a generator x, for every a € A, and conditions determining
|p(xz)| for all *-polynomials p in non-commuting variables and all tuples a in
A of the appropriate length. More relevantly, numerous important C*-algebras are
given by a finite set of generators and a finite and natural set of relations between
them.

Example 2.3.3

1. For n > 1, C" is the universal unital C*-algebra generated by n orthogonal
projections whose sum is 1 (the obvious relations are omitted).
2. Let¥ :={e;;:0<i<n,0<j<n}and

Z = (lleijll = 1, eijens = §jxeir, ey = eji : foralli, j, k,1in{0,...,n — 1}}.
Then C*(¥4| %) = M, (C) since M, (C) is the unique C*-algebra whose genera-

tors satisfy these relations. As in Example 2.2.1, we say that these generators are
matrix units of type M,.
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3. Every finite-dimensional C*-algebra D is isomorphic to a direct sum of full

matrix algebras (Lemma 2.2.2), D = @, _,, My))(C). Fix k < m and let el’-‘j,
fori < n(k) and j < n(k), be the matrix units in M, ) (C). Then (ef?j) are a
set of matrix units of type M, ). To the union of these relations over all k < m
add the relation efj ef,/., =O0forall k # [ andall i, j,i’, j'. Generators satisfying
these relations are a set of matrix units of type D. The universal C*-algebra given

by these generators and relations is isomorphic to D.

Definition 2.3.4 A nonzero element x of a C*-algebra is nilpotent if x" = 0 for
some n. The minimal such 7 is the degree of x.

Since M>(C) will be used as the building block for some of our examples
of nonseparable C*-algebras, we provide two additional representations of it as a
universal C*-algebra.

Example 2.3.5 The universal unital C*-algebra given by a generator v which
satisfies the relations vv* + v*v = 1 and (v*v)> = v*v is isomorphic to M;(C).
Clearly ¢(v) := (8 (1)> satisfies the relations and it generates M>(C).

Suppose that a C*-algebra B is generated by v that satisfies the relations. Then
v*v is a projection, and v is a partial isometry which satisfies vv* + v*v = 1.
Since vv™* and v*v are projections whose sum is a projection, they are orthogonal.
Therefore, |[v2|| < |[v*vvv*|| = 0 and v is a nilpotent of degree 2. This implies
that B is spanned by vv*, v, v*, and v*v (the four nonzero words in the alphabet
{v, v*}). These elements satisfy the same relations as the matrix units e, e2, €21,
and epy. Therefore, their linear span is a C*-algebra isomorphic to M, (C).

Example 2.3.6 The universal unital C*-algebra given by self-adjoint unitaries u
and v and relations uv = —vu (such u and v are said to be anticommuting).

Then the unitaries t(u) := ((1) 01) and ((v) := <(1) (1)) satisfy the relations

and generate M;(C). Conversely, any algebra B generated by anticommuting self-
adjoint unitaries ¥ and v is the linear span of u, v, uv, and u? = v? =1, and
therefore isomorphic to M, (C).

We have seen examples in which C*(¥4|%) is the unique C*-algebra whose
generators satisfy the relations Z. This is not the case for the C*-algebra in the
following example (cf. Exercise 2.8.22).

Example 2.3.7 The universal C*-algebra defined by a positive contraction, i.e., x
satisfying 0 < x < 11is Co((0, 1]). Clearly the identity function on (0, 1] generates
Co((0, 1]) and satisfies the relations. Now suppose that B is generated by a positive
contraction y. Then sp(y) € [0, 1] and the restriction of f € Co((0, 1]) to sp(y) is
a surjective *-homomorphism from Cy((0, 1]) onto B.

In order to describe the universal C*-algebra given by a nilpotent of degree two
we will need the following lemma.
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Lemma 2.3.8 If w is nilpotent of degree two, then
C*(w) = Co(sp(w*w) \ {0}, M2(C)).

Proof Leta := w*w. The algebra A := C*(w) is the closed linear span of elements
of the form a”*!, wa™, a™w*, and wa™w* for m > 0. Theorem 1.4.2 implies
that C*(a) is isomorphic to Co(sp(a) \ {0}) and the isomorphism sends a to b :=
idcy (spawrw))-

Define f: C*(w) — Co(sp(w*w) \ {0}, M»(C)) by the images of the generators

m+1 m+1/2
by f(am—i-l) — <b . 8>’ Flamw*) = <8b 0 )’ f(wa™) := <bm21/2 8),

and f(wa"w*) = (8 b”(’)+1> for all m. A computation shows that this defines a
*-homomorphism from A onto Co(sp(w*w) \ {0}, M (C)). O

Example 2.3.9 The universal C*-algebra defined by a nilpotent contraction of
degree two. Let 4 := {x} and Z := {||lx|| = 1, ||x*| = 0}. By Lemma 2.3.8,
C*(¥4| %) is isomorphic to Cy((0, 1], M»(C)).

Example 2.3.10 For n > 2 the Cuntz algebra 0, is the universal unital C*-algebra
generated by n isometries s;, for j < n, such that > j<nS js;f = 1. Remarkably, &),
is the unique C*-algebra generated by isometries satisfying these relations, and in
particular it is simple (see [49]).

Not every set of relations corresponds to a C*-algebra. One example is given by
{llx*x]| = 1/2, |lx|| = 1}. A more intriguing (and more famous) example is*

{Ixl <Lyl <L, x =x"y =y", xy —yx =i}.

Borrowing the terminology from model theory, we say that a set of relations % in
generators ¥ is satisfiable if there exists a C*-algebra A and (: ¥4 — A such that
RA(1(x)) holds for all R(X) € Z.If such an A exists we may assume A = C*(1[¢4]),
in which case we say that the pair (¢, A) is an interpretation of Z%.

Lemma 2.3.11 Suppose G and % are generators and relations. The following are
equivalent.

1. C*(Y | %) exists.
2. Z is satisfiable.
3. Every finite subset of % is satisfiable.

The reader should be warned that the equivalence of (2) and (3) is a feature of our
(nonstandard) requirement that every generator x be equipped with an upper bound
on its norm.

“These relations can be realized only by unbounded self-adjoint operators; see, e.g., [125, p. 63].
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Proof Obviously (1) = (2) and (2) = (3).

(3) = (1): Suppose that (3) holds. Therefore, every & € Z is satisfiable and
Ay = C*(¥| ) exists. Consider the set [Z]<N0 of all finite subsets of %. By
the universality, if & C 2, then there is a *-homomorphism @ 9: Ap — Ag
that sends generators to generators. These *-homomorphisms commute, and by
universality the inductive limit of this directed system is C*(¥4|%). O

We end this section with an important property of relations; it will be discussed
in Exercises 2.8.10-2.8.12.

Definition 2.3.12 We now define when a set of relations % in generators ¥ is
weakly stable. To a relation R(x) and ¢ > 0 one first associates the approximate
relation R(x).. If R(x) is ||z(x)] € K, then the corresponding approximate relation
is dist(J£(x)]l, K) < &, and if R(X) is f(f(x)) € K, then the corresponding
approximate relation is dist(f (7 (X)), K) < e.

A relation R(x) is weakly stable if for every ¢ > 0 there exists § > 0 such that
in every C*-algebra A the following holds. If Rg4 (a) holds for some a, then there
exists b € A such that dist(b, @) < & and R4(b) holds. A set of relations Z is
weakly stable if for every ¢ > 0 there exists § > 0 such that in every C*-algebra
A the following holds. If Rg4 (a) holds for some a and all R € £, then there exists
b € A such that dist(b, @) < ¢ and %Z*(b) holds.

Continuous functional calculus (Theorem 1.4.2) implies that if a is a normal
element of a C*-algebra and f € C(sp(a)) then || f(a)| = SUP; esp(a) Il f(@®]. This
can be used to prove weak stability of some relations.

The standard reference for weak stability and its variants is [170]. Weak stability
is closely related to definability in logic of metric structures (see [22] and [90]).

2.4 Tensor Products, Group Algebras, and Crossed Products

In addition to the three constructions mentioned in the title, in this section we
introduce nuclear C*-algebras and prove that the AF algebras are nuclear.

2.4.1 Tensor Products

The theory of tensor products in the category of C*-algebras is a rich source of
examples, ideas, and sometimes (because of its high complexity) frustrations. The
introduction to tensor products provided here is certainly insufficient for a novice;
an excellent source is [34, Chapter 3]. The algebraic tensor product A ® B of C*-
algebras over C is equipped with a *-algebra structure by defining multiplication
and adjoint operations on the elementary tensors by (¢ ® b)(a’ ® b') := aa’ ® bb’
and (a ® b)* :=a* ® b*.
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Example 2.4.1

1. For every C*-algebra A, the algebraic tensor product A © M,,(C) is *-isomorphic
to M, (A) (see Corollary 1.10.5). It is therefore equipped with a natural C*-norm.
Since M, (C) is finite-dimensional, A ® M, (C) is complete in this norm and by
Corollary 1.10.5 this is the unique C*-norm on A ©® M,,(C).

2. The algebraic tensor product Z(H) © %(K) can be identified with a subalgebra
of Z(H ® K) by Exercise 2.8.20. This identification provides B(H) ©® A(K)
with a tensor product norm. This norm is not unique [142].

Suppose A and B are C*-algebras,and 7: A — AB(H) ando: B — HB(K) are
representations. The representation 7 ® 1 of A on B(H ® K) defined by

(T ® 1)(a) :=7m(a) ® lgrx)

is the amplification of = by K. The amplification 1®oc: B - Z(HRK) of 0 by H
is defined analogously. Suppose 7 and o are faithful and consider the C*-algebra
generated by the images of the elementary tensors, (m ® 1)(a)(l ® o)(b). This
algebra is generated by commuting copies of A and B. This provides the algebraic
tensor product, A © B, with a tensor product norm. Remarkably, this norm does not
depend on the choice of faithful representations of A and B ([34, Proposition 3.3.11]
also Exercise 5.7.10). It is the spatial tensor product of A and B, and it will be
denoted by A ® B throughout.

A construction analogous to that of the universal C*-algebra given by generators
and relations in Lemma 2.3.11 proves the existence of a maximal tensor product
norm on A © B. The corresponding C*-algebra is called the maximal tensor product
of A and B and denoted A ®max B. By the universality, every other C*-algebra
completion of A © B (there can be quite a variety of them; see [190]) is a quotient
of A ®max B. A bit deeper is the fact that the spatial tensor product of A and B is a
quotient of any other C*-algebra completion of A ®, B.> Because of this, the spatial
tensor product is sometimes called the minimal tensor product and denoted ®pmin.

If a C*-algebra A is unital, then any C*-algebra B can be identified with the C*-
subalgebra 14 ® B of A® B. By induction one proves that the spatial tensor product
norm of finitely many C*-algebras is uniquely defined and associative. If A;, for
J € I, is a family of unital C*-algebras, then we can define the tensor product
&y Aj as the inductive limit of ;g A; for F € J.

The CAR algebra defined in Section 2.2.1 is isomorphic to the infinite tensor
product

Mpoo 1= ®N M5 (C).

This follows from the uniqueness of the inductive limit.

SThis is Takesaki’s Theorem, a reasonably simple proof of which uses the excision of pure states
studied in Section 5.2; see Exercise 5.7.10 or [34, Theorem 3.4.8].
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Definition 2.4.2 A C*-algebra A is nuclear if for every C*-algebra B there is a
unique C*-norm on A © B.

Nuclear algebras form what is arguably the most important and most studied
class of C*-algebras. The following lemma is a far cry from the current state of the
art in the subject, but it is easy to prove and all that we need.

Lemma 2.4.3

1. Finite-dimensional C*-algebras are nuclear.

2. All abelian C*-algebras are nuclear.

3. An inductive limit of nuclear C*-algebras is nuclear.
4. Every AF algebra is nuclear.

Proof (1) Suppose A is finite-dimensional and B is an arbitrary C*-algebra. Then A
is isomorphic to a direct sum of full matrix algebras. Therefore A ® B is isomorphic
to a direct sum of algebras M, (C) ® B = M,,(B) for n € N. Since M,,(B) has a
natural complete C*-norm (see Section 2.1.5), A is nuclear by Corollary 1.3.3.

(2) See, e.g., [27,11.9.4.4].

(3) Suppose A = limy A, and A, is nuclear for all 1. Fix a C*-norm ®, on
A O B. It suffices to prove that ®, is the spatial tensor product norm. Since linear
combinations of the elementary tensors are dense in A ®, B, the union of all A} © B
is dense in A ®, B. Since the restriction of ®, to A, ® B agrees with the spatial
tensor product norm for all A, ®,, is the spatial tensor product norm.

(4) is a consequence of (1) and (3). |

Lemma 2.4.4 Suppose M is a unital C*-subalgebra of a C*-algebra A isomorphic
to M, (C) for some n. Then A = M, (C) ® pAp, where p € M is a minimal
projection.

Proof Let f;;, fori < n and j < n be matrix units in M such that fi; = p. Then
14 = Zi -, Jii and therefore for a € A we have

a= Zi<n Zj<n fiiafjj = Zi<n Zj<n ﬁlfliafjlflj'

Then a;; := fi;afj belongsto pAp foralli and j. Define ®: A — M,(C)®@pAp
by ®(a) := Y ;_, > jp¢ijdij- A computation shows that this is an isomorphism
between A and M, (C) ® pAp. O

An intuition-honing counterexample is always good to have.

Example 2.4.5 In general, M>(B) = M,(C) does not imply B = C. Take, for
example, B := 03 and C := M;(03) (the Cuntz algebra 3 was defined in
Example 2.3.10). Then M>(03) = M4(03) by Exercise 2.8.15. On the other
hand, 03 and M>(03) have different scaled K¢ groups [208] and are therefore not
isomorphic.

This is also a simple consequence of the Kirchberg—Phillips classification
theorem [206]; see [93, Proposition 7.4].
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We conclude our discussion of tensor products by pointing out to a minor pitfall
and its correct relative.

Example 2.4.6 Tt is not true that if A is a unital C*-algebra, B and C are unital C*-
subalgebras of A, and bc = cb forallb € B and ¢ € C then C*(B, C) = B®,C for
some C*-norm || - || on B ® C. Take, for example, A = C(T), and let a denote the
multiplication operator by the identity function on A. Let B := C*(a 4+ a*, 1) and
C :=C*(@i(a—a"), 1). Since both a +a™* and i (@ — a*) are self-adjoint with spectra
homeomorphic to [0, 1], we have B = C = C([0,1]) and B ® C = C([0, 11?).
However, C*(B,C) = A = C(T).

The issue in Example 2.4.6 is that the joint spectrum jsp(a + a*, i(a — a™)) (see
Exercise 1.11.22) is not even homeomorphic to sp(a + a*) x sp(i(a — a*)). The
following immediate consequence of the universal property of ®max is all that we
can say in general, but see also Lemma 5.2.13.

Lemma 2.4.7 Suppose A is a unital C*-algebra, B and C are unital C*-
subalgebras of A, and bc = c¢b for all b € B and all ¢ € C. Then C*(B, C)
is a quotient of B ®max C via a map that sends b @ 1¢ to b and 1p Q c to c for all
be Bandallc e C.

2.4.2 Full and Reduced Group C*-algebras

Suppose I' is a discrete group. A representation of I on a Hilbert space H is a
homomorphism of I into GL(Z(H)). It is unitary if its range is a subset of the
unitary group.

The elements of the group algebra C[I'] are finite linear combinations of group
elements, } , agg (it is understood that @y = 0 for all but finitely many g).
Multiplication on C[I] is given by convolution,

(g ag@) Oy buh) =320 3 agnby-18-

With multiplication defined in this way, every unitary representation of I" naturally
extends to a unital representation of C[I"] on a Hilbert space. Conversely, the
restriction of a unital *-representation of C[I'] to I" is necessarily a unitary
representation. Given a C*-norm on C[ 1], the completion is a C*-algebra associated
with I'. To define a representation of I", consider the Hilbert space £,(1") with the
orthonormal basis {8, : g € I'}. Note that C[I] is naturally identified with all
finitely supported vectors in £2(1"). The left regular representation of A of I" on
£>(I") is defined by its action on the elements of the basis,

A(8)(8n) = bgh.
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Then ug := A(g) is a permutation unitary with respect to the basis {5, : g € I'} .

We have (ug)* = Ug-1 and ugu;, = ug;. Extend A to a representation of C[I"],

}"(Zg agg) = Zg ag)\(g)

and defined a C*-norm on C[I'] by |la|| = ||A(a)]||. The completion of C[I"] with
respect to this norm is the reduced group C*-algebra of the group I', denoted
Cy(I'). Some authors write Ci(I") for Ci(I") (where “A” stands for “left”; cf.
C;(F) defined below).

The left-regular representation is faithful on C[I"]. To see this, note that the
evaluation of A(Zg agg) at &, is equal to Zg g8, and therefore for a € C[I']
(identified with a finitely supported vector in €7 (I")) we have ||A(a)|| > |la]2.

We shall follow the standard (and mostly harmless) practice and consider C}(I7)
as both an abstract C*-algebra and a concrete subalgebra of Z(£;(I")).

Example 2.4.8

1. If I is the finite cyclic group of order n, then C}(I") is isomorphic to the C*-
subalgebra of M, (C) consisting of all matrices “constant down the diagonal”, It
is isomorphic to C".

2. A finite group I' of order n is isomorphic to a subgroup of S,, the group
of permutations of n = {0,...,n — 1}. Therefore, A[I'] consists of n x n
permutation matrices, and C(I”) is isomorphic to a C*-subalgebra of M,,(C). By
Lemma 2.2.3 it is isomorphic to a direct sum of matrix algebras They correspond
to the irreducible representations of I”.

3. The C*-algebra C}(Z) is isomorphic to C(T) via the Fourier transform, which
sends u, € C(Z) to the function f(z) = z" in C(T) (see also Exercise 2.8.25).

The right regular representation of I' on £,(I") is defined by

P@)Bh) = Sy

The linear extension of p to C[I'] is the right regular representation of C[I']. The
concrete C*-algebra associated with p is denoted C;’;(F ).

For a C*-algebra A C #(H), a vector £ € H is separating if every nonzero
a € A satisfies a& # 0. A state T on a C*-algebra A is tracial if it satisfies 7 (ab) =
7(ba) for all a and b in A. We will study tracial states in more detail in Section 4.1.

Lemma 2.4.9 Suppose I' is a discrete group.

The left and right regular representations of I" are unitarily equivalent.

The C*-algebras C; (I") and C:;(F ) are isomorphic.

Everya € C;f(l“) commutes with every b € CZ(F).

Forall g € T, the vector 84 is both cyclic and separating for C;(I") and Co ().
The restriction of the vector state ws,(a) := (ade|8.) to Cj(]"), denoted t, is
faithful and tracial.

Lk~
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Proof (1) and (2) Define a permutation unitary u in Z(£€>(I")) by u(8,) = ngl.
As for h € I we have ur(h)u~! = p(h), A and p are unitarily equivalent and Ad u
implements an isomorphism between C;(F ) and C ().

(3) Since A(g)p(h)éf = 8,pp-1 = p(h)A(g)f, every a € Ci(I') commutes
with every b € C5(I"),

(4) Fix g € I'. Suppose a € Ci(I') and ad, = 0. By (2), forevery h € I
we have ad, = ap(g~'h)8, = p(g~'h)ass = 0. Since ker(a) includes all basis
vectors, a = 0 and 8, is a separating for C} (7). The analogous statement for C; r)
is proved similarly, or by composing with Ad u. A proof that 8, is cyclic is similar.

(5) To prove that t is faithful, note that (4) implies that 7 (a*a) = ||as. ||2 is zero
if and only if a*a = 0. We have t(A(g)A(h)) = 1if g = h~1 and zero otherwise.
Therefore (A (g)A(h)) = t(A(h)X(g)) for all g and 4 in I". Since C[I] is dense in
Ci(I"), we have t(ab) = t(ba) for all a and b. O

Let%r :={ug : g € I'} and
Rr ::{uguzZuZ,ugzl,uguh:ugh:geF,heF}.

This is a set of relations as defined in Section 2.3 and unitary representations of I”
in #(H) correspond to interpretations of Z in U(H).

Since the left regular representation of I" witnesses that Z it is satisfiable,
Lemma 2.3.11 implies that the universal algebra C*(¥1| %) exists; this is the full
group C*-algebra, denoted C*(I"). This is particularly appealing if I" is finitely
presented. For example, in the case of the free group F> we have

C*"(F) =C*(u, v : uu™ = u*u = vv* =v*v=1).

2.4.3 Full and Reduced Crossed Products

Suppose A is a C*-algebra, I is a discrete group, and
I' > g — a, € Aut(A)

is a homomorphism from I" into Aut(A). Such homomorphism is usually referred
to as an action of I' on A. The triplet (A, I', @) is called a covariant system or a
C*-dynamical system.

A crossed product of a covariant system (A, I', ) is the C*-algebra generated by
A and canonical unitaries ug, for g € I', which implement o, as Adug [ A = ay.
Just like the tensor products, crossed products can be minimal (called reduced) or
maximal (called full), with many unnamed varieties in between.

A brief outline of a concrete crossed product construction, resembling semidirect
product of groups, follows; the details can be found in [34, §4.1]. Fix any faithful
representation 7w : A — Z(H). Define a representation 7’ of A on H ® £,(I") by
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7' (a)(§ ® 8g) 1= m(ay-1(a))(§) ® 8.

The left regular representation of I" on £,(1") naturally extends to a representation
of 'on H® €(I") by g — 1 ® A(g). A calculation shows that for all g € I" and
a € A the conjugation by the unitary 1 ® A(g) sends 7 (a) to 7w (ctg(a)). The algebra

A X, I = C*(m[A], A[T"])

is called the reduced crossed product of (A, a, I').
If I" is a discrete group we can identify A with w[A], and if A is unital we can
identify I" with 1 @ A[I"]. If A = C, then C X, I" is isomorphic to C}(I").

Lemma 2.4.10 Suppose A is a C*-algebra and « is an action of a discrete group
I' on A.

1. The algebra By = {>
A Xg, T
2. For dec agug and Y,y apuy, in By we have

gerdgiig + F € I'ag € A for g € F} is dense in

(X gec agite)” = D g Xg-1(aglug-1,
(deG agug) (Y pey anltn) = deG > hen Agtg(an)ugn
= ZfEG-H dec agotg(ag-1p)u .

3.1 Xoger aguigll = maxger llagll-

Proof (1) and (2) are left as an exercise (use uga = ag(a)ug fora € Aand g € I',
or see [34, §4.1] for the details).

(3) Let m: A — ZA(H) be the faithful representation used to define the crossed
product and identify A with 7[A]. Fix h € F, ¢ > 0, and a unit vector £ € H such
that ||oj,—1(ap)€|l > |lan|l — €. Then

I ger agugll = 1Y ger agugE @8l = (X ger lag-1(ag) () ® 8glH'V? = Jlagkll,
proving our claim. O

A universal construction as in Lemma 2.3.11 proves the existence of the full
crossed product A x4 I'. This is the universal C*-algebra given by generators A U
{ug : g € I'} and the relations u gauz, = ag(a) (in addition to the relations coming
from A).

Example 2.4.11

1. Any action of a group I" on C is necessarily trivial, i.e., g = idc forall g € I".
In this case the reduced crossed product of (C, «, I') is isomorphic to C}(I") and
the full crossed product is isomorphic to C*(I").
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2. Suppose that a group I" acts on a C*-algebra A trivially. The reduced crossed
product is naturally isomorphic to A®C;(I"), where ® denotes the spatial tensor
product.

3. Suppose « is a rotation of T by the angle 0. Suppose moreover that 8/m is
irrational, so that " ## idr for all n € N. The crossed product C(T) xq Z is
the irrational rotation algebra.

4. If I' is a finite group, then A X, , I" is a finite-dimensional module over A
and therefore complete in every C*-norm. By Corollary 1.3.3, a crossed product
associated with a finite group has a unique C*-norm.

5. If I is a finite group of order n, then A X, , I' = {dep agiig : ag € A} can be
identified with a C*-subalgebra of M,,(A). Each unitary u, is identified with an
n X n permutation matrix and a € A is identified witha ® 1,. By (4), A Xq , I”
is isomorphic to a C*-subalgebra of M,,(A).

2.5 Quotients and Lifts

In this section we introduce quotients and lifts. It is proved, using approximate
units, that any quotient of a C*-algebra modulo a self-adjoint, two-sided, norm-
closed ideal is a C*-algebra. We also consider the lifting problem for self-adjoint
elements. The Calkin algebra and the reduced product C*-algebras (prototypes for
both ultraproduct and asymptotic sequence algebra constructions) make their first
appearance. As we will see later, set theory has quite a bit to say about the Calkin
algebra and other quotients.

All ideals in a C*-algebra are assumed to be two-sided, norm-closed, and self-
adjoint, unless otherwise specified. The last one of these conditions is redundant.

Lemma 2.5.1 Any two-sided, norm-closed, ideal J in a C*-algebra is self-adjoint.

Proof Corollary 1.8.1 implies that there exists a “right approximate unit” for J,
(ep : A € A).If x € J, then ||x* — ¢, x*|| = ||x — xe;, | can be made arbitrarily
small. Hence x* is in the closure of J for every x € J, and J is self-adjoint. O

If J is anorm-closed ideal of A, then A/J is the space of cosets a+ J, fora € A.
The quotient norm is defined by |la 4+ J|| = infpey ||l + b]|.

Lemma 2.5.2 Every quotient of a C*-algebra is a C*-algebra.

Proof Suppose A is a C*-algebra and J is a two-sided, norm-closed, ideal of A.
It is by Lemma 2.5.1 self-adjoint, and therefore A/J is a Banach algebra with an
isometric involution *. We need to show that the C*-equality holds in A/J. Fix
a € A and an approximate unit (e, ) for A. For b € J and A € A we have

la —exall < (1 —ex)(a = b)|| + llexb — bl

and therefore inf), ||a — eya|| < |la + J]||. Since the other inequality is trivial, we
have inf; ||a — e)al| = ||la + J]||.
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By the C*-equality applied in A we have ||(1 — e;)all? = ||(1 — e;)aa*(1 —e;,).
Taking the infimum over A € A we obtain ||a + JII? = |laa* + J| as required. O

A C*-algebra is simple if it has no nontrivial ideals.

Proposition 2.5.3 Suppose A = lim, A, and J is a two-sided, norm-closed ideal
of A. Then J = lim, (J N A,), where the inductive limit is taken with the restriction
of the original connecting maps.

Proof Let J; := limy (JNA},). This is a two-sided, norm-closed ideal of A included
inJ.Let®: A/J; — A/J be the quotient map. By Lemma 1.2.10, the restriction
of @ to the image of J N A, is an isometry. Since these images are dense, @ is an
isometry and therefore J = Jj. O

If A is a C*-algebra, J is an ideal in A, and 7: A — A/J is the quotient map,
then a lift of a € A/J is any b € A such that 7 (b) = a.

Lemma 2.5.4 Suppose A is a C*-algebra and J is an ideal in A.

1. If b € A/J is self-adjoint, then it has a self-adjoint lift a € A. If in addition
sp(b) C [r, s] for some r < s in R, then a can be chosen so that sp(a) C [r, s].
2. Everyb € A/J has alift a € A such that ||a| = ||b]|.

Proof (1) Let 7 denote the quotient map. Choose any ¢ € A such that 7 (c) = b.
Then ag := (c + ¢*) is self-adjoint and 7 (ag) = 1 (w(c) + 7 (c)*) = b.

If sp(b) C [r, 5], then let a := g(ag), where g(t) =rift <r, gt) =sift > s,
and g(t) =t forr <t <s.Then sp(a) C [r,s] and w(a) = g(m(ap)) = g(b) = b.

(2) If b = 0, then by (1) there exists a self-adjoint lift a so that sp(a) < [0, ||b]|]
and therefore ||a|| < ||b]|. If b is not necessarily self-adjoint let ¢ = v|c| be a polar
decomposition of a lift of b. With f(¢) := min(¢, ||b]|), a := vf(|c|]) € A belongs
to A by Corollary 1.6.13 (1), lifts b, and satisfies ||a|| = ||D]|. |

Definition 2.5.5 A (two-sided, self-adjoint) ideal J in a C*-algebra A is essential
if for every @ € A \ {0} we have aJ # {0}. Since J = J*, this is equivalent to
Ja # {0} foralla € A\ {0}.

Lemma 2.5.6 Suppose J is an essential ideal in A and ®;: A — B is a *-
homomorphism such that @;[J] is an essential ideal of B for j = 1,2. If &1 and

@, agree on J, then @1 = &.

Proof Suppose the contrary and fix a € A such that @;(a) # ®>(a). Letc € J be
such that @1 (c)(®1(a) — D2(a)) # 0. Then @ (ca) # P2(ca); contradiction. O

A proof of the following is left as an exercise.

Lemma 2.5.7 If A is a unital C*-algebra, J is an ideal of A, andw: A — A/J is
the quotient map, then sp(mw(a)) C sp(a) forall a € A. m|

Liftings will be revisited at greater depth in Section 12.4.
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2.5.1 The Calkin Algebra

It is about time that we defined the oldest truly abstract C*-algebra (see the
introduction to Chapter 12). Suppose that H is an infinite-dimensional Hilbert space
and recall that J#"(H ) denotes the ideal of compact operators in Z(H ). The quotient

2(H) = %(H)/ X (H)

is the Calkin algebra. The most interesting case is when H = £,(N). This algebra
provides the setting for analytic K-homology, a rich source of counterexamples, and
a set-theoretically malleable object comparable to the Cech—Stone remainder of N,
BN\ N (or its Stone dual, & (N)/ Fin see 1.3.1). We will revisit it in Chapter 12.

2.5.2 Reduced Products, Asymptotic Sequence Algebras

Given a sequence Bj, for j € N, of C*-algebras the algebra [ | i Bj has 6P jBjas
an ideal. The quotient [[; B;/ €D ; B; is the reduced product of these algebras. In
the special case when all B; are isomorphic to a fixed C*-algebra B, the reduced
product is equal to £+ (B)/co(B), the so-called asymptotic sequence algebra.

This construction can be generalized using the notion of an ideal on an abstract
set. An ideal # on a set X is a family of subsets of X closed under taking finite
unions and subsets of its elements (we will return to ideals in Section 9.1). Given an
ideal _# on J and a bounded sequence of real numbers r;, for j € J, let

limsup; , 7 rj:=infye s sup;cpx7;-

Definition 2.5.8 Given a family {B; : j € J} of C*-algebras and an ideal ¢, let

D, Bj = {b €1y B slimsup;_, 4 b = O}.

A straightforward computation shows that this is a norm-closed, self-adjoint,
ideal of [,y Bj. The quotients [];; Bj/@/ B; will be studied in depth in
Chapter 15.

2.6 Automorphisms of C*-algebras

In this section we consider classes of automorphisms of C*-algebras: inner,
asymptotically inner, and approximately inner automorphisms. This section is
technically undemanding; its deepest result is a characterization of when a sequence
of unitaries, or a path of unitaries, in a C*-algebra defines an automorphism.
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An automorphism of a C*-algebra A is always assumed to be a *-automorphism.
Given this convention, Lemma 1.2.10 implies that every automorphism of a C*-
algebra is an isometry. A non-exhaustive list of prominent normal subgroups of
Aut(A) is in order.

Definition 2.6.1 If u € A is a unitary, then (Adu)(a) := wuau™ defines an
automorphism of A. An automorphism of this form is inner. An endomorphism of
the form Ad u is said to be implemented by a unitary u if u belongs to a C*-algebra
that includes A. An automorphism of A is multiplier inner if it is implemented by a
unitary u in the multiplier algebra .# (A) of A (see Section 13.2).

Every automorphism of every C*-algebra is implemented by a unitary in an
appropriate crossed product.

Example 2.6.2 Since .# (¢ (H)) = Z(H) and every automorphism of Z(H) is
inner (Exercise 2.8.29), every automorphism of J# (H) is multiplier inner. However,
¢ (H) has an ample supply of outer automorphisms (Exercise 2.8.30).

The definition of an inner automorphism as in Definition 2.6.1 is widely accepted
in the literature (see, e.g., the authoritative [27, 11.5.5.12]). However in [197,
Definition 3.3] (see also the discussion in the second paragraph of [260, §7.3])
an automorphism is defined to be inner if it is implemented by a unitary in the
multiplier algebra.

The map U(A) > u +— Adu € Aut(A) is a group homomorphism. Its
range, the group of inner automorphisms, is denoted Inn(A).An automorphism @
is approximately inner if there exists a net of unitaries u;, for A € A, in A such
that @(a) = limy Adu, (a) for all a € A, i.e., @ is a point-norm limit of the
net (Adu;); Thus the approximately inner automorphisms of A form a subgroup,
denoted Inn(A), of Aut(A) which is the point-norm closure of Inn(A).

Lemma 2.6.3 Suppose A is a C*-algebra. For a net of unitaries u;, for . € A, in A
the following are equivalent.

1. @ (a) :=limy Adu; (a) defines an automorphism of A.

2. Forevery a € A both limits lim; Adu; (a) and lim; Ad uj} (a) exist.

3. Forevery F € A and € > 0 there exists . € A such that for all . > ) we have
[uiuz, alll < e and ||[uku;, alll < eforalla € F.

Proof (1) clearly implies (2).

If @(a) := lim, Adu, (a) exists for all a € A, then @ is an endomorphism of A
by uniform continuity. It is an automorphism if in addition lim; Ad u(a) exists for
all a € A. This proves that (2) implies (1).

(3) is a Cauchy-type criterion for convergence of the nets (ujau3); and (uiau;);
for all @ € A. It is therefore equivalent to (2). |

An automorphism @ is asymptotically inner if there exists a continuous path of
unitaries u;, for 0 < t < o0, in A such that @(a) = lim;_ - Adu,(a) for all
a € A. The inverse of @ is an asymptotically inner automorphism corresponding to
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the continuous path u}, for 0 < ¢ < oo, and a composition of two asymptotically
inner automorphisms is obtained by multiplying unitaries in the corresponding paths
pointwise. Thus the asymptotically inner automorphisms of A form a subgroup of
Aut(A), denoted Alnn(A).

Lemma 2.6.4 gives a characterization of continuous paths that give rise to
asymptotically inner automorphisms. Its proof, being analogous to the proof of
Lemma 2.6.3, is omitted.

Lemma 2.6.4 Suppose A is a C*-algebra. For a continuous path of unitaries u;,
for0 <t < oo, in A the following are equivalent.

1. @(a) :=lim;_, oo Ad u;(a) defines an automorphism of A.

2. Forevery a € A both limits lim;_, oo Adu,(a) and lim,_, oo Ad u (a) exist.

3. Forevery F @ A and ¢ > 0 there exists t > 0 such that for all t > t we have
I[ufuz, alll < € and ||[u;u?, alll < ¢ foralla € F. O

Definition 2.6.5 Suppose that a C*-algebra A is unital. Two unitaries u and v in
U(A) are said to be homotopic in A if there is a continuous map f: [0, 1] — U(A)
such that f(0) = u and f(1) = v. The connected component of the identity
in U(A), denoted Uy(A), is a normal subgroup of U(A).

Example 2.6.6

1. The unitary group U(Z(H)) (usually denoted U(H)) is connected. This is
because by the Borel functional calculus every unitary in %(H) is of the form
u = exp(ia) for a self-adjoint a, and therefore homotopic to 1 via the path
uy == exp(ita), for0 <r < 1.

2. If X is a compact Hausdorff space, the spectral characterization of unitaries
(Exercise 1.11.18) implies that U(C (X)) is equal to C(X, T). This implies, for
example, that U(C(T)) is not connected, since idT is not homotopic to 1. More
generally, Up(C(T)) is equal to the subgroup of functions with zero winding
number, and the quotient group U(C(T))/Ug(C(T)) is isomorphic to Z.

3. The unitary group of the Calkin algebra (Section 2.5.1 and Chapter 12) is not
connected. The image of the unilateral shift in 2(H) is a unitary not homotopic
to 1 (Propositions 12.4.3 and C.6.5).

4. To a € Ay, one associates the one-parameter group of unitaries, u; := exp(ita),
for t € R. Then r + u; is a continuous group homomorphism from R into

Up(A).

2.7 Real Rank Zero

In this section we define the real rank of a C*-algebra and prove that a C*-algebra
has real zero if and only if it satisfies a certain separation property for disjoint open
subsets of spectra of its normal elements.
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It is generally agreed that C*-algebras are the noncommutative analogs of
compact, Hausdorff, topological spaces, and we will now introduce the property of
C*-algebras that is the noncommutative analog of 0-dimensionality. A C*-algebra
that satisfies any of the equivalent conditions listed in Theorem 2.7.1 is said to have
real rank zero.

Theorem 2.7.1 Suppose A is a C*-algebra. Then the following are equivalent.

1. Every hereditary C*-subalgebra of A has an approximate unit consisting of
projections.

2. The set of self-adjoint elements of A invertible in A is dense in Ag,.

3. The set of self-adjoint elements with finite spectrum is dense in Ag,.

Proof See [27, Theorem V.3.2.8]. O
Corollary 2.7.2 Suppose that A is a C*-algebra of real rank zero.

1. Every hereditary C*-subalgebra of A has real rank zero, and in particular every
two-sided, norm-closed, ideal of A has real rank zero.
2. Every quotient of A has real rank zero.

Proof Condition (1) of Theorem 2.7.1 is inherited by hereditary C*-subalgebras,
and the condition (3) of Theorem 2.7.1 is preserved by taking quotients, O

Example 2.7.3

1. An abelian C*-algebra Co(X) has real rank zero if and only if its spectrum X is
zero-dimensional.

2. Every finite-dimensional C*-algebra has real rank zero since every self-adjoint
element has finite spectrum. (2) of Theorem 2.7.1 is preserved under inductive
limits, and therefore all AF algebras have real rank zero.

A less standard equivalent reformulation of having real rank zero is given in
Proposition 2.7.5 and Exercise 2.8.34 below. Recall that Ay | = {a € Ay : |la|| =
1}. If a and b belong to A4 1 we write a < b if ab = a. This is equivalent to
asserting that cb = ¢ for all ¢ € C*(a), i.e., that b acts as a unit for C*(a).

Example 2.7.4 In a C*-algebra with real rank zero a < b does not necessarily
imply that there exists a projection p such that a < p and p < b. Fix X C {0, 1}
which is closed but not open. If a and b in C ({0, I}N)Jﬁl are such that supp(a) = X
and the zero-set of 1 —b is X, then no projection p in C ({0, 1}V) satisfies a <« p < b.

The statement refuted in Example 2.7.4 has a poor, albeit correct and helpful,
relative.

Proposition 2.7.5 Ifa C*-algebra A has real rank zero and a, b, ¢ in AL | are such
that a < ¢ K b, then there exists a projection p in A such thata < p < b.

Proof Since Theorem 2.7.1 implies that A has real rank zero if and only if
its unitization has real rank zero, we may assume A is unital. Fix f and g in
C([0,1])4,1 such that ¢ < f, f(0) = g(0) = 0, and f(1) = g(1) = 1; take,
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e.g., piecewise linear functions with breakpoints f(0) = 0, f(1/3) = f(1) = 1,
and g(0) = g(1/3) =0, g(2/3) = g(1) = 1.

With d := g(c) and e := f(c) wehave a <K d < e K b. Fix ¢ € (0,1/3).
By Theorem 2.7.1, in the hereditary subalgebra (1 — d)A(1 —d) of A there is a
projection g such that g(1 — d) ~, 1 —d. Since a K d, we have ay = 0 for all
y e (1 —-d)A(l —d), in particular ag = 0 and r := 1 — g satisfies a < r. Also,
(1—-d)g ~: (1 =d)(q+r)implies (1 —d)r ~,= 0. Since d < e, we have re ~, r
and rer ~y; r.

Let x := e!/?r. Then x*x = rer is invertible in the unital C*-algebra r Ar
by Lemma 1.2.6. Hence x is well-supported, and by Lemma 1.4.4 it has a polar
decomposition x = v|x| in C*(r,e) € eAe. Then v*v = r and p = vv* is a
projection. It belongs to eAe and since e < b we have p < b.

It remains to check that a < p. Since a K e and a < r, a commutes with all
elements of C*(r, ¢) and multiplication by any element of C*(r, e) annihilates 1 —a.
Since v € C*(r, ¢), we have av = va = a and—finally!—a < p. m]

Corollary 2.7.6 Suppose A has real rank zero, c is a normal element of A, and U
and V are open subsets of sp(c) with disjoint closures. Then some projection p in A
satisfies

1. f(c) K pforevery f € C(sp(c)) with supp(f) C V and
2. f(c) € 1— pforevery f € C(sp(c)) with supp(f) € U.

In particular, if c € Ay 1 and 0 < ¢ < 1, then there exists a projection p € A such
thatc < p+ ({1 —¢e)(l —p)and p <a+e.

Proof (1) We may assume that both U and V are nonempty. By the Tietze Extension
Theorem find f, g, and & in C(sp(c))+ such that f < ¢ < h, f(t) = 1 for all
t € Uyand h(r) = Oforallt € V. Then a := f(c), ¢ := g(c), and b := h(c)
satisfy a < ¢ <« b and by Proposition 2.7.5 there exists a projection p € A such
that a <« p < b. Clearly p satisfies the requirements.

2)Ifc € Ay g, then U := sp(c) N[0,1 —¢) and V := sp(c) N [1 — &/2,1]
are nonempty open subsets of sp(c) with disjoint closures for all 0 < ¢ < 1. Any
p € Proj(A) as guaranteed by (2) is as required. O

2.8 Exercises

A projection p in a C*-algebra A is said to be scalar if pAp = C.
Exercise 2.8.1 Prove that if a C*-algebra A does not have scalar projections then

every hereditary C*-subalgebra of A contains an isomorphic copy of Co(R).

Exercise 2.8.2 Suppose that A is a simple C*-algebra and D is a masa in A. Prove
that D contains a scalar projection if and only if A is isomorphic to JZ (H) for some
Hilbert space H.
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A nonzero projection p in a C*-algebra is minimal if the only projections ¢ such
that g < p are 0 and p.

Exercise 2.8.3 Prove that if a nontrivial C*-algebra A has no minimal projections
then every hereditary C*-subalgebra of A contains a copy of C([0, 11V).

Exercise 2.8.4 Suppose C is a C*-algebra and A is a C*-subalgebra of C. Prove that
the hereditary C*-subalgebra of C generated by A is {c € C : lim,, |[c—e)ce,| = 0}
where e, for A € A, is any approximate unit of A.

Exercise 2.8.5 Suppose A, for j € J, are C*-algebras.® Prove that the density
character of ] jey Aj is at least 201 in particular the direct product of infinitely
many nontrivial C*-algebras is nonseparable. In general, prove that the density
character of this algebra is given by the formula x (Hjej Aj) = Hjej] x(A)).

Exercise 2.8.6 Prove that JZ (£;(k)) is stable for every infinite cardinal «. More
generally, 2 (£(k)) ® H (€2(A)) = # (£2())) for all infinite cardinals k < A.

Exercise 2.8.7 Prove that every simple hereditary C*-subalgebra of the algebra
of compact operators on a Hilbert space is isomorphic to the algebra of compact
operators on some Hilbert space.

A maximal abelian self-adjoint subalgebra of a C*-algebra A is called a masa.
Exercise 2.8.8 Let A be a C*-algebra. Prove that the following are equivalent.’

1. A is finite-dimensional.
2. Every masa C*-subalgebra of A is finite-dimensional.
3. Some masa in A is finite-dimensional.

Hint Tt suffices to prove that (3) implies (1). If D is a finite-dimensional masa, then
it is isomorphic to C" for some n. Consider space pAg for minimal projections p
and g in D.

The natural generalization of Exercise 2.8.8 to higher cardinals is false, as there
exists a nonseparable C*-algebra all of whose masas are separable. One example is
given in Theorem 10.4.3.

Exercise 2.8.9 Assume A is an infinite-dimensional C*-algebra. Prove that Ay ;
contains orthogonal elements a,, for n € N.8

Exercise 2.8.10 Prove that each of the following relations is weakly stable.

1. [la — a*| = 0.
2. max(|la — a*|, |la — a?||) = 0.2

SIn this exercise {0} is not considered to be a C*-algebra.
7Used in the proof of Proposition 4.4.2.

8Used in the proof of Theorem 15.4.5.

9Used in the proof of Proposition 17.5.4.
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3. |laa* — (aa®)?|| = 0.
4. (In a unital C*-algebra) |aa™ — 1|| = 0.
5. (In a unital C*-algebra) max(|laa* — 1|, ||la*a — 1||) = 0.10

Hint In addition to the continuous functional calculus one needs to adapt the proof
that the well-supported elements have a polar decomposition (Lemma 1.4.4).

Exercise 2.8.11 Use Exercise 2.8.10 (5) to prove that if A = lim) A, is a unital
inductive limit of C*-algebras, then U(A) = lim; U(Aj)."!

Exercise 2.8.12 Prove that the defining relations for the matrix units of type M,
(Example 2.2.1) are weakly stable.'?

Exercise 2.8.13 Prove that M~ and M3~ are not isomorphic. Characterize the
isomorphism relation of separable UHF algebras.

Cuntz algebras &), were defined in Example 2.3.10.

Exercise 2.8.14 Suppose that ¢, unitaly embeds into a C*-algebra A. Prove that
M, (A) = Aforalln > 1.

Exercise 2.8.15 Prove that &> embeds unitaly into M,,(0,+1) for all n > 1. Then
prove that My,,(Op41) = M, (Opyy) forallm > Landn > 1.13

Exercise 2.8.16 Suppose 7 is a state on a C*-algebra A. Prove that the following
are equivalent:

1. 7 is tracial.
2. t(a*a) = t(aa™) foralla € A. :
3. t(u*au) = t(a) for all unitaries u € A.

A C*-algebra A is locally finite (or LF) if for every ¢ > 0 and every F € A there
exist a finite-dimensional C*-algebra M and a *-homomorphism @ : M — A such
that F S, ®[M].

Exercise 2.8.17 Prove that every separable LF algebra is AF.

Exercise 2.8.18 Suppose A is an LF algebra. Prove that all of its hereditary C*-
subalgebras are LF.

Exercise 2.8.19

1. Suppose X and Y are locally compact Hausdorff spaces. Prove that Co(X) ®
Co(Y) = Co(X x Y).
2. If X, for j € J, are compact Hausdorff spaces, prove ®j CX)= C(]—[j X)).

10Used in the proof of Proposition 17.5.4.

11Used in the proof of Theorem 5.5.4.

12Used in the proof of Theorem 6.1.3.

13K -theoretic methods [208] can be used to prove, e.g., that M, (03) = 03 if and only if n is odd.



2.8 Exercises 75

Exercise 2.8.20 Suppose H and K are Hilbert spaces. Then any a € Z#(H) can
be identified with a ® 1x in Z(H ® K). Hence % (H) can be identified with a
C*-subalgebra of B(H ® K), and similarly #(K) can be identified with a C*-
subalgebra of Z(H ® K). Therefore, Z(H) ® %(K) can be identified with a C*-
subalgebra of #(H ® K). Prove that this subalgebra is equal to Z(H ® K) if and
only if at least one of H and K is finite-dimensional.

Exercise 2.8.21 Suppose X is a locally compact Hausdorff space and A is a
C*-algebra. Prove that Co(X) ® A is isomorphic to the C*-algebra of all norm-
continuous functions from X into A vanishing at infinity.

Exercise 2.8.22 Prove that there are ¢ nonisomorphic C*-algebras generated by x
such that 0 < x < 1 (cf. Example 2.3.7).

Exercise 2.8.23 Describe the universal unital C*-algebra generated by a nilpotent
contraction of degree n > 3. (If n = 2, then this algebra is M,(C) by
Example 2.3.5.)

For an infinite cardinal « let F, denote the free group with « generators.

Exercise 2.8.24 Prove that every C*-algebra of density character « is isomorphic
to a quotient of the full group algebra C*(F,).

Exercise 2.8.25 A character of a discrete abelian group I” is a continuous homo-
morphism of I" into the circle group T. The space of all characters of I" is the
Pontryagin dual, denoted I, of I". Tt is a closed, and therefore compact, subspace
of TY". Prove that every discrete abelian group I” satisfies C}(I") = C (é).14

The essential spectrum of a € B(H) is

Spess(@) :=sp(a) \ {A € sp(a) : A is an isolated point of finite multiplicity}.

Exercise 2.8.26 With 7: (H) — 2(H) denoting the quotient map, prove that
Sp(T(a)) = spess (@) fora € B(H).

Exercise 2.8.27 Give an example of a projection ¢ in a quotient C*-algebra A/J
which is not an image of a projection in A. Conclude that g does not have a lift a
such that sp(a) = sp(q).

Exercise 2.8.28 Suppose A is a C*-algebra, J is a two-sided and norm-closed ideal
of A, 7: A — A/J is the quotient map, and u is a unitary in A/J.

1. If sp(u) # T prove that u has a lift v which is a unitary such that sp(v) # T.

2. Give an example of A, J, and u € A/J showing that in (1) one cannot always
choose lift v so that sp(v) = sp(u).

3. Give an example of A, J, and u € A/J that cannot be lifted to a unitary.

Exercise 2.8.29 Prove that every automorphism @ of % (H) is inner.

14 All this works for locally compact abelian groups, but we defined C*(I”) for discrete I only.
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Exercise 2.8.30

1. Prove that the group of inner automorphisms of 2 (H) is separable with respect
to the uniform topology.

2. Prove that every automorphism of .Z (H) is multiplier inner.

3. Prove that the group of multiplier inner automorphisms of . (H) is nonsepara-
ble with respect to the uniform topology.

15

Exercise 2.8.31 Suppose A is a UHF algebra. Prove that all automorphisms of A
are asymptotically inner. Then prove that A has an outer automorphism.

Hint For every F € A and every ¢ > 0 there exist u € U(A) and b € A< such
that |uau™ — a| < e forall a € F but |ubu* — b|| > 1.

Exercise 2.8.32 An algebra automorphism of a C*-algebra A is a bijection
®: A — A that preserves the addition, multiplication, and multiplication
by scalars. Prove that every non-abelian C*-algebra A other than C has an
algebra automorphism @ that is neither a *-homomorphism nor an isometry. (Cf.
Lemma 1.3.4.)

Exercise 2.8.33 If A is a C*-subalgebra of (H), then « € Aut(A) is implemented
by a unitary u € B(H) if (Adu) | A = a. Suppose o € Aut(A) and ¢ € S(A),
and identify A with 7,[A]. Prove that « is implemented by a unitary u € %(H,) if
and only if p(a(a*a)) = ¢(a*a) foralla € A.

Exercise 2.8.34 Prove that the following are equivalent for every C*-algebra A:

1. A has real rank zero.

2. A satisfies the conclusion of Proposition 2.7.5: If a, b, and ¢ belong to A4 and
a < ¢ K b, then there exists a projection p in A such thata < p < b.

3. A satisfies the conclusion of Corollary 2.7.6: If ¢ € A is normal and U and V
are open subsets of sp(c) with disjoint closures, then there exists a projection
p in C such that f(c) <« p for all f € C(sp(c)) such that supp(f) € U and
f(c) < 1—pforall f € C(sp(c)) such that supp(f) C V.

Exercise 2.8.35 Suppose A is a unital C*-algebra. Prove that the set of invertible
self-adjoint elements is dense in Ay, if and only if the set of self-adjoint elements
with a finite spectrum is dense in Ag,.

Exercise 2.8.36 Prove that every AF algebra A has the property that the normal
elements with a finite spectrum are dense in the set of normal elements of A. Then
prove that the Calkin algebra does not have the latter property, and conclude that
this property is strictly stronger than real rank zero.

Exercise 2.8.37 Construct a simple C*-algebra that is neither unital nor stable.

Hint Find a non-unital inductive limit of full matrix algebras with a tracial state.

15Used in the proof of Theorem 14.4.7.
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Fig. 2.3 The Bratteli

. . . 1 1 2 3 5 ..
diagram of the Fibonacci
algebra
1 1 2 3 o

Exercise 2.8.38 Consider the example of a Bratteli diagram in Figure 2.3. Its nth
level corresponds to the algebra Mp,)(C) & Mp,4+1)(C), where F(n) is the nth
Fibonacci number. Prove that this so-called Fibonacci algebra is a simple, unital
AF algebra with a unique trace that is not a UHF algebra.

The following easy exercise gives a limiting example for Lemma 5.2.10.

Exercise 2.8.39 Find C*-algebras A and B and a hereditary C*-subalgebra D of
A ® B that does not contain any elementary tensors.

Notes

Section 2.2: Using Bratteli’s results, G.A. Elliott proved that the category of
separable AF is equivalent to a subcategory of ordered abelian groups, the so-called
scaled dimension groups (see, e.g., [206] or [52]).16

Section 2.4: Nuclear C*-algebras are undoubtedly the most studied class of C*-
algebras. It is therefore somewhat curious that, in a technical set-theoretic sense,
very few C*-subalgebras of %(H) are nuclear. If H is an infinite-dimensional
Hilbert space, then there is a finite-dimensional subspace F of %(H) such that
no C*-subalgebra A of Z(H) that includes F is nuclear [142]. Therefore, the set
of all separable nuclear C*-subalgebras of %(H) is, in the language introduced
in Definition 6.5.1, nonstationary. However, nearly every separable C*-algebra
occurring in the literature or in the applications is nuclear, or at least isomorphic
to a C*-subalgebra of a nuclear C*-algebra. Among separable C*-algebras, being
isomorphic to a C*-subalgebra of a nuclear C*-algebra is, by a deep result of
Kirchberg, equivalent to being exact; see [34, §3.9] for the definition of exactness.
Every separable C*-subalgebra of a nuclear C*-algebra, separable or not, is exact.
It is not known whether every exact C*-algebra is isomorphic to a subalgebra of a
nuclear C*-algebra.

Lemma 2.4.3 is the only aspect of the deep theory of nuclear C*-algebras used in
this book. However, nearly all of the counterexamples produced in the latter sections
are nuclear, and many of them are even AF.

If a discrete group I" is amenable, then C;(I") and C*(I") are isomorphic ([34,
Theorem 2.6.8]). On the opposite end of the spectrum, the reduced free group alge-

16Warning: The operator algebraist’s definition of an ordered abelian group differs from model
theorist’s definition of an ordered abelian group, as in the former the ordering is not required to be
linear.
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bra of the free group with infinitely many generators, Fno, is simple (Lemma 4.3.5)
while C*(F4) has every separable C*-algebra as a quotient (Exercise 2.8.24).

By a theorem of Elliott, 0> ® &, = 0. The importance of this result can hardly
be overstated (see [206]).

Section 2.7: Proposition 2.7.5 and its proof are taken from [27, Proposi-
tion V.3.2.17].

Although we will not need to consider higher values of real rank in this book, the
definition is included for completeness. A C*-algebra A has real rank < n for some
n € N if the set of n-tuples of elements in Ay, that do not generate a proper left
ideal is dense in A7,. Its real rank is infinite if there is no such n. It is not difficult
to see that the real rank of C(X) is equal to the covering dimension of a compact
Hausdorff space X.

Another important noncommutative analog of dimension is Rieffel’s stable rank
(see [27]).



Chapter 3 )
Representations of C*-algebras Qe

Is representation everything? Of course not.
H. R. Clinton, What Happened

Representation theory played a prominent role in the early theory of C*-algebras
(see e.g., [58] or [14]), and some of the material of the present chapter may bring
the *70s to mind. The representation theory of any abelian C*-algebra, or any algebra
of compact operators on a Hilbert space is fairly tractable. One common feature of
representations 7 : A — Z(H) of such algebras is that the closure of w[A] in the
weak operator topology is a von Neumann algebra of type 1. Kaplansky defined a
C*-algebra A to be of type I if all of their representations have this property. This is
equivalent to the assertion that the image of A under any irreducible representation
includes the algebra of compact operators on the target Hilbert space. Type 1 C*-
algebras have well-behaved representation theory. C*-algebras that are not type I
are called non-type I.' Glimm proved that the representation theory of separable
non-type I C*-algebras is very complicated: a separable non-type I C*-algebra
has ¢ spatially inequivalent irreducible representations and factorial representations
of type II and type III ([117]). Sakai extended parts of Glimm’s Theorem to
the not necessarily separable case ([213]). After this, there was little progress on
remaining fundamental problems in representation theory of nonseparable non-
type I C*-algebras, such as Naimark’s problem: Is every C*-algebra all of whose
irreducible representations are unitarily equivalent isomorphic to the algebra of
compact operators on some Hilbert space? The study of C*-algebras moved on to
other topics. Only in [6] Akemann and Weaver proved that it is relatively consistent
with ZFC that Naimark’s problem has a negative solution, initiating the thread to
which this text belongs.

Ivon Neumann algebras are rarely type I C*-algebras, even if they are of type I as von Neumann
algebras. See the discussion of terminology in the preface to [14].
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We will start the present chapter with a brief review of the theory of von
Neumann algebras. We will prove Kadison’s Transitivity Theorem for irreducible
representations of C*-algebras and its extension by Glimm and Kadison to direct
sums of inequivalent irreducible representations. Other highlights include the proof
of (a part of) Glimm’s Theorem stated above and study of the second dual
of a C*-algebra. All averaging techniques needed in this book are treated in a
separate section. We also prove the structure theorems for completely positive maps
(Stinespring’s Theorem) and completely positive maps of order zero.

3.1 Topologies on Z(H) and von Neumann Algebras

Besides the (operator) norm topology there are at least six weak topologies [on % (H)] that
are relevant for operator algebra theory.
G.K. Pedersen, Analysis NOW

In this section we cover the bare minimum of the theory of von Neumann
algebras that will be needed in the following sections. This includes Kaplansky
Density Theorem, order-completeness, the Bicommutant Theorem, Borel functional
calculus, and the existence of preduals. Many proofs are omitted or barely sketched,
and the readers unfamiliar with the material and not willing to take these results on
faith can consult any of the many excellent sources. We also briefly discuss factors
and have our first encounter with masas (maximal abelian self-adjoint subalgebras).

3.1.1 Topologies on #A(H)

It is impossible to understand the representation theory of C*-algebras without
considering von Neumann algebras. The (concrete) C*-algebras are the self-adjoint
operator algebras closed under operator norm topology on %(H), von Neumann
algebras are the self-adjoint operator algebras closed under any or all of the other
important weak topologies on Z(H). This section concludes with a brief discussion
of masas (maximal abelian subalgebras).

While a Hilbert space H is endowed with two important topologies, norm and
weak, the algebra Z(H) has a vector space topology for every occasion. In this
book we will consider only a few of them. Pointwise convergence on H, when H
is considered with respect to the norm topology, is the strong operator topology,
abbreviated SOT. Pointwise convergence on H, when H is considered with respect
to the weak topology, is the weak operator topology, abbreviated WOT. For a
bounded net a;, for A € A, in Z(H) and a € B(H) we have WOT-limy a;, = a
if and only if limy(ax&|n) = (a&|n) for all n and & in H. Therefore WOT-
convergence of bounded nets coincides with the pointwise convergence of the
associated sesquilinear forms.
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The norm, strong, and weak closures of Z C Z(H) are ordered as follows

7 c 7SOT c 7WOT.

For an infinite-dimensional Hilbert space H these three topologies differ even on
the unit ball Z(H)<; of B(H).

Example 3.1.1 Lets be the unilateral shift of a fixed basis on H (Example 1.1.1).

1. Then lim,, (s"&|n) = O for all &£, n € H and therefore WOT-lim,, s" = 0. On the
other hand, s" is an isometry for all n and the sequence s”, for n € N, is not
SOT-convergent.

2. WOT-lim, (s™)* = SOT-lim,,(s*)" = 0. Since (s*)*s" = 1, multiplication is not
jointly WOT-continuous on the unit ball Z(H)<;.

3. Both addition and scalar multiplication are continuous with respect to each of
SOT, WOT, and the norm topologies. Multiplication is jointly continuous in norm
topology, jointly continuous on bounded sets in SOT, and by (2) only separately
continuous (even on bounded sets) in WOT.

4. Every SOT-neighbourhood of 0 in Z(H) contains T such that 72 = 1 (this
is an exercise), showing that the multiplication is not jointly SOT-continuous
on #(H).

Definition 3.1.2 A von Neumann algebra is a strongly closed, unital C*-subalgebra
of B(H). A W*-algebra is a C*-algebra which is isomorphic to a von Neumann
algebra.

Lemma 3.1.3 Suppose M is a von Neumann algebra and a;, for A € A, is an
increasing net in My which is bounded above by some b € M. Then there exists
a € My such that SOT-limy, a, = sup, a; = a.

Proof Since M is closed in the strong operator topology it suffices to prove the
lemma in case when M = ZA(H). Let «; be the sesquilinear form corresponding
to a;.. We define sesquilinear form or: H?> — C in two steps. First, for £ € H let

«(§,8) :=lime;. (£, §).

This limit exists and it is equal to sup, «; (&, &) since the net is increasing and
bounded above by (b£|£). Second, let

aE. ) =5 g ifaE +ifn, £ +ifn).

Then a(§,n) = limya(§,n) for all £ and n, and « is a sesquilinear form
corresponding to a positive operator of norm < |/b||. By the definition a; < a
for all A. If a’ < a and @’ # a then for some & € H we have (a’£|&) < (a&|§), but
this implies that a) £ @’ for some A. Therefore a = sup, ay. O
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3.1.2 Commutants and Bicommutants

The commutant of X € B(H)is X' :={b € B(H) : [a,b] =0forall a € X}.

Lemma 3.1.4 The commutant of a subset X of 8(H) is an algebra, and it is self-
adjoint if X is. If a is normal, then {a}' is a self-adjoint algebra.

Proof The first statement is straightforward. The second follows by (or rather, is)
Fuglede’s Theorem (Theorem C.6.12). |

A C*-subalgebra A of Z(H) acts nondegenerately if A& = {0} implies & = 0
for all § € H. We also say that A is a nondegenerate C*-subalgebra of (H).

A proof of Lemma 3.1.5 uses a trick to “fold” n copies of a Hilbert space into
a single Hilbert space. The amplification of a Hilbert space H by n is the Hilbert
space H". An a € AB(H") is identified with an M, (%(H)), and the diagonal *-
homomorphism @ : Z(H) — Z#(H") is defined by @ (a) := diag(a, a, ..., a).

Lemma 3.1.5 If A is a nondegenerate unital self-adjoint C*-subalgebra of 8(H)
then A is SOT-dense in its bicommutant A”.

Proof Fix b € A”. If £ € H then the space Hg := {a(§)|a € A} is an a-invariant
closed subspace of H for all @ € A. Since A is self-adjoint, H is invariant for a*
for all a € A and therefore the projection pg to Hg belongs to A’. Hence bps = pgb
and infyeq [[(a — D)§]l = 0.

Consider the amplification of H by n and let @ denote the diagonal *-
homomorphism. Then @[A] is a *-C*-subalgebra of Z(H") = M,(%(H)) acting
nondegenerately. Fix ¢ € @[A] and write it in the matrix form ¢ = (¢; 7). Then
®(a)c = cP(a) implies ac;; = c;ja for all i, j. Therefore all matrix entries of ¢
belong to A" and [b, ¢] = 0. Since ¢ was arbitrary, we conclude that @ (b) € ®[A]".

Fix a SOT-neighbourhood U := {a € B(H) : max; ., |b§;—a&;|| < ¢} of b. By
applying the above argument to @[A] and & = (&, ..., &,—1) € H" we conclude

that infyep (P (@) — @ (b))&]| = 0; equivalently, inf,c 4 max; <, [(@ — b);|| = 0.

Hence A intersects every SOT-neighbourhood of b nontrivially and b € ZSOT.

Theorem 3.1.6 (von Neumann’s Bicommutant Theorem) If A is a nondegener-
ate self-adjoint subalgebra of (H) then A" = Ao — VT,

Proof For all Z C %4(H) we have 7SOT C 7WOT and Z’ is WOT-closed, therefore

AT C A”. Finally, Lemma 3.1.5 implies A” = A°C". O

Further iterations of the commutant relation do not result in anything new. Since
A C B implies A’ 2 B’, we have A” = A’ for any self-adjoint A € Z(H).
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If Z C #(H) then W*(Z) denotes the von Neumann algebra generated by Z. All
nontrivial implications in the following analog of Lemma 1.2.4 are consequences of
Theorem 3.1.6.2

Lemma 3.1.7 Suppose Z < HB(H). Then M = W*(Z) if and only if any of the
following (a posteriori, equivalent) conditions applies.

1. The set M is equal to the intersection of all von Neumann subalgebras of %8(H)
that include Z.

2. The set M is equal to the WOT-closure of {p(5) : § € Z", p(X) is a *-polynomial
in n non-commuting variables with n € N}.

3. The set M is equal to the SOT-closure of {p(5) : § € Z", p(x) is a *-polynomial
in n non-commuting variables with n € N}.

4 M= (ZuUZzZ%" O

Example 3.1.8

1. Every von Neumann algebra is a C*-algebra, but this is about as illuminating as
saying that every continuous f: [0, 1] — [0, 1] is Borel-measurable.

2. The most obvious examples of von Neumann algebras are Z(H) and M,,(C) for
n > 1. The most obvious example of a C*-algebra that is not a von Neumann
algebra is the algebra .# (H) of compact operators on an infinite-dimensional
Hilbert space H. It is not a von Neumann algebra because it is WOT-dense
in (H). Since J# (H) is not unital, it is not even isomorphic to a von Neumann
algebra.

3. If (X, ) is a measure space then Lo (X, ) is an abelian von Neumann
algebra in (L,(X, ))). Every abelian von Neumann algebra can be extended
to a maximal abelian von Neumann algebra. Maximal abelian von Neumann
subalgebras of B (H) are isomorphic—algebraically and topologically—to one
of the form L, (X, 1) (Theorem C.6.11, see also Examples 3.1.20 and 3.1.21).

4. Continuing the discussion of (3), by the Gelfand—Naimark Theorem L, (X, )
is isomorphic to C (Y for a compact Hausdorff space Y. This is the Stone space
(see Section 1.3.1) of the quotient of the o -algebra of p-measurable sets modulo
the ideal of p-null sets.

5. Since for a C*-subalgebra B of Z(H) we have B’ = B”, Theorem 3.1.6 implies
that w[A]" is a von Neumann algebra for every representation of a C*-algebra
A—and that’s why we are here.

An important example is held back until Chapter 4 (Definition 4.4.5).

If a € %(H) is normal, then by Theorems 3.1.6 and 1.4.2 we have W*(a) =
{a,a*, 1}'. If a is not necessarily normal and a = v|a| is its polar decomposition
(Theorem 1.1.3), then v € W*(a) (and of course |a| € C*(a) € W*(a)). Therefore
every element of a von Neumann algebra M has a polar decomposition in M (cf.
Exercise 1.11.17).

2Keep in mind that every von Neumann algebra is a unital subalgebra of Z(H )—this is why we
consider *-polynomials with nonzero constant terms.
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Theorem 3.1.9 (Kaplansky’s Density Theorem) Assume A C AB(H) is a C*-
algebra. Then

1. Agq is SOT-dense in (A”),,.

2. The unit ball of As, is SOT-dense in the unit ball of (A”),.
3. The unit ball A<) of A is SOT-dense in the unit ball of A”.
4. If A is unital, then U(A) is SOT-dense in U(A").

Proof (1) Theorem 3.1.6 implies that the SOT-closure of A is A”. A functional
on A(H) is strongly continuous if and only if it is weakly continuous ([192,

Theorem 2.1.5]). Since taking the adjoint is weakly continuous, A_SasoT =(A"),,.
(2) The function g(t) = min(max(t, —1), 1) is strongly continuous; this means
that if (a,) is a net strongly converging to a, then f(a, ) strongly converges to f(a)
(see [192, Theorem 2.3.2]). If a belongs to the unit ball of (A”)_, then by (1) a net
(ay) in Ag, converges to a. Then limy, g(a)) = g(a) = a.
(3) and (4) follow by taking linear combinations and exponentials. |

sa’

3.1.3 Borel Functional Calculus

Separate SOT-continuity of multiplication in Z(H ) implies that the SOT-closure of
any self-adjoint abelian subalgebra of Z(H) is abelian. Therefore for every normal
element a in a von Neumann algebra M the isomorphism between C(sp(a)) and
C*(a, 1) (the continuous functional calculus, Theorem 1.4.2) can be extended to a
*-homomorphism from L*°(sp(a)) into W*(a) by using the standard methods from
measure theory and Lemma 3.1.3. This gives rise to the Borel functional calculus in
every von Neumann algebra M.

Theorem 3.1.10 Suppose M is a von Neumann algebra and a € M is normal.
Then W*(a) is isomorphic to Lo (sp(a), i) for some Radon probability measure |
on sp(a). The isomorphism sends a to the equivalence class of the identity function

and f to f(a). m|

The following may be the most rudimentary application of the Borel functional
calculus.

Proposition 3.1.11 Every von Neumann algebra has real rank zero.

Proof We will prove a stronger result: Every normal element a of a von Neu-
mann algebra M can be approximated by normal elements with finite spectrum.
Theorem 3.1.10 implies that W*(a) is isomorphic to L (sp(a), n) for some
Radon probability measure p on sp(a). Every function in Lo, can be uniformly
approximated by step functions, and the conclusion follows. O
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Example 3.1.12 Suppose M is a von Neumann algebra.

1. By the Borel functional calculus, every unitary u € M is of the form u = exp(ia)
for0 < a < 2x in M. Since u is normal and sp(#) € T, a can be chosen as f (u)
where f(e'') =1 for0 <t < 2.

2. If a € M is normal and E is a Borel subset of sp(a) then the characteristic
function of E belongs to W*(a). It is the spectral projection of a, denoted 1 £ (a).

3. Define f: [0, 00) — {0, 1} by f(0) = 0and f(¢) = 1fort # 0. Fora € M both
projections p := f(|a|) and g := f(|a*|) belong to W*(a). Since |a|p = |a| and
(by the polar decomposition) a = vla|, we have ap = a. In addition, for every
nonzero projection r < p we have |a|r # 0 and therefore ar # 0. Similarly,
ga = a and for every nonzero projection » < g we have ra # 0. The projections
p and g are the domain projection and the range projection, respectively, of a.

Because of the Borel functional calculus, every von Neumann algebra has an
abundance of projections. Suppose M C JB(H) is a von Neumann algebra and p
and g are projections in M. Then p < ¢ (as defined in Section 1.5) if and only if
plH] C g[H]. Also, all joins and meets exist in M and are given by

p A q := the projection onto p[H] N g[H]

p V q := the projection onto span(p[H]U q[H]).

That is, Proj(M) is a lattice. It is in fact a complete lattice, because the definitions
of joins and meets naturally generalize to infinite joins and meets (see however
Proposition 13.3.3).

Lemma 3.1.13 Suppose A is a C*-algebra of real rank zero and J is a two-sided,
norm-closed, ideal in A. Then every projection g € A/J lifts to a projection p € A.

Proof Let 7 denote the quotient map and fix a € A such that w(a) = p. The o-
unital hereditary subalgebra a* Aa of A has a sequential approximate unit consisting

of projections, p,, for n € N. Then g, := m(p,) is an increasing sequence of
projections such that g,, < g for all n and lim,, ||g, — g|| = 0. Therefore ¢, = g for
a large enough n, and p, is as required. O

I should define the ultraweak topology on a W*-algebra (see [27, §1.3.1.3]). If
M C Z(H) is a W*-algebra, consider the amplification Py id: M — B(Py H)
and identify M with its range. The ultraweak topology (also known as the o-weak
topology) on M is the restriction of the weak operator topology on (P H) to M.
The ultraweak topology coincides with the weak topology on bounded subsets of M.
Unlike WOT, the ultraweak topology on a W*-algebra is intrinsic to the algebra and
does not depend on its representation on a Hilbert space.
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3.1.4 Preduals

We start with a noncommutative version of a basic fact about the classical Banach
spaces. With * denoting the Banach space dual (some operator algebraists use ’
instead of *), we have ¢ = £| and £] = £, with the dualities implemented by the
bilinear functional

(. y) > 225 x(Dy ().

Let H := ¢,(J) for some set J. The algebra Z(H) is the noncommutative analog
of €~ and its ideal # (H) is the noncommutative analog of c¢g. An operator a €
B(Lr(D)) is a trace class operator if ZjeJ [(Jald;, ;)| < oo. The trace of a trace
class operator a is

tr(a) := Zjej(aSj 18;).

As in the finite-dimensional case, the value of tr(a) does not depend on the choice
of the basis. The ideal of trace class operators on H is denoted % (H).

Theorem 3.1.14 Fix a Hilbert space H and consider ¢ (H), %1(H), and #(H)
as Banach spaces. Then # (H)* = %B1(H) and B1(H)* = B(H), with dualities
implemented by the bilinear map (a, b) — tr(ab).

Proof See for example [194, Theorem 3.4.13]. m]

Theorem 3.1.14 implies that every WOT-closed C*-subalgebra M of B(H) is
the dual space of a quotient of % (H) by the subspace {a € #|(H) : (a,m) =0
for all m € M}. We will describe this duality is in some detail.

Definition 3.1.15 A functional ¢ on a von Neumann algebra M is normal if it is
order-continuous; this means that if a,, for A € A, is a bounded increasing net of
positive operators in M then lim, ¢(ay) = ¢(lim, a;) (Lemma 3.1.3 implies that
the right-hand side is well-defined). Normal states are normal functionals that are
also states.

Every vector state is normal. More generally, a functional on Z(H) is normal if
and only if it is of the form b — tr(ab) for a trace-class operator a (Exercise 3.10.2).
Normal functionals on M form a Banach subspace of its Banach space dual M*;
this subspace is denoted M, and called the predual of M. In general, we have an
extension of Theorem 3.1.14.

Theorem 3.1.16 (Sakai’s Theorem) Every von Neumann algebra M is isomor-
phic to the dual space of a unique Banach space M.

Proof We will prove only the (much easier) existence. For the uniqueness see e.g.,
[213]. Since M € AB(H) and BZ(H) = A1 (H)*, Proposition C.3.9 implies that M
is isomorphic to the Banach space dual of % (H)/ M. O
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3.1.5 Tensor Products and Factors

The tensor product operation is better behaved in the categories of von Neumann
algebras and W*-algebras than it is in the theory of C*-algebras. Given von
Neumann algebras M and N, the tensor product M®N is defined as the SOT-
closure of the algebraic tensor product M ® N. If M and N are W*-algebras, it
can be proved that this definition does not depend on the representations of M and
N as von Neumann algebras.

If a Hilbert space is a tensor product of two Hilbert spaces, H = K ® L, then

BH) = BK)SAB(L).

Thus Z(K) and (L) can be considered as “factors” of 4 (H). This observation
and von Neumann’s Bicommutant Theorem motivate the abstract definition of von
Neumann factors.

The center of an algebra A is the set Z(A) :={a € A : [a,b] =0forall b € A}.

If M is a von Neumann algebra then its centre satisfies Z(M) = M N M' =
Z(M'), hence Z(M) = C if and only if Z(M’) = C. Von Neumann algebras with
trivial centre are called factors.

Murray and von Neumann distinguished three types of factors. Every M, (C)
is a type I, factor and Z(H) is a type Io, factor of H is infinite-dimensional.’> A
factor is of fype III if every nonzero projection is infinite, and of type II if it is of
neither type I nor of type III. It can be proved that in a separably represented type 111
factor all nonzero projections are Murray—von Neumann equivalent. Murray and
von Neumann proved that type II factors come in two varieties: A factor has type II;
if it has a tracial state. A state T is tracial if it satisfies 7 (ab) = t(ba) for all a, b.
We shall return to tracial states in Section 4.1. A factor has type Il if it has a corner
isomorphic to a type II; factor and no tracial state. It is not difficult to prove that
this is equivalent to having M = My®%(H) where My is a II; factor isomorphic
to a corner of M and H is an infinite-dimensional Hilbert space.

3.1.6 Maximal Abelian C*-Subalgebras of A (H)

Noncommutative measure spaces, along with all noncommutative topological
spaces® contain large commutative subspaces. It is about time that we introduced

them.

Definition 3.1.17 Masa of a C*-algebra A is a maximal abelian C*-subalgebra
of A. The acronym stands for “Maximal Abelian C*-subalgebra” or “MAximal Self-
Adjoint C*-subalgebra”.

3 A set theorist may distinguish factors of type I, for different infinite cardinals .
4That is, von Neumann algebras and C*-algebras.
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The Axiom of Choice (in the form of Zorn’s Lemma) implies that every self-
adjoint abelian C*-subalgebra of a C*-algebra is included in a masa.

Two C*-subalgebras A and B of A(H) are unitarily equivalent if there exists a
unitary u such that u Au* = B.

Example 3.1.18 The diagonal matrices, D,, comprise a masa in M, (C). Since
every finite-dimensional abelian C*-algebra is isomorphic to C™ for some m, every
masa in M, (C) is isomorphic to D,. Also, every two masas in M, (C) are unitarily
equivalent. This applies to any two masas in any finite-dimensional C*-algebra.

If A = lim; M,;,(C) is a UHF algebra then algebras D, ;) form an inductive
system and their limit D is the diagonal masa in A. Although not difficult, the fact
that D is a masa in A is not automatic.

Definition 3.1.19 If B is a subset of a C*-algebra A, the relative commutant of B
inAisB' NA:={ae€A:ab=baforallb e B}.

The relative commutant is a subalgebra, and it is a C*-subalgebra if B is self-
adjoint.
There are two basic examples of masas in Z(H).

Example 3.1.20 Suppose (X, i) is an atomic measure space. With J denoting the
set of all atoms of (X, u), we clearly have Ly (X, u) = £>(J) via the isomorphism
that sends f € Lo(X, u) to Zj f(j),u{j}_l. In this case Lo (X, ) is an atomic
masa. Let e, for j € J, denote the standard basis of £,(J). Then the atomic masa
is isomorphic to £+, (J) = C(BJ), the Cech-Stone compactification of J taken with
the discrete topology.

For X C J let px := Projspan fej:jel): Every such projection belongs to
Lo (X, p). Since every projection in Lo (X, u) has each ¢ as an eigenvector, the
map X — px is a Boolean algebra isomorphism between £ (J) and & (Lo (X, 11)).

Example 3.1.21 Suppose (X, ) is any atomless probability measure space. Then
H = Ly(X,un) and Loo(X, ) € Z(H). In this case Loo(X, i) is an atomless
masa. The projections in L, (X) are the characteristic functions of measurable sets
(modulo the p-null sets). Therefore the lattice of projections of an atomless masa is
isomorphic to the measure algebra of (X, u).

3.2 Completely Positive Maps

In this section we introduce positivity and complete positivity of linear maps. We
prove Stinespring’s representation theorem for completely positive maps between
C*-algebras and a special case of Arveson’s extension theorem. We then prove the
representation theorem for completely positive maps of order zero. The latter is used
in our proof of Glimm’s Theorem (Theorem 3.7.2).

Richness of the theory of C*-algebras is reflected in the variety of natural
morphisms (in addition to *-homomorphisms and homomorphisms) between them.
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Suppose A and B are C*-algebras and ¢ : A — B is a bounded linear map. We say
that ¢ is positive if it sends the positive cone of A into the positive cone of B.

Lemma 3.2.1 Every positive linear map between C*-algebras is bounded.

Proof The triangle inequality implies |la + b|| < |||la| — ||p]|| for positive a and b.
Assume ¢ is positive and unbounded. Fix a, > 0 such that |la,| < 27" and
le(ay)ll =2". Thena = ", a, is bounded but ||@(a)|| > 2" for all n. m|

Given ¢: A — B, for n > 1 the map
¢ ®id,: My(A) — M, (B)

(sometimes denoted ¢ ™) is defined by applying ¢ entrywise.

Definition 3.2.2 A linear map ¢ between operator algebras is said to be completely
positive if ¢ ® id,, is positive for all n > 1.

We introduce two common abbreviations. A map is contractive and completely
positive (or c.p.c., or c.c.p.) if it is completely positive and of norm < 1. A map is
u.c.p. if it is unital and completely positive.

Example 3.2.3

1. If @ is a *-homomorphism then it is completely positive. Since b > 0 if and only
if b = a*a for some a, and @ (a*a) = & (a)* P (a), P is positive. Since @ ® id,
is a *-homomorphism for all n > 1, it is completely positive.

2. Suppose @: A — B is a *-homomorphism and v € B. Then a — v®(a)v*
defines a compression of @ by v. Compressions provide simple examples of
completely positive maps that are not necessarily *-homomorphisms.

3. Every state is completely positive. This is because a state ¢ is a compression of
the corresponding GNS representation to the 1-dimensional space spanned by
the cyclic vector &, (as constructed in Proposition 1.10.3).

And now, for some counterexamples.
Example 3.2.4

1. An example of a positive map that is not completely positive is the transpose map
f: M(C) - M>(C). 1t is clearly positive, but it satisfies (we naturally identify
M>(M>(C)) with M4(C))

1001 1000
0000 0010

” _
Feid 15000 0100
1001 0001

The matrix on the left-hand side is positive (being equal to 2 p for a projection p),
but the matrix a on the right-hand side is not: it has —1 as an eigenvalue.
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2. A u.c.p. bijection from a C*-algebra onto itself whose inverse is continuous, but
not positive. Define v : C2 — C2 by ¥ (x, y) = (x, %(x 4+ y)). Both coordinate
maps are states and therefore completely positive. This easily implies that ¥ is
completely positive. The inverse of ¥ is a continuous linear map that sends (1, 0)
to (1, —1).

Compressions of *-homomorphisms are essentially the only examples of com-
pletely positive maps.

Theorem 3.2.5 (Stinespring) If A is a C*-algebra then ¢: A — RB(H) is
completely positive if and only if there are a representation w: A — ZB(K) on
a Hilbert space K and v € (K, H) such that p(a) = v (a)v* forall a € A.

Also, [lgll = supg<,<i lp(@)|l.

Proof We sketch a proof in the case when A is unital. This suffices since a
completely positive map from a non-unital C*-algebra can be extended to a
completely positive map between the unitizations. (This however requires more
work than in the case of *-homomorphisms—see [34, Proposition 2.2.1].)

On the algebraic tensor product A © H define a bilinear map (-|-), by

(a®&Ib @)y = (p(b*a)§|n).

A routine GNS-style computation shows that this is a pre-inner product. The Hilbert
space K is obtained by quotienting and completing, and 7 is the left multiplication,
w(b)(a ®&) = (ba ® &). Finally, v € B(K, H) is defined as v§ := 1 ® &£. Then
¢(a) = vm(a)v*. All of the (routine) calculations are left to the reader.

The norm estimate is proved using the Cauchy—Schwarz inequality exactly as in
the proof of Lemma 1.7.4. O

The triplet (r, K, v) is the Stinespring dilation of ¢. The following special case
of Arveson’s extension theorem is an easy application of Stinespring’s Theorem.

Corollary 3.2.6 Suppose A is a C*-algebra and B is a C*-subalgebra of A. Then
every c.p.c. map ¢ . B — ZB(H) can be extended to a c.p.c. map ¥ : A — JB(H).

Proof First we show that a *-homomorphism 7 : B — Z(H) can be dilated to a
*-homomorphism o: A — Z(K) for some K 2 H. A *-homomorphism 7 : B —
HB(H) is a direct sum of cyclic representations by Proposition 1.10.10. A cyclic
representation of B can be dilated to a cyclic representation of A by extending the
state associated with it and comparing the GNS representations (Exercise 1.11.49).
A dilation of m is the direct sum of dilations of the summands of 7.

Let (7, K, v) be a Stinespring dilation of ¢. By the first paragraph, we can find
a Hilbert space L 2 K and a *-homomorphism o : A — Z(L) such that (with pg
denoting the projection of L to K) w(b) = pxo (b)) pk.

Extend v to w € Z(L, H) so that ker(w) 2 K. Then ¥ (a) := wo (a)w* is the
required c.p.c. map from A into B (H). O
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3.2.1 Completely Positive Maps of Order Zero

The order zero maps have recently played a key role in the Elliott classification
programme for nuclear C*-algebras. We will use them to prove (and rephrase) a
1960 theorem of Glimm’s (Theorem 3.7.2).

Definition 3.2.7 A completely positive map ¢: A — B has order zero if it
preserves orthogonality: If a, b are in A} and ab = 0 then ¢(a)@(b) = 0.

Example 3.2.8 Suppose A and B are C*-algebras.

1. If Aisunital, h € A4 1,theng: B - A® B defined by h(b) =h®bisac.p.c.
order zero map.

2.If #: A — B is a *-homomorphism and & € (®[A] N B); is a contraction
then p(a) := h®(a) = h'2®a)h'/? is c.p.c. It has order zero because ab = 0
implies ¢ (a)@(b) = h?®(ab) = 0.

We will prove a structure theorem for c.p.c. order zero maps ¢. Although we
will need only the case when the range of ¢ is included in a unital C*-algebra, for
completeness we provide a proof in the general case. This requires a definition. The
idealizer of a nondegenerate C*-subalgebra B of #(H) is

M(B) :={ce B(H):cB C Band Bc C B}.

This is the multiplier algebra of B. The multiplier algebra .# (B) of an abstract
C*-algebra B will be defined in Definition 13.1.6 (see also Corollary 13.2.2).

Theorem 3.2.9 Suppose that ¢: A — B is a c.p.c. map between C*-algebras and
B = C*(¢p[A]). Then the following are equivalent.

1. The map ¢ has order zero.
2. There are a *-homomorphism nw: A — #(B) and h € (M (B) N w[A])+,1
such that ¢(a) = hm(a) forall a € A.

Our proof of Theorem 3.2.9 makes a detour via von Neumann algebras. If @ and b
are positive elements, we write a L b if ab = 0 and say that a and b are orthogonal.

Lemma 3.2.10 Suppose A C PB(H) is a nondegenerate C*-algebra and T is in
HB(H) +. The following are equivalent.

1. TaTbT = 0 for all pairs of orthogonal elements a and b in A.
2.TeA.

Proof If T € A’ then clearly TaTbhT = T3ab and (1) follows. Assume (1). To
prove (2) it suffices to show that [c, T'] = 0 for every positive contraction ¢ in A.
Since such ¢ can be approximated by convex combinations of its spectral projections
of the form 1y, 11(c) via ||c — % D ke Lik/n, (@)l < 1/n for every n, it is enough to
show [p, T'] = 0 for every projection p of the form 1y, 17(c) with r € (0, 1).



92 3 Representations of C*-algebras

Fig. 3.1 The functions fy,
Jfn,and g,

Let fo, fu, and g, for n > 2/r be piecewise linear functions in C ([0, 1])4 with
the following breakpoints (see Definition 1.4.3): fo(0) = 1, fo(r/2) = 0, fo(l) =
0, fu(0) =0, fu(r/2) = 1, fur = 1/(n — D)) = 1, fu(r — 1/n) = 0, f,(1) =0,
gn(0)=0,g,r —1/n) =0, g,(r) = 1, and g, (1) = 1 (see Figure 3.1).

We list some properties of these functions. For & € {fo, fu,gn : n > r/2}
we have 0 < h < 1. In addition, (fo + f.)g. = 0O, the sequence f;, is
monotonically increasing, and the sequence g, is monotonically decreasing. Let
(e;), be an approximate unit for A. Since fy(T) € A and SOT-limy, e), = 1)
by nondegeneracy (Exercise 3.10.3), we have ¢} := fo(©)%e) fo(c)'/* € A and
SOT-lim;, ¢} = fo(c). All of a5 := €} + fu(c) and b, := g,(c) are elements of A.
We have a, ;b, = 0, SOT-lim,, b,, \{ 1{,,1;(c) = p, and SOT-lim, » a,; =1 — p.
Our assumption and joint SOT-continuity of multiplication on the unit ball imply

T(1— p)TpT = SOT-lim,  Ta, »Tb,T = 0.

Therefore T2pT = T(p + (1 — p))TpT = TpTpT, and by taking the adjoints
TpTpT = TpT?. Since [p, T|T = pT? — TpT, we have ([p, TIT)*([p, T1T) =
0 and therefore [p, T1T = 0. This implies pT? = TpT = T?p. Since T > 0 it
belongs to C*(T?) and we conclude that pT = T p, concluding the proof of (2). O

Proof (Theorem 3.2.9) If (2) holds, fix a *-homomorphism 7: A — .#(B) and
h € (A (B) N7[A])+.1 so that ¢(a) = hn(a) forall a € A.

Then ¢(a) = W2z (@)h'/? and it is, being the compression of a *-
homomorphism by a positive contraction, c.p.c. Since h € ¢[A]’, ¢ has order
zero and (1) follows.

Suppose (1) holds. Identify B with a nondegenerate C*-subalgebra of some
AB(H). Let (1, K, v) be the Stinespring dilation of ¢: A — HB(H), so that

p(a) = v (a)v*

for all @ € A. Since B = ¢[A] we may assume that 7 is nondegenerate. By
replacing A with A/ker(z), we may assume that  is injective. Therefore for all
a and b in A we have that 7 (a)7 (b) = 0 implies ab = 0, and since ¢ has order zero
we have

Tr(@)Ta(b)T = vip(a)p(b)v = 0.
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Lemma 3.2.10 now implies that T := v*v belongs to w[A]. Therefore ker T is a
m[Al-invariant subspace. If p denotes the projection to (ker T')", then

w'(a) := pr(a)p

is a *-homomorphism. The polar decomposition of v gives an isometry between
(ker T)* and H, which we can use to identify (ker 7')* with H and replace 7’ with
a *-homomorphism into Z(H).

This operation identifies v with T1/2 € 7[A] and ¢(a) with TV27(a)T1/? for
every a € A. Since T1/2 ¢ 7[AY, we have 7 (a)@(b) = @(ab) € B forall a and b
in A. This and B = C*(p[A]) together imply 7 (a) € .# (B) forall a € A.If (ey)
is an approximate unit for A then

To(b) = lim;, To(eyb) = limy, TT V21 (e;b)T'/? = limy, (e;)(b)

belongs to B, and therefore T € .# (B). |

With the help of a lemma proved in Section 5.2 without using Proposition 3.2.11
or any of its consequences, one can recover a simple C*-algebra from its image
under a c.p.c. order zero map with a trivial kernel (see also Exercise 3.10.12).

Proposition 3.2.11 Suppose A is a simple unital C*-algebra and ¢: A — JB(H)
is a c.p.c. map of order zero. If p[A] # {0} then there exist a C*-algebra C and
%

a completely positive map : ¢[A] — C such that Y o ¢: A — C is a *-
homomorphism. In particular, W o ¢[A] is isomorphic to A.

Proof Theorem 3.2.9 implies that there are a positive contraction 7 € Z(H) and a
*-homomorphism 77 : A — {h}’ such that ¢(a) = hx(a). We will have C := w[A].
Since C is abelian, it is nuclear (Lemma 2.4.3). Since A is simple and clearly w[A]
includes an approximate unit for C*(h, w[A]), by Lemma 5.2.13 we can identify
C*(h, w[A]) with C*(h) ® m[A].

Fix r € sp(h) \ {0} and let ¢ be the point-evaluation at » in C*(k). This is a pure
state on C*(h) and Example 3.3.5(1) implies that 6 := ¢ ® idy[4] is a conditional
expectation of C*(h) @ w[A] to w[A]. Therefore  := r~19isa completely positive
map. Fora € A we have ¢ o p(a) = r_1(<p ®idra)(h ®m(a)) = n(a) and ¥ o @
is a unital *-homomorphism on A. Since A is simple, it is an isomorphism. O

3.3 Averaging and Conditional Expectation

In this section we introduce averaging in C*-algebras and von Neumann algebras
and use it to construct conditional expectations.

Suppose A is a C*-algebra, p is a probability measure or a mean (see below) on
aset X, and f: X — A. We will explore two situations in which the integral

/ f@dux) e A
X

is well-defined and well-behaved.
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Example 3.3.1 Suppose X is a compact metrizable space and p is a Borel proba-
bility measure on X. If A is a Banach space and f: X — A is continuous then the
Riemann sums corresponding to the integral

/ J(x)dp(x)

form a Cauchy net in A, and the limit of this net is defined to be the integral.

Example 3.3.2 Suppose I" is an amenable group. Consider the von Neumann
algebra £, (I") of all bounded, complex-valued functions on I" with respect to the
sup norm. The group I" acts on £, (") by the left translation,

g-a(h) = a(gh)

fora € £5o(I"), g € I'yand h € I'. If I" is amenable then there exists an invariant
mean, i.e., a functional w: £ (I") — C such that

1. p is a state, and
2. u(a) = u(g.a) forall g and a.

Now suppose A is the dual of a Banach space B, and denote the bilinear functional
implementing the corresponding duality by (-,-). If f: I" — A is uniformly
continuous then we can define f (D) f(x)du(x) asfollows. For b € B the function
Op: I' — C defined by 6;,(g) := (f(g), b) is in £oo (") (it is bounded by || f|||61]).
Then ¢(b) := 1 (0p) defines a bounded linear functional on B. Since A = B*, there
exists a € A such that (a, -) = ¢(-). Define /ZOO(F) f(x)du(x) tobea.

Definition 3.3.3 Suppose B is a C*-subalgebra of C*-algebra A. A conditional
expectation from A to B is a completely positive contraction ®: A — B which
satisfies the following bimodule condition

® (bac) = bO(a)c

foralla € Aandall b € B and ¢ € B (see [27, 11.6.10]).

For a proof of the following theorem see e.g., [27, Theorem 11.6.2.10] or [34,
Theorem 1.5.10].

Theorem 3.3.4 (Tomiyama) Suppose B is a C*-subalgebra of a C*-algebra A.
Every projection ®: A — B of norm 1 (as a linear operator between Banach
spaces) is a conditional expectation. O

Example 3.3.5

1. Suppose A = B ® C. If ¢ is a state on C then id ®¢ is a conditional expectation
of A to B (B is identified with B ® 1¢). More generally, if A;, for j € J, are
unital C*-algebras, A = );; A; and g; is a state on ;. ; A, then id ®g); is
a conditional expectation of A to A; when the latter is naturally identified with a
C*-subalgebra of A.
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2. If B is a finite-dimensional C*-subalgebra of A then it is a direct sum of full
matrix algebras. By applying Corollary 3.2.6 to each of the summands, the
identity map from B into B can be extended to a c.p.c. map from A into B.
Such a map is a projection of norm 1, and therefore a conditional expectation by
Theorem 3.3.4.

Suppose X is a subset of a C*-algebra A. The relative commutant of X in A is
X' NA:={a € A:la,b] =0forallb € X} (Definition 3.1.19). A proof of the
following is analogous to that of Lemma 3.1.4.

Lemma 3.3.6 Suppose A is a C*-algebra and X C A.

1. Then X' N A is norm-closed (not necessarily self-adjoint) algebra.
2. If X is self-adjoint, then X' N A is a C*-algebra.
3. Ifa is normal, then {a} N A is a C*-algebra. O

Lemma 3.3.7 Suppose F is a finite-dimensional C*-subalgebra of a C*-algebra A.
Then there exists a conditional expectation : A — F' N A.

Proof The unitary group U(F) is a closed subset of the unit ball of a finite-
dimensional Banach space F, and therefore compact in the norm topology. Denoting
the Haar measure on U(F) by u, for every a € A the integral (see Example 3.3.1)

0(a) = fU(A) uau™ du(u)
is well-defined. The map @ is linear and of norm 1. If @ € F' N A then uau™ = a for

allu € U(F), hence 8(a) = a fora € F' N A.
For v € U(F) and a € A by substitution of variables we have

v0(a) = [vuau* dp(u) = ([ vuau*v* dp(u))v = 6(a)v.

Torecap,0: A — F' NA,0(a) =afora € F'NA,and 9 is a linear map of norm
1. By Theorem 3.3.4, 0 is a conditional expectation of A onto F' N A. O

Corollary 3.3.8 Suppose A is a finite-dimensional C*-algebra and v € A is a
unitary. Then (Z(A) denotes the centre of A)

dist(v, Z(A) < sup,ca_, v, alll < 2dist(v, Z(A)).
Proof By applying the triangle inequality, we get ||[v, a]|| < 2dist(v, Z(F))|a]l.
For the other inequality, apply Lemma 3.3.7 with F := A to obtain a conditional
expectation ® of A onto A’ N A = Z(A). Then

[lv—0O®@)| < sup,cya llv— uvu™| = sup,cyca) lvu — uv||

which gives a slightly more precise result. O
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Proposition 3.3.9 If A is a C*-algebra, I is a discrete group, and o: I' — Aut(A)
is a group homomorphism, then there is a conditional expectation 0 : Axy " — A.

Proof The algebra Bo := {}_,cp agitg : F € I',ag € Afor g € F}is norm-dense
in A Xg, I' (Lemma 2.4.10). Define 6: By — A by

O(deF Agllg) i= de.

Then ®(a) = a for all a € A. We need to check that ||#]] < 1. Lemma 2.4.10(3)
implies

12 ger agugll = llaell = 10X gcp agug)ll,

proving the norm estimate.
Theorem 3.3.4 implies that ® is a conditional expectation. O

Proposition 3.3.10 Suppose M is a von Neumann algebra and D is an abelian von
Neumann C*-subalgebra of M. Then there exists a conditional expectation

0: M — D'NM.

Proof The proof is analogous to the proof of Lemma 3.3.7. The unitary group U(D)
is abelian and we therefore carries an invariant mean p. As in Example 3.3.2,

0(b) := [ ubu*du(u)

is well-defined and as in Lemma 3.3.7 it is a conditional expectation of M to D. O

3.4 Transitivity Theorems I: The Kadison Transitivity
Theorem

In this section we prove the Kadison Transitivity Theorem and provide some
limiting examples. Towards its proof we introduce the Matrix Completion Trick.

Definition 3.4.1 A representation w: A — AB(H) is algebraically irreducible if
the orbit 7[A]€ of every nonzero vector § € H is equal to H. It is topologically
irreducible if the orbit m[A]& of every nonzero vector £ € H is dense in H.

For a C*-algebra A the two definitions are equivalent; this is the Kadison
Transitivity Theorem. The nontrivial implication is an immediate consequence of
Theorem 3.4.5 below.

The following (nonstandard) property of a von Neumann algebra M < HA(H)
is used in conjunction with the Kaplansky Density Theorem to prove the Kadison
Transitivity Theorem (Z (M) denotes the centre of a von Neumann algebra M).
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(*)  For every finite-rank projection p in Z(M)', every ¢ € M, and every § > 0,
there exists b € M such that (c — b)p = 0 and ||| < |lcp| + 8.
If ¢ is self-adjoint then b can be chosen to be self-adjoint.

We will discuss the extent of (*) in Lemma 3.4.4 and Example 3.4.7.

Theorem 3.4.2 Suppose A is a C*-subalgebra of #(H) such that M := A" has
property (*). Let p € Z(M)' be a finite-rank projection and fix c € M. Then the
following hold for every ¢ > 0.

1. There exists a € A such that (a — c)p = 0 and ||a|| < ||c|| + &.

2. If c is in addition self-adjoint then we can choose a to be self-adjoint.

3. If c is in addition a unitary and cp = pc then we can choose a to be a unitary
and satisfy |1 —al| < ||l —c|| + &.

Proof (1) Fix A, p, ¢, and ¢ as in the statement. The proof proceeds by building a
convergent series (a,) in A using (*) and the Kaplansky Density Theorem. Since all
vector space topologies on a finite-dimensional space are equivalent, the set

{a e B(H) :|l(a—d)pl <)

is strongly open for all d € #(H) and all § > 0.

We may assume |[c|| = 1. Let g, := 27 2=lg forn > 0.

By (*) choose by € M such that ||bg|| < ||cp]l +&0 = 1+ €p and (bg —c)p = 0.
By the Kaplansky Density Theorem choose ag € A such that ||(ap — bo)p|l < &o
and |laoll < llboll < 1+ &o. Letcy := ¢ —ap. Then |lc; pll = |I(c —ao) pll < o and
c1 EM.

By (*) choose by € M such that ||b1|| < |lc1pll+&1 < go+€1 and (by—c1)p = 0.
By the Kaplansky Density Theorem choose a; € A such that ||(a; —b1) p|| < €1 and
llaill < lIb1ll < &0 + €1. Letcz := ¢ — ay. Then ||cap|| = [[(c — (a0 + a1))pll < &1
and c, € M.

By (*) choose by € M such that ||b2|| < |lc2pll+e2 < €142 and (by—c2)p = 0.
As before, choose ay € A such that ||[(ax — b2) p|l < &1 and |laz|| < ||b2]l < €1 + 2.
Letcsz :=c —aj; — a>. Then ||cap|l = ||[(c — (ap + a1 + @) pll < e and c3 € M.

Proceeding in this manner, foralln > 1 we find ¢, € M, b, € M,and a, € A
such that the following hold.

L lleapll = lltc = X120 a)pll < en-1.
2. bull < &n—1 + &y and (b — cu)p = 0.
3. ll(an — ba)pll < €1 and llan || < en—1 + n.

Since &,_1 + &, <27 "¢, the suma := Zn ap belongs to A. It satisfies

lall < llaoll +& <14€0+¢

and (c —a)p = (c — Z?Ozoaj)p =0.

(2) Suppose that c is self-adjoint. By (*) and the Kaplansky Density Theorem a,,
as in the proof of (1) can be chosen to be self-adjoint, and by induction ¢ — Z?:O aj
is self-adjoint for all n. With this modification the proof of (1) gives a proof of (2).
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(3) Now suppose c¢ is a unitary such that pc = c¢p. Then (cp)*cp = p = cp(cp)*
and cp is a unitary in HB(p[H]). Since p[H] is finite-dimensional, it has an
orthonormal basis (§; : j < k) consisting of eigenvectors of ¢p. Since pc = cp,
each &; is an eigenvector of c. Let A ; be the eigenvalue corresponding to &}, so that
c&; = A j&;. By the Borel functional calculus there exists a self-adjoint d € W*(c)
such that {A; : j < k} € {e! : —|d|| < t < |d|}. Since d € W*(c)
we have [d, p] = 0. By (2) for every § > 0 there exists a’ € Ag, such that
sp(a@’) € [—r—6,r+8]land a’p = bp. Since a’ and b are self-adjoint and bp = pb,
we have a’p = pa’. Then a := exp(ia’) is a unitary in A. Because each £; is an
eigenvector of both a’p and ap, a is as required. Since § > 0 can be arbitrarily small
we can assure |1 —al| < ||[1 —c| + &. |

Our proof of (*) for Z(H) and products of copies of Z(H) requires a trick well-
known under the name of matrix completion (but see Exercise 3.10.16). Given a
projection p in #(H), an operator a € Z(H) can be represented as an operator

pap pa(l — p) )
(I =pap (1 = p)a(l — p)

Lemma 3.4.3 Suppose A, B, and C in J8(H) are such that, with || - || denoting the
operator norm, || (A B) | <1and

(©)
(&)=

Proof Since AA* + BB* = (A B) (A B)*, the C*-equality implies AA* +
BB* < 1. Therefore BB* <1 — AA* and for all £ € H we have

matrix

< 1. Then there exists X € 9B(H) such

that

IB*€))? = | BB*E|| < |[(1 — AA®)E|| = ||(1 — AA%)!/%¢ |

By Lemma 1.1.2 applied to « = B* and b = (1 — AA*)!/? there exists a
contraction By such that B* = By(1 — AA*)/2 and B = (1 — AA*)I/ZBS‘.

A
(¢)
above there exists a contraction Cg such that C = Co(1 — A*A)!/2.

Let X := —CyA*By. A computation shows

AB) (10 A (1—AAHY2\ (1 0
cx) \0Cy) \(1—-Aa*a)!/2 —A* 0B;)"

It remains to bound the norms of the three matrices on the right-hand side. Each of
the two diagonal matrices is a contraction since By and Cy are contractions, and the
middle matrix U satisfies UU* = U*U = 1. This concludes the proof. O

By < 1 we have C*C + A*A < 1 and by an argument similar to the
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Lemma 3.4.4 The following von Neumann algebras have property (*).

1. B(H), as a subalgebra of itself, for any Hilbert space H.
2. Hjej] HB(H)j), as a subalgebra of %’(@j Hj), for every family of Hilbert
spaces Hj, for j € J.

Proof We will see that in both cases b as required can be chosen with § = 0.
Since cp € Z#(H), only the case of (1) when c is self-adjoint requires a proof.

We need b of the form ( pep - pell = p)) forsome X € (1—p)ZAB(H)(1—p).
(1= p)ep X

Since pc = (pcp pe(l — p)) and (po)* = cp = ((IPCI;)C
Lemma 3.4.3 are satisfied and we can find X and b as required.

For 2, fix a finite-rank-projection p € Z(%(D; H;)) and ¢ € P #(H;). Since
p has finite rank, we may assume J = m for some m € N. For every j the projection
qj to Hj is in the centre of Z(€P; H;) and thereforec = }_; _,, gjcq;. Since pisin
Z(M)', it commutes with ¢ ; and therefore p; := g, p is a projection for all j. Hence
we have cp = Zj<m cp;. By applying (¥) to #(H;), find b; € Z(H;) such that
(bj—c)pj =0and [|bj|| < |lcpjllforall j < m.Thenb := Zj<m b; belongs to M

>, the assumptions of

and it satisfies (b — ¢)p = 0 and ||b]| = max; ., [|bp;ll < max;., llcp;ll = llcpll.
If ¢ is self-adjoint then so is cq; for all j, hence each b; can be chosen to be
self-adjoint in which case b is self-adjoint as well. O

If F is a subset of the domain of a function or an operator a we write a | F for
the restriction of a to F.

Theorem 3.4.5 Suppose A is a WOT-dense C*-subalgebra of 8(H), F € H, and
c € B(H). Then for every ¢ > 0 we have the following.

1. There existsa € A suchthata | F =c | F and |la] < ||c|| + ¢

2. Ifc =c*thenthereisa € Ay, suchthata | F =c | F and |la|| < ||c|| + &.

3. If ¢ is unitary and A is unital, then we can choose a unitary of the form exp(ia)
fora € Ay, sothatexp(ia) | F =c | Fand |1 —exp(ia)| < ||1 —c]|.

Proof (1) and (2) follow by Theorem 3.4.2 and Lemma 3.4.4.

To prove (3), let K denote the span of F U ¢[F] and let p’ := projg. The partial
isometry ¢ | F can be extended to a unitary in 4 (K), and then to a unitary ¢’ in
%(H), while maintaining |1 — c|| = ||1 — ¢/||. Since p’c’ = ¢’p’, the assertion
follows from (3) of Theorem 3.4.2. |

Continuous functional calculus can be used to improve (2) and (3) of Theo-
rem 3.4.5; see Exercise 3.10.17.

Corollary 3.4.6 below will be used in our proof of the main ingredient of the
Glimm Dichotomy (Corollary 5.5.8) in Section 3.7.

Corollary 3.4.6 Suppose A is a WOT-dense C*-subalgebra of (H) that satisfies
AN (H) = {0}. Ifa € A | then the hereditary C*-subalgebra aAa is WOT-dense
in B(a[H)).
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Proof We need to prove that for every F € al[H], every b: F — F can be
uniformly approximated by elements of aAa. By Theorem 3.4.5, for fixed F and
bwecanfindd € Asuchthatd [ F = b | F. Since C*(a)+ has an approximate
unit, there exists ¢ € C*(a)4+ such that supgcr [I§ — c&|l is arbitrarily small, and

therefore cdc € aAa approximates b on F arbitrarily well. O

The following limiting examples for the property (¥), as well as for the
conclusions of Theorems 3.4.2 and 3.4.5, will not be used elsewhere in this book.

Example 3.4.7 In the following examples M C Z(H) is a von Neumann algebra
and p € HB(H) is a finite-rank projection. In (3) A is a C*-algebra WOT-dense
in M.

1. An example of M for which (*) holds vacuously. Suppose (X, 1) is a measure
space, and let H := Ly(X, ). Then Loo(X, ) is a maximal abelian C*-
subalgebra of Z(H) and if some nonzero projection p € Lo (X, i) has finite
rank then u has an atom. Therefore (*) vacuously holds for M = Lo (X, 1) in
the case when u is the Lebesgue measure (or any other atomless measure).

2. An example of M, ¢ € M, and p, for ¢ > 0 such that no b € M satisfies bp, =
cpe and ||b|| < |lc]le~!. Let v denote the Lebesgue measure, H := L, ([0, 1], v),
and M := L ([0, 1], v). For every g € H and h € H such that g(¢) # 0 a.e.
there exists at most one f € M such that fg = h, satisfying f(¢) = h(t)/g(t)
ae. Let g. € H be defined by g.(1) =eif 0 <t < 1/2 and g.(t) = V2 — &2 if
1/2 <t < 1.Letc € Mbec:= x0,1/2)- Then ||g¢ll2 = 1 and [|cgs |l = 271/%.
Hence (with p, denoting the projection to the span of g) ||cp || = 2~ !/?¢. Since
llc]l = 1 and c is the unique b € M that satisfies bp, = cp., the conclusion
follows.

3. An example of a C*-algebra A € H(H), an F € H, and an operator ¢ € A”
suchthata [ F # ¢ | F foralla € A. Letv, H, M, c, g :== g, and F := {g}
forany 0 < & < 1 be as (2) and let A := C([0, 1]), as a concrete C*-subalgebra
of M. Since the unique b € M satisfying bg = cg is not a.e. equal to a continuous
function, there is no a € A satisfyinga [ F=c [ F.

An important example of a situation in which Theorem 3.4.5 can be extended
to show that for every ¢ € A” and every F € H there exists a € A satisfying
a | F =c | F will be given in Theorem 3.5.4.

3.5 Transitivity Theorems II: Direct Sums of Irreducible
Representations

In this section we prove an extension of the Kadison Transitivity Theorem, due to
Glimm and Kadison, to direct sums of inequivalent irreducible representations.
A subrepresentation of a representation 7 : A — Z(H) is one of the form

np(a) := pm(a)p
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for p € w(A). Exercise 1.11.56 implies that the map a — pm(a)p is a *-homo-
morphism if and only if p € w[A]. Thus subrepresentations of 7 correspond to
projections in the von Neumann algebra 7 (A)'.

Two representations 7 and o of A are disjoint if they have no equivalent nonzero
subrepresentations. An intertwiner of representations w and o of A is a bounded
linear operator T : #(H;) — PB(Hy) such that Tw(a) = o(a)T for all a € A.
A representation 7: A — Z(H) is nondegenerate if w[A]+ = {0}. Every unital
representation is clearly nondegenerate, and every representation is a direct sum of
a nondegenerate representation and the zero representation.

Lemma 3.5.1 Suppose w: A — JB(H) is a nondegenerate representation, p and
q are orthogonal projections in w[A]'. Then the following are equivalent.

1. 7y and 7y are disjoint.
2. m, and wy have no nontrivial intertwiners.

3. (p+ (A (p+q) = pr(A) p ®qm(A)q.

Proof Clearly (2) implies (1). To prove that (1) implies (2), suppose (2) fails and
let T be a nontrivial intertwiner of 7, and ;. By the polar decomposition we have
T = v|T| for a partial isometry v. Then v, v*v, and vv* all belong to 7 (A)’, giving
equivalent subrepresentations of 7, and 7. Thus (1) fails.

It remains to prove that (3) is equivalent to (2).

Since (p + q)w(A) (p + q) 2 pr(A)'p ® qm(A)q, (3) is equivalent to the
inclusion

(p+q)n(A) (p+q) C pr(A) p®qn(A)q.

This is equivalent to all intertwiners being trivial, which is (2). O

We will need Proposition 3.5.2 below only in the case when all representations 7;
are irreducible.

Proposition 3.5.2 Suppose w;j: A — JAB(H;), for i € J are nondegenerate
representations of a C*-algebra A, H :== @, H;, 7 :== @, ni: A - HB(H), and
pi is the projection of H onto H;. Then the following are equivalent.

1. All 7t; are disjoint.

2. Ifi # j then m; and 7 have no nontrivial intertwiners.

3. w(A) =]]e5 Pim(A) pi.

4. w(A)" = [y Pim(A) pi.

Proof The case when J has two elements in Lemma 3.5.1. Since each of the

assertions (1)—(4) is local, in the sense that it holds for J if and only if it holds
for all of its two-element subsets, this concludes the proof. m]

A corollary of the equivalence of (1) and (4) in Proposition 3.5.2 is worth
recording.
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Corollary 3.5.3 Suppose m;: A — JB(H;), fori € I, are irreducible representa-

tions of a C*-algebra A. Then these representations are inequivalent if and only if
—=Wor
@i<d i [A] = @i<d %(H,) O

We can now prove the following extension of Theorem 3.4.5.

Theorem 3.5.4 (Glimm-Kadison) Suppose w;: A — ZPA(H;) for i < n are
inequivalent irreducible representations, F; € H;, and T; € ZAB(H;) fori < n.
LetT :=@; T; and ¢ > 0.

1. Then there exists a € A such thatw(a) | F; = T; | F; foralli < n.

2. If each T; is self-adjoint then a can be chosen to be self-adjoint and such that
lall < ITI +e.

3. If each T; is a unitary in 98(H;) then a can be chosen to be a unitary with

la =1 < IT = 1| +&.

Proof Since each 7; is irreducible, Corollary 3.5.3 implies 7[A]” = ; Z(H;).
By Lemma 3.4.4, w[A]” satisfies (*), and Theorem 3.4.2 implies (1) and (2). The
proof of (3) from (1) and (2) is analogous to the proof of Theorem 3.4.5(3). |

The following consequence of Theorem 3.5.4 will be used in Section 5.1. Recall
that Up(A) is the subgroup of the unitary group U(A) consisting of all unitaries
homotopic to 1.

Corollary 3.5.5 Suppose A is a unital C*-algebra, w;: A — HB(H;), fori < n,
are inequivalent irreducible representations, and E is a finite-rank projection onto
a subspace of H = @, _,, H;. Let U := {E} N Uy(A). Then u — uE defines a
surjective group homomorphism from U onto U(E[H]).

Proof By Theorem 3.5.4(3), for every u € U(E[H]) there exists v € Up(A) such
that vE = u. In order to prove that v commutes with E, note that

w* =vEv*  +v(l — E)v* =uu* +v(l — E)v* = E +v(l — E)v*.

By multiplying with v on the right and cancelling, we obtain 0 = Ev — vE. O

3.6 Pure States

The purpose of this section is to study pure states (i.e., nonzero extreme points of
the state space of a C*-algebra) and irreducible representations of C*-algebras. We
prove a noncommutative version of the Radon—-Nikodym theorem and give several
equivalent characterizations of pure states. We also collect several characterizations
of abelian C*-algebras which will be used elsewhere in this book.
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If A is a unital C*-algebra then the state space of A, S(A), is weak*-compact and
convex. By the Krein—-Milman theorem, it is equal to the closed convex hull of its
extreme points.

Definition 3.6.1 An extreme point of S(A) is called a pure state, and the space of
pure states on A is denoted P(A).

Proposition 3.6.2 Suppose A is an abelian C*-algebra.

1. Pure states of A correspond to the point-evaluation functionals on A.

2. A state on A is pure if (and only if) it is a character (i.e., a unital *-
homomorphism into C).

3. If A is unital then its pure states comprise a weak™-closed subset of the dual unit
ball. O

Proof (1) By Example 1.7.2, states correspond to probability measures on the
spectrum A of A, and the nonzero extreme points correspond to the point-evaluation
functionals.

(2) A state that corresponds to a point mass measure is a point-evaluation state,
and therefore a character. Conversely, if @ is not a point mass measure then the
corresponding functional does not even preserve orthogonality and it therefore
cannot be a character.

(3) The space of point mass measures on A with respect to the weak™-topology
is homeomorphic to A, and therefore compact. O

Needless to say, the structure of the pure states of a noncommutative C*-algebras
is a bit more complex. An infinite-dimensional nonabelian C*-algebra may not have
characters at all, and pure states typically do not form a weak*-closed subset of its
state space® Pure states however form a Polish subspace (see Definition B.0.1) of
the state space in any separable C*-algebra (Exercise 3.10.25). If A is non-unital
then the weak*-closure of S(A) is equal to the convex closure of S(A) U {0} and
S(A) is included in the closed convex hull of P(A) U {0}.

Recall that the left kernel of a state ¢ is L, = {a € A : ¢(a*a) = 0}. If
(7wy, Hy, &) is the GNS triplet associated with ¢, then since ¢(a) = (my(a)é,18y)
foralla € A, wehave L, = {a € A : m,(a)§, = O}.

Lemma 3.6.3 For any state ¢ of a C*-algebra A, L, is a norm-closed left ideal
of Aand Ly, + Ly, < ker(g).

Proof By Corollary 1.6.5(4) we have a*b*ba < a*a||b*b| and therefore a € L,
implies ba € L, for all b. Since ¢ is continuous, L, is norm-closed, and by
Exercise 1.11.41 we have (a + b)*(a + b) < 2(a*a + b*b). Therefore L,, is closed
under addition. This proves L, is a left ideal.

3Quite the opposite is true: by Glimm’s Lemma (Lemma 5.2.6) P(A) is weak*-dense in S(A) if A
is simple.
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The Cauchy—Schwarz inequality (applied in A) implies |p(a)]?> < o(Dp(a*a),
and in particular L, C ker(¢). Similarly lp(@)|? < ¢(1)@(aa*) and L¥ C ker(p).
Hence L, + L:’; C ker(g). O

3.6.1 Irreducible Representations

As defined in Section 3.4, a representation 7: A — A(H) is irreducible if the
only 7 [A]-invariant subspaces of H are {0} and H. Since w[A] is a von Neumann
algebra (Theorem 3.1.6), 7 is an irreducible representation if and only if 7[A]' = C,
or equivalently if 7[A]” = Z(H).

Since the states on an abelian C*-algebra Co(X) correspond to Borel probability
measures on X, if ¢ is a state on A then (A, ¢) can be considered as a “non-
commutative measure space”’. Lemma 3.6.4 below belongs to the “noncommutative
measure theory”.6 If ¥ < ¢ are states on Cy(X) then there exists h € Cp(X),
0 < h < 1, such that Y (a) = ¢(ha) for all a € Co(X). Modulo the identification of
states on Co(X) with Radon measures on X this is the Radon—Nikodym Theorem.
In the statement of the following noncommutative analog of the Radon-Nikodym
Theorem and its proof we write (7y, Hy, &,) denotes the GNS triplet associated
with @.

Lemma 3.6.4 Suppose ¢ is a state on a C*-algebra A. There is an order-isomor-
phism between X" := {h € my,[A] : 0 < h < 1}and % = { € S(A) : ¥ < ¢}
implemented by

Yn(a) == (my(@)h§|§).

Proof Fix h € 2. Then ¢, = Wp12¢ © Ty To prove ¥, < ¢, fixa € A4. The
restrictions of ¢ and ¥, to the abelian C*-algebra C*(a, h) correspond to Radon
measures i and v such that v(f) = f fhl/2 du (Example 1.7.2). Since h'?2 <1
we have v < u and therefore ¥, (a) < ¢(a). An analogous proof shows that & < h’
implies ¥, < y.

It remains to verify that every ¥ € % is of the form v, for a unique 2 € 2 . Fix
¥ € S(A).Foraand bin A leta(a + Ly, b+ Ly) := vy (b*a).

Since | (b*a)|> < Y (b*b)Y(a*a) < @(B*b)g(a*a), a is a well-defined

sesquilinear form of norm < 1 on the GNS pre-Hibert space A/L,. Let h € %(H,)
correspond to the continuous extension of « to Hy. For a, b, and ¢ in A we have

(T(@h(b + Ly)l(c + L)) = ¥(c*ab).

SHowever, the theory of von Neumann algebras is generally considered to be the proper
noncommutative analog of measure theory.
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Since (h(a 4+ Ly)|(a + Ly)) = ¥ (a*a) > 0, the operator h is positive. Since
(me(@)h(b+ Ly)lc + Ly) = ¥ (c*ab) = (hmy(b + Ly)|c + Ly)

and b, and ¢ were arbitrary, we have h € rr(p[A]’ .
To prove the uniqueness of %, observe that it is uniquely determined by the
sesquilinear form « and that « is uniquely determined by . O

Proposition 3.6.5 For every state ¢ of A the following are equivalent.

1. It is pure.

2. If ¥ < @ is a positive functional, then \r is a scalar multiple of ¢.
3. The GNS representation 1, is irreducible.

4. We have ker(¢) = Ly, + L;Z.

Proof (1) implies (2): If ¢ € P(A) and v < ¢ then ¢ = ¥ + (¢ — ) hence
i~y = e.

(2) implies (1): If ¢ = tyg + (1 — 1)) with 0 < ¢ < 1 and Y9 # ¢ then at
least one of the inequalities’ ="y # ¢ and (1 — 1)~ 'y # ¢ holds.

Lemma 3.6.4 implies that (2) is equivalent to (3).

(3) implies (4): Lemma 3.6.3 implies L, + Ly, < ker(p) for any state ¢. Suppose
that the GNS representation corresponding to ¢, 7: A — Z(H), with cyclic
vector &, is irreducible. If a € ker(p) then (w(a)£1€) = 0 and n = w(a)€ is
orthogonal to £. By Theorem 3.4.5 there exists b € Ay, such that w (b)) = 0 and
w(b)n = n. Then b € L; since w(b)¢é = m(b*)é = 0, and therefore ba € L;.
Also a — ba € L, because (w(a — ba)é|m(a — ba)s) = 0 and we can write
a=(a—ba)+baeclL,+ L?;. Since a € ker(¢) was arbitrary, this proves (4).

(4) implies (2): Suppose that ¢ satisfies (4) and ¥ < ¢ is positive and nonzero.
Then v (a*a) < ¢(a*a) and Ly D L,. Lemma 3.6.3 implies

ker(y) D Ly + Lz DL,+ L:’;7 = ker(¢p)

and ker(yy) = ker(p). Since every state is uniquely determined by its kernel
(Exercise 1.11.51) we have ¢ = |||~ 'o. m|

A modest collection of equivalent characterizations of abelian C*-algebras
follows (see also Exercise 3.10.26).

Proposition 3.6.6 For a C*-algebra A the following are equivalent.

1. A is abelian.

2. If ¢ and  are distinct pure states on A then |l — V|| = 2.

3. The space P(A) with respect to the norm topology has no nontrivial connected
components.

4. The space P(A) with respect to the norm topology contains no homeomorphic
copy of the unit circle T.

7 Actually, both.
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5. For every irreducible representation w: A — %B(H) the space H is one-dimen-
sional.
6. No element of A is nilpotent.

Proof (1) = (2): If A is abelian then A = Cy(X) where X is the space of pure
states on A equipped with the weak™*-topology (Example 1.7.2). For any two distinct
points of X the Tietze Extension Theorem provides a € Co(X) such that |la] = 1,
¢(a) = 1and ¥ (a) = —1. Therefore [[¢—y || > 2. Since [lp—y[| < ll@ll+IlY¥ ]l =2
for all states ¢ and v, (2) follows.

The implications (2) = (3) and (3) = (4) are trivial.

(4) = (5): Suppose (5) fails and let 7: A — ZH(H) be an irreducible
representation with dim H > 2. Fix orthogonal unit vectors £ and n in H. Define
f: T — H by f(exp(if)) := cosO& + sin6n. Then every vector in the range of
f has norm 1, and ¢y := w(exp(ig)) © 7 is a state on A with cyclic vector f(6) for
0 < 6 < 2m. Since 7 is irreducible, these states are distinct and pure, and they form
a homeomorphic copy of T in P(A). Therefore (4) fails.

(5) = (1): Since the direct sum of all irreducible representations of A is
faithful, (5) implies that A is isomorphic to a C*-subalgebra of an abelian C*-algebra
and (1) follows.

(1) implies (6) because there are no nilpotent elements in Co(X).

(6) implies (5): Suppose (6) fails and let 7: A — Z(H) be an irreducible
representation of A with dim(H) > 2. Let £ and n be orthogonal unit vectors in
H. By Theorem 3.4.5 we can find a € Ag, with |la]| = 1 and y € A such that
até = &,an = —n, y§ = n,and yn = 0. Then wg o 7 and w, o 7 are distinct
pure states on the abelian C*-algebra C*(a, 1). The elements b := %( la| 4+ a) and
c = %(|a| — a) belong to A 1 and satisfy b§ = &, cn = n and bc = 0. Then
x = byc satisfies x> = 0 and ||x|| < 1. Since x& = 5 it is nilpotent of degree two
and norm 1. m|

This is a good moment to record one of the key steps in the proof of Glimm’s
Theorem (Theorem 3.7.1).

Corollary 3.6.7 If A is a WOT-dense C*-subalgebra of %(H) that intersects
J (H) trivially then every hereditary C*-subalgebra B of A contains a nilpotent
of degree two.

Proof Fixb € B 1. Then Corollary 3.4.6 implies that the hereditary C*-subalgebra
bAb is WOT-dense in b[H]. Since bAb N ¢ (H) = {0}, H is infinite-dimensional
and bAbD is not abelian. It contains a nilpotent by Proposition 3.6.6. O

An easy criterion for irreducibility of a representation will come handy in some
concrete situations (Lemma 10.4.7).

Lemma 3.6.8 Suppose m: A — PB(H) is a representation. The following are
equivalent.

1. 7 is irreducible.
2. The set {& € H<1 : m[A<1]§ is dense in H<1} is dense in H<].
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Proof If & is irreducible then for every nonzero vector £ € H we have n[A]é = H
by the Kadison Transitivity Theorem. To prove the converse suppose that 7 is not
irreducible and fix a nontrivial projection p € m[A]'. Let & in p[H] and ng in
plH 1+ be unit vectors. For unit vectors E~E&andn ~noanda € A<| we have

llan — &Il = lip(an — &) = lllapnll — P&l = [llapnoll — | péolll = 1,

and therefore (2) fails. O

3.7 Typel C*-algebras: Glimm’s Theorem

Notes are like handcuffs. Or brain—cuffs. I actually think one should forget everything about
a piece and create a new piece in the moment. But that is probably illegal.
Patricia Kopatchinskaja

In this section we prove Glimm’s Theorem, asserting that every non-type I
C*-algebra has a subalgebra with a quotient isomorphic to the CAR algebra.
Our proof uses completely positive maps of order zero from Section 3.2 and the
characterization of abelian C*-algebras given in Section 3.6.

The following theorem will not be used explicitly; we will be interested only in
the C*-algebras that do not satisfy either of the equivalent conditions stated in it.

Theorem 3.7.1 (Kaplansky) For a C*-algebra A the following are equivalent.

1. The image of A under any irreducible representation w: A — JB(H) includes
the compact operators ¥ (H).

2. The weak closure of the image of A under any representation w: A — JB(H) is
a type 1 von Neumann algebra.

Proof Seee.g., [14, Theorem 2.4.1]. m]

A C*-algebra A that satisfies (1) in Theorem 3.7.1 is said to be GCR, and one
that satisfies (2) in Theorem 3.7.1 is said to be of fype I. Since the two definitions
are equivalent, we will use only the latter. A C*-algebra is said to be of non-type I
if it is not of type L.

Theorem 3.7.2 (Glimm)  Every non-type-I C*-algebra has a C*-subalgebra
isomorphic to an infinite tensor product of nonabelian C*-algebras. This C*-
subalgebra has a quotient isomorphic to the CAR algebra.

A proof of Theorem 3.7.2 takes up the remainder of the present section. The
following nonstandard bit of notation will be useful. Fora € A4 | let

Agy:={ceA:ac=ca=aca=c}.
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This is a hereditary subalgebra of a Aa. The following lemma shows, among other
things, that a nilpotent element w acts like a partial isometry on A g y*y)-

Lemma 3.7.3 If w is a nilpotent element of degree two in a C*-algebra A, then

1. The restriction of Ad to A «cyw*y s an isomorphism onto A < yy*-

2. The restriction of Ad w* 10 Ay is an isomorphism onto A gy which is
the inverse of the isomorphism in (1).

3. The algebra {a + Adw(a) : a € A w] is isomorphic to Ay and it is
included in C*(w)’' N A.

Proof A straightforward computation, left to the reader. O

Lemma 3.7.4 If A is a WOT-dense C*-subalgebra of 8(H) and AN ¢ (H) = {0}
then for every non-scalar b € A, there exist a € C*(b)y 1 and a nilpotent w in
Ay of degree two.

Proof The assumptions imply that H is infinite-dimensional. Being WOT-dense
in Z8(H), A is nonabelian. Corollary 3.6.7 implies that every nontrivial hereditary
subalgebra of A contains a nilpotent w of order two. It therefore suffices to find
a € C*(b) such that A, is nontrivial.

By the continuous functional calculus we may assume {0, 1} € sp(b) C [0, 1].
We will need f and g in Co((0, 1])4,1 such that fg = f and | f|| = [Igll = 1.
For example, let f: [0, 1] — [0, 1] be such that f(r) = 0 for 0 < ¢ < 1/2,
f() = 1, and f is linear on [1/2, 1], and let g: [0, 1] — [0, 1] be such that
g(0) =0,g(t) =1for1/2 <t <1, and g is linear on [0, 1/2] (see Figure 3.2). Let
a =g(). Thena € Ay and af (b)a = f(b), and therefore f(b) € A«,. Since
f(b) € At 1, Aq 1s a nontrivial hereditary C*-subalgebra of A. As pointed out in
the first paragraph, this completes the proof. O

Proposition 3.7.5 Suppose A is a WOT-dense C*-subalgebra of 2(H) such that
AN (H)={0}.

1. There are nonzero c.p.c. order zero maps ¢, : M2(C) — A, for n € N, with
commuting ranges.

2. The algebra A has a C*-subalgebra with a quotient isomorphic to the CAR
algebra.

Proof (1) By applying Lemma 3.7.4 recursively choose w;,, for n € N, satisfying
the following.

Fig. 3.2 Functions f and g f 8
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1. Each w, is nilpotent of degree two.
2. Wp+1 € A<<<w,’§w,,-

Let A, := A«wrw,- Then (2) implies A, € A, for all n, and Lemma 3.7.3(3)
implies that

@y (a) :=a+ wyaw,,

is an isomorphism from A, ; onto a C*-subalgebra of C*(w,)’ N A. Define C*-
subalgebras By, forn € N, by By := C*(wy), By := ®o[C*(w)], and

By = ®o[P1[... D1 [C*(wp)]. .. ]].
Then B; € C*(wp) N A and in general B, € C*(w; : j <n)' N A. Let
Uy 1= Po(D1(. .. Py (W) ...)),

forn € N. Then v,, € B, and vy, for n € N, are commuting nilpotents of degree two.
In addition, for all m and all s € {_,, %} with v- := v we have || ]_[j<m v‘;(l)H =1.
A nilpotent v of degree two satisfies C*(v) = Co(sp(v*v), M>(C)) by Lemma 2.3.8.
This algebra is isomorphic to Co(sp(v*v)) ® M>(C). For each n fix an injective *-
homomorphism v, : Co(sp(v;iv,)) ® M2(C) — A. Then ¢, : M2(C) — A defined
by

on(a) = ¥y (idsp(v*v)) ®a)

is injective, c.p.c., and of order zero (Example 3.2.8(1)).

The ranges of ¢,, commute because the v,,’s commute.

(2) Proposition 3.2.11 implies that for every n € N there exists a surjective *-
homomorphism ¥, : C*(v,) — M>(C). For an m-tuple b; € C*(v;), for j < m,
let

@m(l_[j<m bj) = l1’0(b0) QY (bl) Q- ® lI/mfl(bmfl) € ®j<m M2((C)

The linear extension of ®,, to C*(v; : j < m) is a *-homomorphism onto
®j<m M, (C). Since O, extends @,,, the limit @ of these maps defines a *-
isomorphism from C*(v; : j € N) onto a dense C*-subalgebra of the CAR algebra.
Since a *-homomorphic image of a C*-algebra is a C*-algebra, the range of © is the
CAR algebra. O

Proof (Theorem 3.7.2) Suppose A is non-type I. Fix an irreducible representation
w: A — ZB(H) whose range has trivial intersection with J# (H). Then Proposi-
tion 3.7.5 implies that 7[A] (i.e., a quotient of A) has a C*-subalgebra isomorphic
to @y Co((0, 11, M>(C)). Since M>(C) is a quotient of Co((0, 1], M2(C)) (the
quotient map sends f to f (1)), the conclusion follows. O
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3.8 Spatial Equivalence of States

In this section we use the Kadison Transitivity Theorem to study spatial equivalence
of pure states. Spatial equivalence of n-tuples of inequivalent pure states is studied
using the Glimm—Kadison extension of the former.

Two states ¢ and  of a C*-algebra A are unitarily equivalent if ¢ o Adw =
for some w € U(A). Recall that two representations 1w; : A — Z(H;) (fori < 2)
are spatially equivalent (denoted o ~ ) if there is a unitary u: Hy — H; such
that 71 := Adu o g (Figure 3.3).

Since all automorphisms of Z(H) are inner, any isomorphism between % (Hy)
and % (H;) is implemented by a unitary (Exercise 2.8.29). Therefore mg ~ m; if
and only if 71 = @ o g for some isomorphism @ : Z(Hy) — JB(H)).

Proposition 3.8.1 For pure states ¢ and W of a C*-algebra A the following are
equivalent.

1. The states ¢ and \ are unitarily equivalent.

2. The representations 1, and 7y are spatially equivalent.

3. There is u € U(A) such that || — ¢ o Adu| < 2.

4. There is a € Ay with ||la|| < 2m such that w = exp(ia) satisfies ¢ o Adw =
and ¥ o Adw = ¢.

5. The states ¢ and r belong to the same path-connected component of P(A).

The proof of Proposition 3.8.1 will require two lemmas.

Lemma 3.8.2 Suppose that a C*-algebra A C B(H) is WOT-dense and & and n
are unit vectors in H. Then there exists a € Ay, such that ||a|| < w and u = exp(ia)
satisfies ué = zn and un = z& for some z € T.

Proof Letz € T be suchthatz(£|n) € Randlet’ := zn. Then & — 7’ is orthogonal
to & + ', by Theorem 3.4.5 we can find a > 0 with ||a|| < 7 which has & + 7’
as a O-eigenvector and & — n’ as a w-eigenvector. The unitary u = exp(ia) has A-
eigenvectors of a as e*-eigenvectors. In particular, u has & + n’ as a 1-eigenvector
and & — n’ as a —1-eigenvector. Therefore

Fig. 3.3 The equivalence of B
representations and the o
equivalence of states
A
x

B(H,

(H) A
\
Adu Adu C
/
) A

Ty ~ T o~y
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1 1
u) = E(M(E +1) +uE —n)) = E(S +n' —&+n) =7,

and similarly u(n") = &. Since n’ = zn, u is as required. ]

Lemma 3.8.3 Suppose that each of ¢ and V is an n-tuple of inequivalent pure
states on a C*-algebra A and max ., |l¢; — xp/;|| < 2. Then there exists a € A4 1
such that u := exp(ia2m) satisfies p o Adu = .

Proof Suppose that ¢; and /; are not equivalent for some j. By Theorem 3.5.4
there exists ¢ € Agq such that ||c]| = ¢j(c)=1and ¥;j(c) =—1,and [l¢; — ¥ ;|| =2;
contradiction.

We may therefore assume that ¢; ~ ¢ ; for all j < n. By Lemma 3.8.2 for each
J < nthereexists 0 < a; < 2m suchthatu; := exp(ia;) satisfies pj o Adu; = ;.
Since states ¢;, for j < n, are inequivalent, Theorem 3.5.4 implies the existence
of a such that 0 < a < 27 and u := exp(ia) moves the cyclic vector for ¥; to the
cyclic vector for ¢; for all j < n. Then ¢; o Adu = forall j < n. O

Proof (Proposition 3.8.1) Clearly (4) = (1) = (2) = (3). Also (3) implies (4) by
the case n = 1 of Lemma 3.8.3.

If (4) holds with u = exp(ia), then u; := exp(ita),for 0 < ¢t < 1, is a continuous
path of unitaries such that ug = 1, ¥ = ¢ o Aduy, and ¢ = ¥ o Aduy; thus (a
strengthening of) (5) holds.

Assume that (5) holds. “Discretize” the path between i and ¢ by finding m and
pure states ¢, for j < m, such that 9 = ¢, g1 = ¥, and [l¢; — @;11] < 2 for
all j < m —2. Apply the case n = 1 of Lemma 3.8.3 m — 2 times and multiply thus
obtained unitaries to find a unitary u satisfying ¢ = ¢ o Adu. Hence (1) holds. O

A corollary of the equivalence of (1) and (4) in Proposition 3.8.1 is worth stating.

Corollary 3.8.4 Two pure states on a unital C*-algebra A are unitarily equivalent
if and only if they are unitarily equivalent via a unitary in Ug(A). O

We will also need a generalization of Proposition 3.8.1 to m-tuples of pure states.

Proposition 3.8.5 If both ¢ and v are n-tuples of inequivalent pure states on A
then the following are equivalent.

1. The states ¢; and \; are unitarily equivalent for all i < n.

2. The representations 1y, and my, are spatially equivalent for ail i < n.

3. There exists u € U(A) such that Wi — @i o Adul| < 2foralli <n.

4. There exists a € Ay with ||a|| < 7 such that w = exp(ia) satisfies ¢; o Adw =
Y and ¥ o Adw = ¢;.

5. The states @; and ¥; belong to the same path-connected component of P(A) for
alli < n.
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Proof The equivalences of (1), (2), and (5) are a consequence of Proposition 3.8.1.
By the same proposition, (3) implies (1). Also, (4) clearly implies (3). Finally, (3)
implies (4) by Lemma 3.8.3. O

3.9 The Universal Representation and the Second Dual

In this section we prove that the second Banach space dual A** of a C*-algebra A is
isomorphic to the weak closure of the image of A in its universal representation. We
use A™* to prove a transitivity-type proposition that will be used in the construction
of an approximate diagonal in Section 5.1.

The universal representation of a C*-algebra A is the direct sum of all of its GNS
representations,

Ty = EB(peS(A) Tp-

Theorem 3.9.1 There is a linear isometry between the bicommutant of the image
of A under its universal representation and the second Banach space dual A** that
is an identity on A.

The standard proof of Theorem 3.9.1 proceeds by representing every functional
on A as a linear combination of states. I have learned the more intuitive proof
included below from Narutaka Ozawa (for the transpose of an operator 7', denoted
T* in the following proof, see Definition C.4.9 and Proposition C.4.10).

Lemma 3.9.2 Suppose X and Y are Banach spaces and T € B(X, Y*).
Then T can be extended to S € PB(X**,Y*) such that S is weak*-continuous
and ||S|| = |IT]l.

Proof Let S := (T* | Y)*. Then §: X*™* — Y*. Since X is weak*-dense in X™**
and Proposition C.4.10 implies that both S and T** are weak*-weak*-continuous,
we have S(x) = T**(x) forall x € X. As T** agrees with T on X, S extends T and
IT] < |IS|l. Since || T|| = ||IT*|| = IT* | Y| = ||S||, the conclusion follows. O

Proof (Theorem 3.9.1) Letm, := @w eS(A) T be the universal representation of A.

Theorem 3.1.16 implies that m,[A]” is the dual of a Banach space Y.
Lemma 3.9.2 applied to 7, : A — m,[A]” implies that a linear, weak*-continuous,
contraction 7 : A** — m,[A]” extends m,,.

We first prove that 7 is a surjection. The Banach—Alaoglu Theorem implies that
the unit ball of A™* is weak™*-compact. Since 7 is weak*-continuous on A™*, w[A™ ]
is the weak*-closure of w[A<(]. By the Kaplansky Density Theorem, w[A<(] is
weak*-dense in the unit ball r,[A]”, and therefore 7 is surjective.

To prove that 7 is an isometry, choose b € A**. Fix ¢ > 0 and ¢ € A* such
that |||l = 1 and |b(¢)| > ||b|| — &. By Theorem 1.10.8, there exists a cyclic
representation mp: A — H and vectors £ and n in H such that ||¢|| = ||£]||n]| and
¢(a) = (mo(a)é|n) for all a € A. We can identify my with a subrepresentation of
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the universal representation m,,. Let (a,) be a net in A weakly converging to . Then
¢(ay) = (m,(ay)&|n) for all A. Since 7 is a weak™*-continuous extension of 7, we
have ((b)&|n) = b(p) and ||w(b)|| > ||b|| — &. Since b € A** and ¢ > 0O were
arbitrary this proves that 7 is an isometry. O

Example 3.9.3

1. The second dual of JZ (H) is Z8(H) by Theorem 3.1.14 and Exercise 1.11.50.

2. Theorem 3.9.1 and the Riesz Representation Theorem (Theorem C.3.8) together
imply that the second dual of C([0, 1]) is isomorphic to the dual of the space
M ([0, 1]) of all complex Radon measures on [0, 1]. This space is large. A
satisfactory description of the second dual of C([0, 1]) was given by Mauldin,
but only using the Continuum Hypothesis (see [257, §2.2]). To the best of my
knowledge, there is no simple description of C ([0, 1])** in ZFC.

The second dual of a C*-algebra is something of an analog of the completion of
a Boolean algebra. The annihilator of a subset B of a C*-algebra A is

B*NA={beA:ba=ab=0foralac A}.

Proposition 3.9.4 Suppose that B is a C*-subalgebra of a C*-algebra A. The
following are equivalent.

1. B is a hereditary subalgebra of A.
2. There exists a projection p € A* such that B = pA™p N A.
3. (BHt =B.

Proof (3) = (1): Clearly both Bt and (B1)+ are hereditary C*-subalgebras of A.
(1) = (2): Let ey, for . € A, be an approximate unit of B. Since A** is a von
Neumann algebra, p := sup, e, belongs to A** (Lemma 3.1.3). Then 0 < p < 1
and p > p? > e, for all A. Therefore p = p? and p is a projection.
Clearly B € pA™*p, and we need to prove only pA**p N A C B.Fixc € A
such that pcp = c. Since multiplication is WOT-continuous on bounded sets,

WOT-lim,, ejce;, = pcp = c.

By the Hahn—Banach Separation Theorem, ¢ € conv{eyce, : A € A} and ¢ € B.
Therefore (2) follows.

(2) = (3): Given p as in (2) we have B+ = (1 — p)A**(1 — p) N A. Therefore
(BHL = pA*™p N A = B, and (3) follows. O

An application of A** given in Section 5.1 will require the following standard
fact about second duals of Banach spaces.

Lemma 3.9.5 Suppose x;, for A € A, is a net in a Banach space X that weak*-
converges to y € X**. Then there exists a net z;, for A € A, inconv{x, : A € A}
which weak*-converges to y and satisfies lim;,_ ||z, || = ||y ||.
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Proof If z; —%" vy, then |y| < lim sup, |lza|l. Otherwise, there exists a unit
functional ¢ € X* such that Re(y) > limsup, ||z, and therefore limy ¢(z) #
@(y); contradiction. It therefore suffices to find a net z;, for A € A’, in conv{x;, :
A € A} such that limsup; |zo]l < Iyl

We claim that for all u# € A and n > 1 there exists z,,, € conv{x; : A > u}
which satisfies

1
”Z/L,n” <lyll+-.
n

Suppose otherwise. By the Hahn—Banach Separation Theorem there exist r € R and
@ € X* such that Ne(y) < r < Re(z) forall z € conv{x, : A > u}; contradiction.
Then z, ,, for (1, n) € A x N (ordered coordinatewise), is a net as required. |

Proposition 3.9.6 Suppose A is a C*-algebra and n: A — HB(H) is a direct

sum of finitely many inequivalent irreducible representations. If E € n[A]WOT is

a projection of finite rank, n > 1, ¢ > 0, and aj, for j < n are elements of A
such that max; ||m(a;)E|| < &, then there exists e € Ay satisfying E < e and
max; |lajel| < e.

Proof Corollary 3.5.3 implies that there is a decomposition H = ,_, H; for

which [A]WOT = @i<d HB(H;) holds. We can identify 7 with a direct summand of
7Ty, SO that A*™ =7 [A]WOT @ M for a von Neumann algebra M. By the Kaplansky
Density Theorem (Theorem 3.1.9) there is a net e) € Ay 1, for A € A, such that
SOT-limy, 7, (e;) = E. Since multiplication is weakly continuous on bounded sets,

WOT-limy, 7w (aje;) = m(a;)E for all j < n. For every set Z° and every a we have
conviax :x € Z} ={aje: e € convy}.

Applying Lemma 3.9.5 to {age), : A € A}, find a net eg, for A € Ay, such that
WOT-lim;, ﬂ(eg) = FE and ||n(a0eg)|| < ¢ for all A. Applying the same lemma
to {aleg : A € Ag}, find a net e/{, for L € Ay, such that WOT-lim,, n(e/l\) =E
and ||7t(a1ei)|| < ¢ for all L. Then ag satisfies ||71(a0e){)|| < eforall A € Ay
because e}\ € m{eg : L € Ap}. By repeating this argument, we obtain a sequence
of nets eKﬁl, for A € A,_1, for all n € N such that WOT-lim;, n(e;f*l) = E and
max ||rr(aje;_1)|| <e.

We still need to assure that £ < 7 (e). Let § := (¢ —max; ||7T(aje;f*1)||)/2. Since
the projection E has finite rank, lim; ||(1 —n(e’;_l))E) || = 0. Let A be large enough
so that eg := e;‘*l satisfies [|[(1 — w(ep))E)| < 8. Fix a unit vector £ € E[H]. By
the Cauchy—Schwarz inequality, |((1 — 7w (ep))€1€E)| < ||(1 — w(e))ENNEN < 6.
Therefore e := min(eg + &, 1) satisfies (w(e)€|€) = 1. Since £ was an arbitrary unit
vector in E[H], we have w(e) > E.

Also, max; ||laje| < max; ||ajefl | +8 <e. O
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3.10 Exercises

Exercise 3.10.1 Prove that a convex subset of a Hilbert space H is norm-closed if
and only if it is weakly closed. Prove that a convex subset of Z(H) is WOT-closed
if and only if it is SOT-closed.

Exercise 3.10.2 Prove that a functional on Z(H) is normal if and only if it is of
the form b +— tr(ab) for a trace class operator a.

Exercise 3.10.3 Suppose A is a C*-subalgebra of Z(H) and ¢;, for A € A, is
an approximate unit of A. Prove that SOT-lim; e; = 1gy) if and only if A is
nondegenerate.®

Exercise 3.10.4 Suppose H is an infinite-dimensional complex Hilbert space.

1. Construct a faithful nondegenerate representation 7 : Z(H) — Z(K) for some
Hilbert space K such that w[%(H)] is not a von Neumann C*-subalgebra
of A(K).

2. Conclude that a *-homomorphism between von Neumann algebras is not neces-
sarily WOT-continuous.

Exercise 3.10.5 Prove that the operator v in the conclusion of Stinespring’s
theorem (Theorem 3.2.5) can be taken to be a contraction, and that in the case of a
u.c.p. map it can be taken to be a projection.

Exercise 3.10.6 Suppose ¢ is a c.p.c. map between C*-algebras. Prove that ¢ is
self-adjoint, i.e., (a*) = @(a)* for all a.

Exercise 3.10.7 Suppose ¢: A — B is a completely positive map between C*-
algebras. Prove that the following are equivalent.

1. ¢ is contractive.
2. (Kadison’s inequality) ¢(a*a) > ¢(a)*¢(a) foralla € A.

Exercise 3.10.8 Suppose ¢: A — B is a u.c.p. map between C*-algebras. The
multiplicative domain of ¢ is C :={a € A : ¢(a*a) = ¢(a)*¢(a)}. Prove that C is
a subalgebra of A, and that the restriction of ¢ to C is a *-homomorphism.

Hint: To prove that C is a subalgebra, consider ¢ ® id, and apply the Cauchy—
Schwartz inequality in M>(B).

Exercise 3.10.9 Suppose that a state ¢ of a C*-algebra A is pure. Prove that it is
tracial if and only if it is a character.

Recall that A, | = {a € A+ : |la| = 1}.

Exercise 3.10.10 Suppose A is a C*-algebra, D is an abelian C*-subalgebra of A,
and i € A4 1. Prove that the following are equivalent.

8Used in the proof of Lemma 3.2.10 and Proposition 13.2.1.
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1. he D'NA.
2. Foralla and b in D4, ab = 0 implies ahb = 0.
3. Forall @ and b in W*(D.), ab = 0 implies ahb = 0.

Exercise 3.10.11 Prove that a u.c.p. map ¢ between C*-algebras has order zero if
and only if it is a *-homomorphism.

The following is a generalization of the first part of Proposition 3.2.11.

Exercise 3.10.12 Suppose A is a unital C*-algebra and ¢: A — HB(H) is a c.p.c.
map of order zero. If [A] # {0} prove that there exists a C*-algebra C and
a completely positive map ¥ : ¢[A] — C such that y o 9p: A — C is a *-
homomorphism.

Hint: In the proof of Proposition 3.2.11 replace Lemma 2.4.7 by an argument
using the second dual of C*(h, w[A]).

Exercise 3.10.13 Suppose A is a finite-dimensional C*-algebra and D is a masa
in A. Prove that for every a € A< one has

dist(a, D) < supyep_, llla, bl|| < 2dist(a, D).
Hint: To prove the first inequality use averaging as in Example 3.3.1. The second

inequality is straightforward.

Exercise 3.10.14 Suppose A and B are C*-algebras, B is unital, @ and c belong to
A, and 1 and v are unitaries in B. Prove that ||a ® u — ¢ ® v|| > inf,¢p ||Aa — c||.

The following exercise uses the notation from Section 2.4.2.
Exercise 3.10.15 Suppose that G is a subgroup of a discrete group I".

1. Prove that C(G) is a isomorphic to a subalgebra of C(I").
2. Prove that there exists a conditional expectation of C}(I") onto C(G).

Hint: After observing that (1) is not vacuous, observe that the left regular
representation of G on ¢»(I") is equivalent to a direct sum of its left regular
representations on £»(G). This also gives a hint for how to construct a conditional
expectation as in (2). It is worth noting that the latter coincides with the restriction
of the orthogonal projection proj, ) to Cy(I").

Exercise 3.10.16 Give a short proof of the following poor man’s version of (*) with
M = ZB(H).

(*7) For every finite-rank projection p in Z(M) and every self-adjoint ¢ € M
there exists a self-adjoint b € M such that

(c=D)p=0 and  [b] <2cp]|.

Then show that the conclusion of Theorem 3.4.2 holds for every von Neumann
algebra M which satisfies (*7) in place of (*).



3.10 Exercises 117

Hint: For the first part use b := pcp + (1 — p)cp + pc(1 — p).

Exercise 3.10.17 Show that Theorem 3.4.5(2) can be improved as follows. If A is
a C*-algebra which is WOT-dense in Z(H), p is a finite-rank projection in Z(H)
and c € B(H),,, then there exists a € Ay, such that p(a —c)p = 0and |lall = |||

Also show that this implies a similar improvement to Theorem 3.4.5(3). Finally
state and prove the analogous improvements to Theorem 3.5.4(2) and (3).

Exercise 3.10.18 Suppose ¢ is a pure state on a unital C*-algebra A. Prove that
there exists a € A such that ||a| = ¢(a) = 1.°

Exercise 3.10.19 Prove that for an irreducible representation 7: A — Z(H) we
have w[A] D J¢ (H) if and only if x[A] N Z (H) # {0}.

Exercise 3.10.20

1. Suppose p is a projection in Z(H) and u is a unitary in pB(H)p. If a is such
that ap = u and ||a|| = 1, then ap = pa.
2. Describe the set of all extreme points of Z(H)<;.

Exercise 3.10.21 Assume 7w: A — Z(H) is an irreducible representation and a

projection p € Z(H) has finite rank. Prove that B = {a € A : pr(a) = w(a)p}is

a C*-subalgebra of A such that a — pm(a)p is a surjection of B onto pA(H)p.
Hint: You will need Theorem 3.4.5 and Exercise 3.10.20.

Exercise 3.10.22 Suppose that A is a unital C*-algebra, a € Ag,, and b € A.1°

1. Prove that ||[b, exp(ia)]|| < ell||[b, a]| (this time, e = exp(1) ~ 2.71828).
2. Prove that ||a|| < ¢ implies ||[b, exp(ia)]|| < 2||b||(ef — 1).

Hint: Estimate ||[b, (ia)"]|| < nlla||"~Y||[b, a]|| and sum the series.

The following is high-school math but we will need it in the middle of a long
proof in the fairly technical Section 5.6.

Exercise 3.10.23 Let r > 0 be a real. Prove the following.

1. If h is self-adjoint and —r < h < r then ||[1 —exp(ih)| < 2sin(r/2).
2. If r < 27 and u is a unitary such that |1 — u|| < 2sin(r/2) then u = exp(ih) for
some self-adjoint 4 such that —» < h <r.

Exercise 3.10.24 Suppose ¢ is a state on a C*-algebra A. We use the notation from
the GNS construction (Proposition 1.10.3), in particular (a|b), := ¢(b*a) and

Ly:={ae€A:g¢(a*a) =0}

9Used in the proof of Theorem 5.2.1.
10Used in the proofs of Lemmas 5.6.6 and 5.6.7.
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1. If ¢ is a pure state, prove that A/L, is complete with respect to the Hilbert space
norm associated with (-|-),.

2. If ¢ is the tracial state on the CAR algebra A, prove that A/L, is not complete
with respect to the Hilbert space norm associated with (:]-).

Exercise 3.10.25 Let A be a separable C*-algebra. Prove that the space P(A) of
pure states is G in S(A), and therefore Polish, in the weak™*-topology.

Exercise 3.10.26 Prove that a C*-algebra A is abelian if and only if ||[a, b]| < 2
for all contractions a and b in A.!!

Exercise 3.10.27 Suppose A is a C*-algebra.

1. Prove that A contains a nilpotent of degree n if and only if A has an irreducible
representation on a Hilbert space of dimension > n.
2. Prove that C*(x) = Co(sp(xx™) \ {0}, M,,(C)) if x € A is nilpotent of degree n.

Exercise 3.10.28 Prove that a C*-algebra A has distinct pure states if and only if it
is distinct from C.

Exercise 3.10.29 Prove that if ¢ is a state on A and a € A is normal with ¢(a) =
la|l, then the restriction of ¢ to C*(a, 1) is pure.

Exercise 3.10.30 Suppose A has a faithful irreducible representation 7 on Z(H)
such that 7 [A] N JZ (H) = {0}. Prove that every hereditary C*-subalgebra B of A
has a C*-subalgebra isomorphic to Cy((0, 1], M (C)).

Hint: This is a consequence of Theorem 3.7.2. However the “honest” way to
solve this exercise is to combine the proof of Lemma 3.7.4 with Exercise 2.8.1.

Exercise 3.10.31 Suppose that B is a UHF algebra and A is a WOT-dense C*-
subalgebra of Z(H) such that AN Z (H) = {0}. Prove that A has a C*-subalgebra
with a quotient isomorphic to B.

Exercise 3.10.32 Suppose that ¢ and v are pure states on A. Prove that 7y, ~ 7y if
and only if there exists § € H, such that y = wg om,. Then prove that the connected
component of a pure state ¢ in S(A) (considered with respect to the norm metric) is
homeomorphic to the space of 1-dimensional projections in % (H«,).12

Recall that by ¢ we denote the cardinality of the continuum, 20,

Exercise 3.10.33 Suppose A # C and let 7 be an irreducible representation of
A. Prove that @ 7 (the direct sum of ¢ copies of ) is a subrepresentation of the
universal representation of A.

Hint: Since A # C, it has more than one pure state and therefore S(A) is
uncountable. If ¢ and i are distinct pure states on A, then the GNS representation
corresponding to t¢ + (1 — £)¥ has 7, as a subrepresentation for all ¢ € [0, 1].

1'This could have been used in the proof of Proposition 10.4.1.
12Used in the proof of Proposition 5.3.7.
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Suppose w: A — HB(H) is a nondegenerate representation of a C*-algebra A.
It is a direct sum of cyclic representations (Proposition 1.10.10) and therefore there
exists a normal *-homomorphism 77 : A** — Z(H) extending 7. The kernel of 7
is equal to (1 — p)A** (1 — p) for a central projection p in A**. The projection p is
the central cover of m.

Exercise 3.10.34 Prove that two irreducible representations of a C*-algebra A are
spatially equivalent if and only if their central covers are equal.

Exercise 3.10.35 Prove that if A is a separable non-type I C*-algebra, then there
exist a C*-subalgebra B of A and a projection ¢ € B’ N A** such that gAg = Bq
and Bgq is isomorphic to the CAR algebra.

Hint: Redo the proof of Proposition 3.7.5; see [192, Theorem 6.7.3].

Notes

Section 3.1: More information on von Neumann algebras and W*-algebras can
be found e.g., in [59, 141, 213, 233], or [27]. As the *-homomorphisms between
C*-algebras are automatically norm-continuous, one could expect that the *-
homomorphisms between von Neumann algebras are ultraweakly continuous. While
not always the case (Exercise 3.10.4), this is true for the isomorphisms between von
Neumann algebras (see e.g., [141, Theorem 7.2.1]).

The elegant proof of Lemma 3.1.13 is due to Larry Brown, and I learned it from
Bruce Blackadar.

Section 3.2: Completely positive maps are at the heart of one of the equiva-
lent definitions of nuclear C*-algebras via the completely positive approximation
property, or CPAP (see e.g., [34, §2.3]). An excellent source of information on
completely positive maps is [191]. Theorem 3.2.9 was proved in [263] and [261].
The simple proofs of Lemma 3.2.10 and Theorem 3.2.9 were kindly provided by
Narutaka Ozawa.

Example 3.2.4 (2) was provided by Aaron Tikuisis.

Section 3.5: The Kadison Transitivity Theorem was proved by Kadison, and its
extension Theorem 3.5.4 was proved by Glimm and Kadison ([118, Corollary 7]).
The present section was partly based on [58]. In particular Proposition 3.5.2 was
adapted from [58, Theorem 5.2.1].

Section 3.7: Type I C*-algebras should not be confused with type I von Neumann
algebras. For example, Z(H) is a type I von Neumann algebra but not a type I
C*-algebra. Theorem 3.7.2, together with Theorem 5.7.29, was proved by Glimm
in [117]; see also [192, Theorem 6.8.7].

Theorem 3.7.2 (with its corollaries proved in Section 5.5) forms just a fragment
of Glimm’s Theorem (“probably the deepest theorem in the subject of operator
algebras when it was proved” according to [27, §IV.1.5]). Its full statement can
be found in [27, IV.1.5.7] and in [192, §6.8]. See also Notes for Section 5.5.
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The proof of Proposition 3.7.5 contains a germ of the result that became known as
the Glimm—Effros Dichotomy ([126]). Together with results of Friedman and Stanley
([109]), this started the abstract classification theory, a subject that was to become
a very prominent theme in the Descriptive Set Theory. See [129] and [111] for the
general theory and [83, 172], and [173] for applications in operator algebras.

Section 3.9: The standard Lemma 3.9.5 was taken from [29, Lemma 1.1].
Proposition 3.9.6 is implicit in [160] and its proof was kindly provided by N. Ozawa.



Chapter 4 )
Tracial States and Representations Qe
of C*-algebras

This is about II; factors in their ambient spaces. II; factors love to sit in their ambient
spaces. C*-algebras, you stick them anywhere.
Thomas Sinclair

The interplay between a C*-algebra and the weak closure of its image under a
representation 7 is a powerful tool for analysing C*-algebras. If 7: A — HAB(H) is
irreducible, then Kadison’s Transitivity Theorem provides a mean for transferring
the information between A and the weak closure of its image. In the very different
case when m is the GNS representation associated to a tracial state 7, the GNS
Hilbert space L,(A, t) provides a valuable insight into A. This is in particular the
case when A is a reduced group C*-algebra C;(I") for a discrete group I". This
method has been borrowed from the study of II; factors, where the structure of
an operator algebra is juxtaposed with the structure of the GNS pre-Hilbert space
associated to a trace.

4.1 Finiteness and Tracial States

We review the bare minimum of information about finiteness and tracial states.

A projection p in a C*-algebra is infinite if there exists a partial isometry v such
that v*v = p and p — vv* is a nonzero projection. Otherwise, p is finite. A unital
C*-algebra A is finite if 1,4 is finite. It is stably finite if M,,(A) is finite for all n.
Finally, a C*-algebra is infinite if it contains an infinite projection.

Example 4.1.1

1. Every finite-dimensional C*-algebra is finite, and finiteness is preserved by
inductive limits. Therefore all AF algebras are finite. Since the stabilization of
an AF algebra is also AF, all AF algebras are stably finite.

2. All Cuntz algebras &), (Example 2.3.10) are infinite.
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3. If H is an infinite-dimensional Hilbert space then both #(H) and 2(H) are
infinite, because each one of them contains a unital copy of 0.

4. An extension of a finite C*-algebra by a finite C*-algebra can be infinite. With s
denoting the unilateral shift on a basis of Z(H) (Example 1.1.1), C*(s) is
infinite. However, C*(s)/.# (H)' is abelian (Proposition 12.4.3) and therefore
finite.

Definition 4.1.2 A state T on a C*-algebra A is tracial if T(ab) = t(ba) for all a
and b. A state ¢ on A is faithful if p(a*a) = 0 impliesa = 0 for all a € A.

A trace is an additive and homogeneous function t: AL — [0, oo] such that
t(aa™) = t(a*a) foralla € A.

If a trace is bounded then its normalization |||~ !z uniquely defines a tracial
state since every element of A is a linear combination of positive elements.

Lemma 4.1.3 If t is a tracial state on a C*-algebra A, then its left kernel L is a
norm-closed, two-sided, self-adjoint ideal of A.

Proof Lemma 3.6.3 implies that L, is a norm-closed ideal. If 7 is a tracial state
then L, = L%, and it is therefore a two-sided, norm-closed ideal. It is self-adjoint
by Lemma 2.5.1. O

Corollary 4.1.4 Every tracial state of every simple C*-algebra is faithful. O
Example 4.1.5

1. The proof of Lemma 4.1.3 shows that if 7 is a trace on A then {a : T(a*a) < oo}
is a two-sided, self-adjoint, (possibly not norm-closed) ideal of A.

2. Suppose M is a Il factor and let p be a projection in M such that pMp is a Il
factor. Let t be the unique tracial state on pMp. The restriction of 7 to (pMp)+
can be extended to an unbounded trace o on M. The norm-closed, two-sided,
ideal on M generated by p is the Breuer ideal. Since M is a factor, this is an
essential ideal (Definition 2.5.5).

Example 4.1.6 1f T is a tracial state on a unital C*-algebra A then 7 (vv*) = 7(v*v)
for all v in A, hence t is constant on Murray—von Neumann equivalence classes of
projections. This implies that every unital C*-algebra with a faithful tracial state is
finite. Even more is true: If 7 is a tracial state on A, then on M,,(A) the formula

" (a) = % > taii).

defines a tracial state. In particular, if A has a faithful tracial state, it is stably finite.

The space of all tracial states of A is denoted T(A). If T and o are tracial states
of Aand 0 < ¢ < 1 then tt + (1 — t)o is a tracial state. Therefore T(A) is a
convex subset of the unit sphere of A*. Also, since being a tracial state is a closed

't is not difficult to check that all compact operators belong to C*(s): start with 1 — ss*.
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condition in the weak™*-topology, by the Birkhoff—Alaoglu theorem T(A) is compact
in the weak*-topology. Being a compact and convex set, by the Krein—-Milman
theorem T(A) is the closure of the convex hull of its extreme points.

Example 4.1.7

1. Assume A is unital and abelian. By the Gelfand—Naimark theorem A = C(X)
for a compact Hausdorff space X. By the Riesz Representation Theorem (Theo-
rem C.3.8), every continuous functional ¢ of A is of the form ¢(f) = [ f du for
a complex Radon measure 1 on X. If ¢ is a state then u,, is a probability measure.
Since A is abelian the condition ¢(ab) = @(ba) is automatic and therefore all
states are tracial.

Therefore T(A) is affinely homeomorphic to P(X), the space of Radon
probability measures on X.

2. The tracial state on M,,(C) is by the elementary linear algebra unique, and every
UHF algebra carries a unique tracial state (Corollary 4.1.9).

3. If A = B @ C then we clearly have

TA={Xt+A—-No:71e€T(B),oc eT(C),0<xr <1}

Therefore if A is a direct sum of n matrix algebras then T(A) is affinely
homeomorphic to the n-simplex.

4. By (3) every tracial state T of @, _,, My(;)(C) is a convex combination of traces
on its direct summands. Therefore if A = €D, _,, My(i)(C), B = @B, _x Mi(i)(C),
and @: A — B is a unital *-homomorphism and 7 is a tracial state on B, then
o(a) = 1(P(a)) is a tracial state on A. If p; is the identity of M,;(C) and g;
is the identity of My ;)(C) then o (p;) is uniquely determined by 7(g;) and the
Bratteli diagram of @.

Suppose @: B — C is a unital *-homomorphism. Its adjoint (denoting the
Banach space duals of B and C by B* and C*) @*: C* — B* is defined by
@*(y) := Y o @. This linear map is both weak-weak continuous and norm-norm
continuous (Proposition C.4.10). Since @ is multiplicative, @* sends T(C) into
T(B).

Lemma 4.1.8 Assume A = lim,, A, all A, are unital, and all connecting maps are
unital. Then T(A) = 1<i£1T(A,,), and it is nonempty.

Proof The space S(A) is the inverse limit of S(A,,) with respect to the adjoints to
the connecting maps. Since T(B) is weak*-closed in S(B) for all B, T(A) is the
inverse limit of T(A,). Since an inverse limit of a sequence of compact Hausdorff
spaces is nonempty, this completes the proof. O

Corollary 4.1.9 Every AM algebra, and in particular every UHF algebra, has a
unique tracial state. O

A C*-algebra with a unique tracial state is said to be monotracial. The following
proposition will be applied to reduced group C*-algebras in Section 4.3.
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Proposition 4.1.10 Suppose A is a unital C*-algebra such that for every a € A the
set O, = conv{uau™® : u € U(A)} intersects C.

1. Then A has a tracial state if and only if O, N C is a singleton for every a.
2. Ifin addition A has a faithful tracial state, then A is simple.

Proof (1) If 7 is a tracial state then t(uau™) = t(a) for all a, and 7 is constant
on O,. Therefore O, C {r(a)} and O, N C has at most one element for every a.
Conversely, O, N C has exactly one element for every a, then setting t(a) to be this
unique element defines a tracial state on A.

(2) If a tracial state 7 is faithful, then 7(a*a) = O if and only ifa = 0. Ifa € A
is nonzero, then r := t(a*a) > 0 and we have r € O,. But this implies that 14
can be approximated in A by a finite sum ), x;a*ay;. Since the invertible elements
form an open set (Lemma 1.2.6), the ideal generated by a is not proper. Since a was
an arbitrary nonzero element, A has no nontrivial ideals. O

The assumption of Proposition 4.1.10 is called the strong Dixmier property.

4.2 The L;-Space of a C*-algebra Associated
to a Tracial State

In this section we study C*-algebras with a distinguished tracial state t and the
associated GNS Hilbert space. We introduce the t-orthogonality relation, prove that
T has a unique extension to a tracial state on the weak closure of the image of the
C*-algebra under the GNS representation associated with 7r. We also prove that the
strong operator topology on this weak closure is given by the 2-norm associated
with 7.

We now take a closer look at the structure of GNS representations associated with
tracial states. This is accomplished by juxtaposing the C*-algebra structure and the
GNS-Hilbert space structure associated with a trace. This tool, borrowed from the
theory of II; factors, will be used in the study of reduced group C*-algebras in
Section 4.3.

Suppose 7 is a faithful state (not necessarily tracial, for now) on a C*-algebra A,
so that the left ideal L; = {a : t(a*a) = 0} is trivial. Then (a|b); := t(b*a) is
an inner product on A. The completion L, (A, t) of A with respect to the associated
norm

lalla,r == t(a*a)'/?

(denoted ||a|| if 7 is clear from the context) coincides with the Hilbert space H;.
Since 7 is faithful, the GNS representation 77, : A — JB(H,) is faithful as well.

Example 4.2.1 Consider the reduced group algebra C}(I") associated with a
discrete group I (Section 2.4.2). The standard trace on C}(I") is faithful
(Lemma 2.4.9(5)) and each of £,(I") and C}(I") is isomorphic to the completion
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of the group algebra C[I"] with respect to the appropriate norm (|| - ||2,- and | - |,
respectively). Since T(A(g)) = 1if g = e and 7(A(g)) = 0 otherwise, A(g), for
g € I', form an orthonormal basis for H; (see Example 7.4.6(3)). Also, A(g) > 0,
extends to an isometry between H; and {>(I") and the GNS representation
associated with t is spatially equivalent to the left regular representation.

Every C*-subalgebra B of a C*-algebra A (and every Banach subspace of A)
corresponds to a closed subspace B of H;. In this way the geometry of H; is
superimposed onto the C*-algebraic structure of A.

If A is unital and B and C are unital C*-subalgebras of A, then B N C includes
the scalars and in particular the subspaces associated to B and C are not orthogonal.

This, together with Lemma 4.2.4 below, justifies the following definition.
Definition 4.2.2 Suppose A is a unital C*-algebra and 7 is a faithful state on A.

1. We say thata € A is t-orthogonal to a C*-subalgebra B of A, and writea 1; B,
if T(a*b) = 0 for all b € B such that 7(b) = 0.

2. C*-subalgebras B and C of A are t-orthogonal if T (bc) = t(b)t(c) forallb € B
and c € C.2

3. The t-orthogonal complement of B is defined by

Bl :={ce A:1(bc) = t(b)r(c) forall b € B}.

Lemma 4.2.3 If A is a unital C*-algebra with a tracial state t, then t is uniformly
continuous with respect to || -||2,¢. Its continuous extension to Ly (A, t) is the ||-||2,c-
orthogonal projection onto C. O

If H is a Hilbert space and K is a subspace of H then
HoK :=HnK"

If 7 is a fixed tracial state on A we drop the prefix t- and write “orthogonal” instead
of “r-orthogonal”.3

Lemma 4.2.4 Suppose t is a faithful state on a C*-algebra A, and B and C are
C*-subalgebras of A. Then the following are equivalent.

1. B and C are t-orthogonal.

2. Bo Cand C © C are orthogonal subspaces of Hy.

3. ©(bc) =0forallb € B and c € C such that T(b) = t1(c) = 0.
4. ©(bc) = t(b)t(c) forallb € Bandc € C.

2This notation, going back to [202], should be taken with a grain of salt; see Lemma 4.2.4.

3As a matter of fact, to the best of my knowledge nobody else ever bothers to emphasize the
distinction. This practice is mostly harmless because this terminology is typically used in the
context of monotracial algebras, especially II; factors.
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Proof To see that (3) and (4) are equivalent, simplify 7((b — t(b))(c — t(c)).
Lemma 4.2.3 implies that B& C = {b € B : 7(b) = 0}, and the analogous formula
applies to C. The equivalence of (1), (2), and (3) is now straightforward. O

We now step into the convenient world of von Neumann algebras.

Lemma 4.2.5 Suppose t is a tracial state on a C*-algebra A. Then t can be
extended to a normal tracial state on the WOT-closure of the image of A under
the GNS-representation associated with t.

Proof Let (r, Ly(A, 7), &) be the GNS triplet associated with 7. By identifying A
with w[A], we have that 7 is the restriction of the vector state wg to A. Its restriction

toM = ZWOT is clearly a state. We denote this restriction by 7 and prove that it is
tracial. If a and b are such that we (ab) # we (ba), then (b€ |a*E) # (a&|b*E). This
gives a WOT-open neighbourhood of (a, b, a*, b*) disjoint from A*. Since 7 is the
restriction of a vector state to M, it is normal. a

Proposition 4.2.6 Suppose t is a tracial state on a C*-algebra A. Then the strong

operator topology on the unit ball of 7, [A]WOT is induced by |al|» = t(a*a)'/?.

Proof Let (7, H, &) be the GNS triplet for t. Kaplansky’s Density Theorem implies

that the unit ball of M = msm is equal to the SOT-closure of w[A1].

A net (a)) in M converges to 0 if and only if ||a,n|| — O for a dense set of
n € H. Since £ is cyclic for w[A], lim, a; = 0 if and only if lim,, ||a,b&]| = O for
allb € Ay. But

labEII” = (arbla,b§) = (x((arb)*ab)§ )

= t((anb)*arb) = t(aybb*a;) < t(ajay) = ||}

Therefore a; — 0 if and only if ||a, |l — 0. By the linearity, the equivalence of the
topologies follows. O

With a little bit of extra work, Proposition 4.2.6 can be proved with faithful states
in place of tracial states (Exercise 4.5.13).

4.3 Reduced Group C*-algebras of Powers Groups

In this section we study reduced group C*-algebras C}(I") associated with free
products of countable groups. We give a norm estimate for a sum of unitary
conjugates of a fixed element, sufficient conditions that every automorphism of
C!(I'") extends to an automorphism of C}(I" * A), and also study Powers groups
and the question of simplicity of reduced group C*-algebras, and give sufficient
conditions that every pure state on C} (/") extends to a pure state on C;:(I" % A).
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Our analysis of the reduced group algebra of the free group requires the following
norm estimate.

Lemma 4.3.1 Suppose A is a unital C*-subalgebra of 2(H) and p is a projection
in %’(H).“ Furthermore assume thatn > 1, and uj, for j < n, are unitaries in A
that satisfy (1 — p)uu j(1 — p) = O whenever i # j. Then every contraction b € A
satisfies the following.

1 1f pb =0 then |+ i—busburs| < L.
2. If pbp = O then | 1 Y\~ ujbu’| < 2o

Proof Revealing the punchline of this proof at the beginning is a justified spoiler. If
(1 —p)a = 0and pb = 0 then aé is orthogonal to b¢ for every & € H and therefore
la +bI* < llal* + [1b]>.

(1) The proof proceeds by induction on n. For n = 1 the assertion is trivially
true. Suppose it is true for n and fix b and unitaries u ;, for j < n + 1 satisfying the
assumptions. We now have

||27:0 ujbu;‘.”?: llug(b —{—Z'}:l uz")ujbu;fug)u0||2= b +27:1 uéujbujugnl
Leta := Z;f:l upu jbuug. Since (1 — p)b = b, we have
(1—pla= Z’}-zl(l — puduj(l — p)buj‘-us =0.

Therefore || Z?:o ujbujfuz < 1612 + llall* < n + 1, and the estimate follows.
(2) We work in C*(A, p) and write

Fu(b) := Y Zgubiu’.

Let by := bp and by := (b — byg)* = (1 — p)b. Then pby = pb; = 0, and therefore
by the first part of this lemma || F,,(b;)|| < /n fori < 2. Since b = by + b?, by the
linearity we have F,(b) = F,(bo) + F,(b1)* and || F,,(b)| < 2//7. O

Every isomorphism between C*-algebras is continuous (Corollary 1.3.3), but this
is in general not true for isomorphisms between dense *-subalgebras of C*-algebras
(e.g., by Example 1.2.11). In particular, an (algebraic) automorphism of a dense
subalgebra of a C*-algebra A need not have an extension to an automorphism of A.
The following lemma gives a sufficient condition for an automorphism of a dense
*-subalgebra of a C*-algebra A to extend to an automorphism of A.

“The projection p is not required to belong to A.
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Lemma 4.3.2 Suppose B is a norm-dense (and not necessarily norm-closed) *-
subalgebra of A and ® € Aut(B). If there exists a GNS-faithful state v such that
Y =1 o @, then @ has a unique extension to an automorphism of A.

Proof The formula ||c||2 := ¥ (c*c)'/? defines an £>-norm on the quotient A/ Ly
(see the GNS construction, Proposition 1.10.3) and Hy is the completion of A/Ly
in this norm. Since ||c|l2 < [|c|l, B/(Ly N B) is a dense subspace of Hy . Because
of this and because the GNS representation 7y, is faithful, every a € A satisfies (see
Exercise 1.11.53)

lall = llmy (@Il = supscp,, jg),=1 @& |12 = SUPpep by =1 llabll2.
In other words, || - || is definable from || - ||2. Since @ is ¥-preserving, it is || - ||2-
preserving and therefore | - |-preserving. By the continuity of algebraic operations,
the unique continuous extension of @ to A is an automorphism of A. O

Lemma 4.3.2 is particularly applicable in a situation in which A has a unique
tracial state ¥; with this assumption the required @-invariance of i is almost, but
not quite, automatic.

From this point on, our discussion is specialized to reduced group C*-algebras.
Recall (Section 2.4.2) that if I" is a discrete group then C[I"] denotes its group
algebra, and C;(I") is the completion of C[I"] in the norm obtained from the left
regular representation of C[I"] on £2 (7). Lemma 2.4.9(5) implies that the standard
tracial state on C[I"] and C}(I") defined by T(deF agh(g)) = a, is faithful for
every I'.

Definition 4.3.3 A discrete group I" has the Powers approximation property (or
that it is a Powers group) if for every a € C[I'] and every ¢ > 0 there exists F € I

such that H  Cher Aharh ) — t(a) H <e.

Lemma 4.3.4 If I" is a Powers group then C;(I") has a unique tracial state and it
is simple.

Proof Every a € C}(I") can be approximated by elements of C[I"], and therefore
0 € conv{u(a — t(a))u™ : u € U(A)} and t(a) € conv{uau™ : u € U(A)}. Since
7 is a faithful tracial state on C}(I") (Lemma 2.4.9), Proposition 4.1.10 implies that
C(I') is simple and has a unique tracial state. O

A few easy observations on free products of groups will be used to fix the notation
and terminology. Suppose I" = *c;1"; and each I'; has more than one element.
Then for every g € I'" \ {e} there are n € N and a sequence /Eg = (k(j) : j < n),
such that g = gog1...gn—1 for some g; € I \ {e}, for j < n. Since I' is the
free product of I'; for j € J, the tuple

(na lga g07 LI ] gl’l—l>
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is uniquely determined by g. We say that g begins with an element go of Ik ()
and ends with an element g,_1 of I'ky—1). If h € I is of infinite order, then
h™gh™™ both begins and ends with an element of I for all large enough m (but
these elements of I} are not necessarily powers of g). This observation will be used
in the proof of Lemma 4.3.5, the assumption of which is far from optimal.

The presence of free nonabelian subgroups will play a role in the ongoing
discussion. It may therefore be worth noting that there is only one nontrivial free
product of groups with no free subgroup, although this fact will not be needed
explicitly. In Z/2Zx7/27 the sets F,, := {g : |kg| < n} form a Fglner sequence, and
therefore this group is amenable. Every other nontrivial free product has a subgroup
isomorphic to the free group F>.

Lemma 4.3.5

1. Suppose I' = G * H is a discrete group and elements g € G and h € H have
infinite order. Then for every a € C[I'] and every ¢ > 0, for all large enough m

% Z?:o AT h™yar(h g1 — 1(a) ” < ¢, hence I satisfies
the Powers approximation property.

2. If I is a free nonabelian group or a free product of at least four nontrivial groups,
then it satisfies the Powers approximation property.

3. In both (1) and (2), C:(I") has a unique trace and it is simple.

and n we have

Proof (1) Suppose I' = G x H and fix g € G and h € H, each of an infinite order.
Fixa = Zfe,: ari(f)in C[I]. Since 7(a) = a., by replacing a with a — 7 (a)A(e)
we may assume t(a) = 0. Since F is finite, ¢ ¢ F, and % has infinite order, using
the discussion and terminology from the paragraph preceding this lemma, for every
large enough m we have that A(hZ™)aA(h™™) is a linear combination of unitaries of
the form A(f) where f both begins and ends with an element of H.

Let p be the projection of £,(1") onto the closed linear span of the set

{85 : g is areduced word that does not begin with an element of H}.

Then pA(h"™)ar(h™™)p = 0O for a large enough m. Since the order of g is infinite,
the unitaries u; := k(gf), for j < n, are distinct and (1 — p)u?‘uj(l —-p)=0
1 2’};5 ujh(h™yarh=mut| < % The
proof is completed by choosing a large enough m and n > 4/¢.

(2) By the associativity of the free product, we may assume that I" is a free
product of exactly four nontrivial groups. Suppose G and G are nontrivial groups
and fix go € Go \ {e} and g1 € G \ {e}. Then gog1 € Go * G is an element of
infinite order. Therefore I is equal to the free product of two groups each of which
has an element of infinite order, and (1) implies that it has the Powers approximation
property.

(3) By Lemma 4.3.4 the Powers approximation property implies that C;(I") has
a unique tracial state and that it is simple. O

if i # j. Lemma 4.3.1 now implies
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Recall that if G is a subgroup of I' then C(G) is a subalgebra of C:(I")
(Exercise 3.10.15).

Lemma 4.3.6 Suppose that G and H are discrete groups and C:(G % H) has
a unique trace. Then every automorphism ® of C}(G) has an extension to an
automorphism of C:(G + H), and there is a unique such extension @ with the
property that @ (A(h)) = A(h) forallh € H.

Proof Let B be the *-subalgebra of C(G * H) algebraically generated by C(G)
and {A(h) : h € H}. By the freeness we can extend @ to an automorphism @
of B that sends A(h) to itself for all 4 € H. Since the unique tracial state vanishes
on A(g) for all g # e, it is clearly preserved by @;. By Lemma 4.3.2 @; has a
unique extension to an automorphism of C;(G * H); this @ is as required. O

Corollary 4.3.7 If X C Y then every automorphism ® of C;(Fx) has an extension
to an automorphism of Ci(Fy), and there is a unique such extension ® with the
property that @ (A(h)) = L(h) for all h € Fy\x. O

Lemma 4.3.8 Suppose that groups G and H are such that H has an element of
infinite order and G is countable. Then every pure state on C:(Z % G) has a unique
extension to a pure state on C!(Z « G * H).

Proof A very special case is proved first: We assume that G is trivial and that ¢
is a specific pure state. Throughout this proof g denotes the generator of Z and

u = r(g).

Claim Suppose ¢ is a state on C;(Z) such that ¢ (u) = 1. Then every state extension
Y of ¢ to C¥(Z x H) vanisheson Z := {A(h) : h € Z+ H \ Z}.

Proof Since 1 is an extreme point of T = sp(u), Proposition 1.7.8 and induction on
n (and on —n) imply that ¢(«™) = 1 for all n. Therefore ¢ is uniquely determined
by the condition ¢(x) = 1 and pure.

For every h € Z % H there exists a unique m € Z such that g”h starts with an
element of H. Since ¢(g™) = 1 is an extreme point of sp(g”), Proposition 1.7.8
implies that ¥ (h) = ¥ (g"™h). It therefore suffices to prove ¥ (A(h)) = O for every
h € Z % H that starts with an element of H. Let

K :=5span{éy : f € Z* H and f does not start with an element of H}.

Then A(g")[K] L K forall n # 0, and for all j # k the unitaries u; := A(g’)
satisfy

(1= pulu= (1 —p)=o0.

Let p € B(£r(Z x H)) be the projection to the subspace K. If h € Z x H starts
with an element of H, and b := A(h), then pb = 0 and by Lemma 4.3.1 we have
||% Zj<n ujbu;l | < 2/4/n for all n. Since ¢(U’) = 1, Proposition 1.7.8 implies
@w/bu=7) = @(b) for all j, and therefore ¢(b) < 2/./n. Since n was arbitrary,
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we have ¢(b) = 0. Since h was arbitrary, any state extension of ¢ vanishes on Z, as
required. o

Suppose 0 is a pure state on B := C}(Z * G). Since B is simple and separable,
by Theorem 5.6.1 there exists an automorphism @ of B such that § o @ is a pure
state extension of ¢ to C(Z x G). By Lemma 4.3.6, @ can be extended to an
automorphism of C}(ZxG x H). Therefore 0 has a unique extension to C (ZxG+H)
if and only if 8 o @ does. The Claim implies that the restriction of the latter state
to C(Z) has a unique extension to C}*(Z* G * H), and this concludes the proof. O

4.4 Diffuse Masas and Normalizers

In this section we use diffuse masas to compute normalizers of C*-subalgebras of
C*-algebras equipped with a tracial state.

If T is a state on a unital abelian C*-algebra D, by the Riesz representation
theorem (Example 1.7.2) there exists a unique Borel probability measure it = pu¢ p
on X = D such that (identifying a € D with f, € C(X))

f(a)=/fadu

foralla € D.

A measure u is said to be diffuse if every w-measurable, p-positive, set can be
partitioned into two p-measurable, p-positive, sets. A w-measurable, p-positive, set
that cannot be partitioned into two p-measurable, p-positive, sets is an atom.

Definition 4.4.1 Suppose t is a state on a unital C*-algebra A and D is a unital
abelian subalgebra of A. If w; p is a diffuse measure it is then said that t is diffuse
on D.If a € A is normal then 7 is diffuse on a if it is diffuse on C*(a, 1). If B is a
unital C*-subalgebra of A, t is diffuse on B if it is diffuse on some masa D of B.

Proposition 4.4.2 Suppose that t is a faithful tracial state on a von Neumann
algebra M. The following are equivalent.

1. The restriction of T to some masa in M is not diffuse.

2. The restriction of T to every masa in M is not diffuse.

3. There exists a nonzero central projection p in M such that pMp is finite-
dimensional.

Proof Before we start, note that a masa D of M is isomorphic to some L, space
and that this space has an atom if and only if it contains a nonzero projection ¢ such
that ¢ Dg = C. The remaining part of the proof goes through with the assumption
that M is a C*-algebra.

(2) = (1): The Axiom of Choice implies that masas exist.



132 4 Tracial States and Representations of C*-algebras

(3) = (2): If D is a masa in M, then a central projection p as in (3) belongs to
D. Since t is faithful, t(p) > 0 and since pMp is finite-dimensional, any minimal
nonzero projection ¢ in p Dp satisfies t(¢) > 0 and ¢ Dg = C.

(1) = (3): Suppose that the restriction of T to a masa D of M is not diffuse.
Fix a projection ¢ in D such that g Dg = C. Since every projection r Murray—von
Neumann equivalent to g satisfies 7(r) = t(gq) > 0, there can be only finitely
many orthogonal projections Murray—von Neumann equivalent to g in M. Let g;,
for j < m, be a maximal family of orthogonal projections Murray—von Neumann
equivalent to g.

Claim The projection p := }__,, q; is central in M

Proof Assume not and fix a € M such that pa # ap. By subtracting pap from
both sides, we conclude that pa(l — p) # (1 — p)ap, and therefore at least one
of these products is nonzero. By replacing a with a* if necessary, we may assume
pa(l — p) # 0. Fix j < m such that x := gja(l — g) is nonzero. Then xx* is a
nonzero element of g;Mgq;. This algebra is isomorphic to pMp = C, hence xx*
is a (necessarily positive) scalar multiple of g;. Thus some scalar multiple y of x
satisfies yy* = ¢;. Then y*y is a projection Murray—von Neumann equivalent to g
and orthogonal to p; contradiction. O

By the Claim, p is a central projection and ¢;, for j < m, generate a
finite-dimensional masa in pMp. This implies that pMp is finite-dimensional
(Exercise 2.8.8, to which the proof of the Claim is a hint) and concludes
the proof. O

The notion of t-orthogonality and the symbol L, associated with the GNS
Hilbert space H; were introduced in Definition 4.2.2.

Lemma 4.4.3 Suppose t is a faithful tracial state on a unital C*-algebra A. If B is
a unital C*-subalgebra of A such that t is diffuse on B and w is a unitary such that
wBw™* is orthogonal to B, then t(w) = 0.

. ————WOT
Proof Extend 7 to a normal tracial state (denoted ) on M := m.[A]

using Lemma 4.2.5. Let D be a masa in B such that 7 is diffuse on D. Then
Dy = JTT[D]WOT is an abelian von Neumann subalgebra of M; extend it to
a masa D; of M. Since the pushforward of a diffuse measure is diffuse, 7 is
diffuse on Dj. By the continuity of 7, wDjw™* is orthogonal to D;. Since D is
a von Neumann algebra, for any n > 1 we can find orthogonal projections e, for
J < n,in Dy such that t(e;) = 1/n for all j and Zj ej = 1. We now have
T(w) = Zj T(we;) = Zj T(ejwej) = ‘E(Zj ejwe;). The Cauchy-Schwarz
inequality implies I(a)|? < t(a*a) for all a, and

[T(X; ejwe))* < T((; erw*e) (X ejwe))) = Y- ; T(w*ejwe;)

(using ¢;e; = 01if i # j). Since w*Djw is r-orthogonal to D1, we have
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T(w*bwe) = t(w*bw)t(c) = 1(b)T(C)

for all b and ¢ in Dj. This implies Zj T(w¥ejwe;) = Z,’ 1’(@1')2 = % Therefore

|r(w)|2 < 1/n. Since n > 1 was arbitrary, we conclude that 7 (w) = 0. |

The normalizer of a subalgebra B of a unital C*-algebra A is
N(B) :={u € U(A) : uBu* = B}.

Proposition 4.4.4 Suppose t is a faithful tracial state on a unital C*-algebra A, B
is a C*-subalgebra of A, and u is a unitary in A. If there is a normal b € B such
that t is diffuse on sp(b) and ubu* L B, thenu L A (B).

Proof Fix v € A (B). Then v*ubu*v L v*Bv = B, hence w := v*u and b
satisfy the assumptions of Lemma 4.4.3. Therefore t(v*u) = 0 and v L; u. Since
v € A (B) was arbitrary, u L A (B). O

If I" is a discrete group and G is a subgroup of I" then the normalizer of G is
N(G):={h e H:hGh™' =G).

If 4 (G) = I then G is a normal subgroup of I". By Exercise 3.10.15, if G is a
subgroup of I we can identify C;(G) with a C*-subalgebra of C’(I"). In this case
the standard trace of the larger algebra agrees with that of the smaller algebra; we
slightly abuse the notation and use t to denote both traces.

Definition 4.4.5 If I" is a discrete group, the group von Neumann algebra L(I") is
the von Neumann algebra in A(£,(I")) generated by the image of I" under its left
regular representation A: I — £o(I").

By definition, L(I") is the closure of the reduced group algebra C;(I") in the
weak (or equivalently, strong) operator topology (see Section 2.4.2).

Lemma 4.4.6 Suppose G < H < I are discrete groups and G is an infinite
Powers group.

1. IffGf'NG = {e}forall f € '\ H and t is diffuse on a von Neumann
subalgebra B of L(G) then A (B) C L(H).

2. If fGf™'NG = {e} forall f € '\ H and t is diffuse on a C*-subalgebra B
of C}(G) then A (B) € C}(H).

3. Ifforevery f € I' \ H there exists g € G of infinite order such that fgf~' ¢ G
then A (C:(G)) € Ci(H).

4. If, in addition to the assumption of (3), G is a normal subgroup of H then
N (CHG)) = C;(H).

Proof (1) It is sufficient to prove L(H YL C A(L(G))* since t is faithful.
As {A(f) : f € I} is an orthonormal basis for L(I") with respect to || - |2
(Proposition 4.2.6), it suffices to prove that A(f) € N(L(G)* for f € I'\ H.



134 4 Tracial States and Representations of C*-algebras

If f eI\ Hthen fGf~1 NG = {e}, hence A(f) BA(f)* is orthogonal to L(G).
Since 7 is diffuse, Proposition 4.4.4 implies that A(f) is orthogonal to A4 (L(G)).

(2) Take the WOT-closures and apply (1). The normalizer of B is included in
L(H), and it only remains to observe that L(H)NC}(I") = Ci(H). This is because
A(g), for g € I', is an orthonormal basis in both C}(I”) and its completion L(I").

(3) Fix f € I'\ H and g € G of infinite order such that fgf~! ¢ G.
The group Go generated by g is isomorphic to Z, therefore C}(Go) = C(T)
(Example 2.4.8(3)) and p, is the Lebesgue measure on the circle, hence diffuse on
sp(a). Therefore Proposition 4.4.4 applied to w := A(f) and B := C*(A(g)) implies
rf) € JV(Cf(G))J-. We have proved thataV(C;"(G))l Dspan{A(f): f e '\H}
and (3) follows.

(4) The assumptions imply H = A47(G). It therefore suffices to prove that
CHAN(G)) € A(C!(G)) (with the normalizers computed in I" and Ci(I"),
respectively). If 1 € A(G) then A(h) € A4 (C}(G)). Since these elements form
a basis for C:(A(G)), we have C} (A (G)) € A (C:(G)). O

4.5 Exercises

Exercise 4.5.1 Suppose Tt is a tracial state on a C*-algebra A. Prove that 7, [A]” is
a factor if and only if 7 is an extreme point of the space T(A) of tracial states of A.

Exercise 4.5.2 Suppose t is a faithful tracial state on a unital C*-algebra A. Prove
that if u is a unitary such that 7 (u) = 1, then u = 1.

Exercise 4.5.3

1. Prove that every separable C*-algebra has a faithful state.
2. Find a C*-algebra without a GNS-faithful state.
3. Find a separable, stably finite, C*-algebra without a faithful tracial state.

Exercise 4.5.4 Find a separable C*-algebra A with no faithful tracial state. In
addition, make sure that A is unital and each one of its nontrivial quotients
(including A itself) has a tracial state.

Definition 4.5.5 The opposite algebra of a C*-algebra A is the C*-algebra whose
underlying Banach space structure and involution are the same as that of A, but the
product of x and y is defined as yx rather than xy. It is denoted by A°P.

Exercise 4.5.6 Suppose 7 is a tracial state on a C*-algebra A and 7, : A — HB(H-)
is the associated GNS representation. Verify that the right multiplication by elements
of A on the GNS pre-Hilbert space A/L, defines a representation of A”, whose
range is included in the commutant 77, [A]’.

We will return to opposite algebras in Exercises 7.5.7 and 7.5.8.
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Exercise 4.5.7 Let X be a compact metric space and let A be a C*-algebra with a
unique tracial state. Prove that T(C (X, A)) is affinely homeomorphic to P(X), the
space of Borel probability measures on X.

Exercise 4.5.8 For every n > 1 construct a simple AF algebra A such that T(A) is
affinely homeomorphic to the n-dimensional simplex.
Hint: Forn = 2, try

-4 4

Exercise 4.5.9 Prove that the Breuer ideal of a Il factor (Example 4.1.5(2)) is not
o-unital.

Exercise 4.5.10 Prove that Lemma 4.3.8 can be strengthened by dropping the
assumption that the group G be countable.

Exercise 4.5.11 Suppose that some elements a, b, and ¢ of a C*-algebra A satisfy
the inequality aa® < bb* + cc*. Use Corollary 1.6.13 to prove that there are x and
yin A such that x*x < b*b, y*y < c*c, and aa® = xx™ + yy*.

Exercise 4.5.12 A discrete group I" is an ICC group (ICC stands for infinite
conjugacy classes) if the conjugacy class of every non-identity element is infinite.
Prove that L(I") is a factor if and only if I" is an ICC group.

Exercise 4.5.13 Use Exercise 1.11.58 and the proof of Proposition 4.2.6 to prove
the following. If ¢ is a faithful state on a C*-algebra A, then the strong operator

topology on the unit ball of yr(p[A]WOT is induced by the norm ||a||> := ¢(a*a)'/?.

Exercise 4.5.14 Suppose that the equality }_; _,, afa; = }_;_, b;b} holds in a
C*-algebra A. Use Corollary 1.6.13 to prove that in A there are ¢;;, for i < m and
Jj <n,suchthat} ;_, cijcf; =aialand ), _,, c;cij = bibj foralli and j.
Exercise 4.5.15 Suppose that 7 is a state on a unital C*-algebra A and u is a unitary
in A such that 7(u") = 0 for all n > 1. Prove that 7 is diffuse on C*(u).

Notes

Section 4.1: It is not known whether every stably finite C*-algebra has a tracial state
(see Example 4.1.6). This is true for exact C*-algebras ([122]). Not every finite C*-
algebra has a tracial state. An example of a finite and simple C*-algebra A such that
M, (A) is infinite was constructed in [207].

The space T(A) is not just any old compact convex set. For every C*-algebra A,
every trace T € T(A) is the barycenter of a unique measure that concentrates on the
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extreme boundary of T(A). When A is finite-dimensional, then 7 (A) is a simplex
and this is evident. A proof of the general statement can be found e.g., in [213]. A
compact and convex set with this property is called a Choquet simplex.

Sections 4.2 and 4.4: These sections, and Proposition 4.4.4 in particular, are
an adaptation of [202] where the free group factors were considered. The notion
of orthogonality between subalgebras of a tracial C*-algebra prominent in this
section is transferred from its natural habitat, the theory of II; factors. We have
only scratched the surface, and the readers who enjoyed this section would love the
theory of II; factors.

Section 4.3: Lemma 4.3.1 has been taken from [41]; see also [5]. Powers
introduced his approximation property in order to prove that C(F,) is simple and
has a unique tracial state. This property is equivalent to the simplicity of C}(I") and
strictly weaker than the uniqueness of a trace on this algebra (see [31, 123, 153],
Exercise 11.4.2).

Notably, a converse to Exercise 4.5.15 holds: If 7 is a diffuse state on an abelian
unital C*-algebra A, then there exists a unitary u € A such that t(u") = 0 for all
n > 1([66]).

A prominent open problem in operator algebras is whether the free group von
Neumann algebras (Definition 4.4.5) L(F>) and L(F3) are isomorphic. The positive
answer is equivalent to all nonabelian free group von Neumann algebras L(F,), for
n > 2, being isomorphic ([65]). It is not too difficult to see that L(F>) = L(F3) is
aX % statement, and therefore absolute between transitive models of a large enough
fragment of ZFC that contain all countable ordinals (Theorem B.2.12). It is therefore
very unlikely (albeit not completely impossible) that the answer to this problem is
independent from ZFC.



Chapter 5 ®
Irreducible Representations of ke
C*-algebras

This chapter is a continuation of Chapter 3. It starts with Kishimoto’s rather ele-
mentary construction of an approximate diagonal for an irreducible representation
of a C*-algebra. Subsequently we prove the excision theorem for pure states.
The first glimpse of the set-theoretic vantage point is provided in the section on
quantum filters. These noncommutative analogs of ultrafilters are used to study pure
states on C*-algebras. The chapter culminates with the proof of the Kishimoto—
Ozawa—Sakai theorem on the homogeneity of the pure state space of a simple,
separable, C*-algebra. This theorem is one of the components of the construction of
a counterexample to Naimark’s problem.

5.1 Approximate Diagonals a la Kishimoto

This section contains Kishimoto’s elegant and elementary proof of a deep fact that
every irreducible representation of a C*-algebra has an approximate diagonal. Along
the way, we prove a stability result for unitaries and a combinatorial result about
optimal transport of ¢-nets of minimal cardinality in a compact metric space.

The proof uses the analysis of direct sums of inequivalent irreducible representa-
tions from Section 3.4. The use of approximate diagonals is crucial in the proof of
Theorem 5.6.1. Without further ado, we define the approximate diagonals and state
the theorem whose proof the present section is devoted to.

Definition 5.1.1 An approximate diagonal of a representation w: A — Z(H) of
a C*-algebra A is a net b, for A € A, which satisfies the following.

1. by = (b,\,o e b)\,n(;\)_l) belongs to M1, (A) for some n(i) > 1,

2. b} <1,
3. For all a € A the following holds

lim, sup e o<1 la Zi<n(x) (byr.ichy ;) — Zi<n(A) (by.icbj pall =0,
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4. For every finite-dimensional projection E in Z(H) there exists 1g € A such that
E(1 — 7 (b;.b})) = 0 forall A > Ao.

Theorem 5.1.2 Suppose A is a C*-algebra and w: A — PB(H) is a direct sum of
inequivalent irreducible representations. Then 7w has an approximate diagonal.

The first step towards our proof of Theorem 5.1.2 is a proof of a form of weak
stability (Definition 2.3.12) for unitaries.

Lemma 5.1.3 For every ¢ > 0 there exists § > 0 such that the following holds.
Suppose A C ZB(H) is a unital C*-algebra, E € AT is a finite-rank projection,
and u is a unitary in A satisfying||[u, E]|| < 8. Then there exists a unitary v € A
such that [v, E] =0, |lu — v|| < ¢, and u and v are homotopic.

Proof Fix A, u, and E as in the statement of the lemma. The smallness of § will be
discussed later. The projection P := uEu* satisfies | P — E|| = ||[u, E]|| < §. With

Q = Projspan(E(#)urm)) We have £ < Q, P < Q. and
T:=EP+(Q—E)Q-P)

satisfies T a5 P2+ (Q — P)?2 = Q, thatis |T — Q| < 26. Consider the

polar decomposition T = W|T|. As P, Q, and T belong to W*(E, u) C ZWOT,

so does W.

Until further notice, we will work in the unital and finite-dimensional C*-
algebra A(Q[H]); thus, “unitary” means “unitary in Z(Q[H])”, “invertible”
means “invertible in Z(Q[H1)”, and so on. If § < 1/2! then |T — Q|| < 1. By
Lemma 1.2.6, T is invertible and W is a unitary.

Lemma 1.4.5(2) implies |W — Q| < 3||T — Q|| = 64. Since

T*T = PEP +(Q — P)(Q — E)(Q — P),

we have T*TP = PT*T. Therefore each one of T*T and |T| = (T*T)Y2
commutes with P.

Since TP = EP = ET,wehave TPT~! = E. As |T| commutes with P, we
have WPW* = W|T|P|T|~'W* = TPT~! = E. Therefore WP = EW and,
since P = uEu*, WuE = EWu.

The rank of W is finite, and by the continuous functional calculus there exists
S € C*(W),, such that exp(iS)Q = WQ = W. Since W € A" ", we have
s e AV Also, as [|[W — Q|| is small, we have [|S|| ~ ||[W — Q||; therefore
S| — O0asé§ — 0.

Back in A: Since the rank of Q is finite, by Theorem 3.5.4 there exists h € A |
such that ||#]| = ||S|| and hQ = SQ. Let w; := exp(ith) for 0 < ¢t < 1. Then
vy := wsu, for 0 <t < 1, is a path of unitaries in A connecting vop = u and v := vj.

IThis does not exhaust the required degree of smallness of 8.
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We have

vE = wiuE = WuE = EWu = Ewiu = Ev
and |[v — u|| = |lw; — 1| < ||| can be made arbitrarily small by choosing a
sufficiently small § > 0, and this completes the proof. O

The proof of Theorem 5.1.2 requires a little gem that is Lemma 5.1.4 below.
Given a metric space (X,d) and ¢ > 0, an e-net is ¥ C X such that the e-balls
around elements of ¥ cover X. If X is compact, then for every ¢ > 0 there exists a
finite e-net in X.

Lemma 5.1.4 Suppose (X, d) is a compact metric space, ¢ > 0, and Y and Z
are g-nets in X of the minimal possible cardinality. Then there exists a bijection
[ Y — Z such that maxyey d(y, f(y)) < 2e.

Proof The proof uses Hall’s Matching Theorem (also known as Hall’s Marriage
Lemma) found in any graph theory book. For F C Y let

GlF]:={z € Z:minyerd(z,y) < 2¢}.

Since Z is an e-net, we have (J,cr B(y, &) S U,cq(r) B(z, €). This implies that
(Y \ F) UG[F]is an e-net, and |G[F]| = |F|. Since F was an arbitrary subset of
Y, Hall’s Matching Theorem implies that there exists an injection f: Y — Z such
that f(y) € G[{y}], and therefore d(y, f(y)) < 2¢forally € Y. O

Recall that Uy(A) is the connected component of the identity in the unitary group
of a unital C*-algebra A.

Proposition 5.1.5 Suppose A is a unital C*-algebra, m: A — PB(H) is a direct
sum of inequivalent, faithful, and irreducible representations of A, ¢ > 0, E is
a finite-rank projection in B(H), and U € Uy(A). Then there exist m > 1 and
W & M1, (A)<; such that t1(ww*)E = E for all w € W and for every u € U there
is a permutation f,: W — W satisfying max,ew |luw — f,(w)|| < 3e.

Proof Let 7;: A — ZA(H;), fori < d, be an enumeration of those irreducible
summands of 7 such that E[H;] # {0}. We may assume H = @i<d H; and
identify A with 7[A] = @, _, mi[Al.

Then Corollary 3.5.3 implies avor— D, ., #H,)).

For every u € U fix a continuous path of unitaries u;, for 0 < ¢ < 1, such that
up = 1 and u; = u. With § > 0 as guaranteed by Lemma 5.1.3, let m be large
enough so that each one of these paths has a discretization

u=u(j):j<m,

with u(0) = 1, u(m — 1) = u, and |Ju(i) — u(i + 1)|| < & foralli < m — 2.
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Forevery i < d fix a finite-rank projection E; € Z(H;) suchthat E <), _, E;.
Lemma 1.9.4 implies that there exists a finite-rank projection F; € Z(C" @ H;)
suchthat E; @0@--- @0 < F; and ||[F;, i]|| < Sforallu e U. Then F =), _, F;
isin Z(C™ ® H) and it satisfies E 0D --- 0 < F and ||[F, u]|| < § for all
u el

By the choice of 8, for each u € U there exists v, € Ug(M,,(A)) that satisfies
|0, — il < eand[v, F]=0.Let U := {9,(0) : u € U}.

Let Z := U(F[C" ® H]) and ¥ := {E} NUp(M,, (A)). Then M,,(A) is WOT-
dense in Z(C" ® H) (Exercise 5.7.10). By Corollary 3.5.5, for every y € % there
exists a unitary z € ¥ such that zE = y.

Fix Y € 7 of the minimal possible size such that {yE : y € Y} is an &-net in
% .ForueUletY, :={v,y:y € Y} Since v, € ¥ and the multiplication by v,
is an isometry of ¥, we have Y, € 7 and {v,yE : y € Y,,) is an e-net in % of the
minimal size. By Lemma 5.1.4 there exists a bijection f,,: ¥ — Y, such that

maxyey || (fu(y) — vuy)F|l < 2e.

By Proposition 3.9.6 there exists e € M,,(A) such that F < e < 1 and

maxyeyueU | (fu(y) — vuy)e| < 2e.

Since ||v, — u|| < &, we have

maxyey,ueU [|(fu(y) — iy)e| < 3e.

Fory € Y let wy € My,,(A) be the first row of ye € M, (A). Since y is a unitary
and |le|| < 1, we have ||wy| < 1.

Extend f, to W := {w, : y € Y} by fu,(wy) := wy,(y). Sincee > F > E,
we have ww* > FE for all w € W. Therefore max,,ew || fu (w) — uw|| < 3e. This
completes the proof. O

Proof (Theorem 5.1.2) Fix a C*-algebra A and a sum of finitely many inequivalent
irreducible representations, 7: A — HAB(H). Fix F € A, let E be a finite-rank

projection in [A]WOT, and let ¢ > 0. We need to find n and b € M, (A) such that
bb* <1, E(1 — w(bb*)) = 0, and for all a € F the following holds:

SUPceA, |lef<1 lla Zi<n(biCb;<) - Zi<n(biCb;k)a” =0.
Since every element of A is a linear combination of elements of UO(A), we may

assume F € Up(A). By Proposition 5.1.5 there exists m > 1 and W € My, (A) <
such that ww*E = E and for every u € F there is a permutation f,, : W — W such
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that maxew |[uw — f,(w)| < 3e. Let? n = I[W|m andletb = (b; : i < n) in
M, (A) be equal to the direct sum of all w € W divided by |W|!/2.
Then bb* = ﬁ Zwew ww* < 1and bb*E = E. If c € A and u € F then for

every b € W we have ubch*u* ~¢. f(b)cf (b)*. By summing, we obtain
llu 2 (bicbPHu* =3, (bich))l < 6belic].

Since ¢ > 0, E, and F were arbitrary, this concludes the proof. m]

5.2 Excision of Pure States

In this section we use the analysis of pure states from Section 3.6 to prove the
excision theorem for pure states. This theorem is used to study the weak*-topology
on the state space and prove that the pure states are weak*-dense in the state space of
a primitive C*-algebra (Glimm’s Lemma). We also prove some refinements that will
be used in the proof that the pure state space of a simple and separable C*-algebra
is homogeneous in Section 5.6. This section concludes with a proof of Kirchberg’s
Slice Lemma and its applications to the ideal structure of A ® B.

Recall that given a C*-algebra A we write A4 1 = {a € A+ : |la|| = 1}. The
following theorem, known as the excision of pure states, is (among other things) the
key step in associating a “noncommutative ultrafilter” to a pure state (Section 5.3).

Theorem 5.2.1 If ¢ is a pure state on a C*-algebra A then there is a decreasing
net {ay : A € A} in Ay 1 such that ¢(ay) = 1 for all A and for every b € A we have

limy ||a;.bax, — ¢(b)az|| = 0.

A net (a)) that satisfies the conclusion of Theorem 5.2.1 is said to excise ¢.

Proof We will first prove this under the additional assumption that A is unital.
Since Ly, is a left ideal (Lemma 3.6.3), its adjoint L; is a right ideal and

L,N L:; ={a € A:¢pla*a) = ¢laa™®) =0}

is a hereditary C*-subalgebra of A. Let ¢, for A € A, be an approximate unit in this
algebra. Define

a, :=1—e,.

2Here |W| denotes the cardinality of the set W.
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Then 0 < e, < I implies 0 < @) < 1. Since an approximate unit is upwards
directed, the family ay,, for A € A, is downwards directed. Ford € L, N Lj; we have
lim,, ||d(1 — ¢;)|| = 0. Therefore

lim |laxd|| = lim |day || = lim lada; || = 0.

Fix b € A. Since ¢ is pure, by Proposition 3.6.5 we can write ¢(b) — b = ¢ + d*
forcandd in L. Since Ly, N Agq = L;‘) N Agq, ¢ € Ly, implies c*c € Ly, N L;, and

lim Jlca; || = lim las.c*cay||'/? = 0.

Similarly, lim;, ||ad*|| = 0. Therefore
laxbay, — e()az]l = [|(1 — ex)(c +d*)(1 — el < (1 = e)d*|| + [le(1 — e)|

tends to 0 as A — A. Since b € A was arbitrary, we have proved that the net (ay)
excises ¢.

If A is not unital, fix a € A4 1 such that |la|| = ¢(a) = 1 (Exercise 3.10.18).
Then the net defined by a; := a'/>(1 — e))a'/? excises ¢ by a computation
marginally more complex than in the unital case. O

Theorem 5.2.1 provides one with a good grip on the weak*-topology on the state
space of a C*-algebra. The following may be the simplest example.

Lemma 5.2.2 Suppose ¢ is a pure state on a C*-algebra A. The sets
Uge:={Y € S(A): ¥(a) > 1 —¢}

fora € AL | such that p(a) = 1 and ¢ > 0 form a local neighbourhood basis of ¢
in the weak*-topology on S(A).

Proof Since U, ; is clearly a weak*-open neighbourhood of ¢, it suffices to prove
that every weak*-open neighbourhood V of ¢ contains one of this form. Fix V and
let F € A<jand$ > Obesuchthat V O {y : || (b) — @(b)| < éforall b € F}.

Let ¢ < §/4 be such that 2¢'/? < §/4. Use Theorem 5.2.1 to find a € A, ;
satisfying ||@(b)a — a'/?ba'/?|| < §/4 forall b € F.Fix € U, .. For b € F the
second part of Lemma 1.7.5 implies | (b) — ¥ (a'/?ba'/?)| < 2¢'/2||b|| < 8/4 and
therefore

% > [y (p(b)a — a'*ba'/?)| = |p(b)¥ (a) — ¥ (a'/?ba'’?)]
~ssa LoDV (@) — Y (b)| ~¢ lp(b) — Y ().

This shows |@(b) — ¥ (b)| < §. Since b € F was arbitrary we conclude that ¢ € V.
Since ¢ € U, ¢ was arbitrary, U, . € V and the assertion follows. O
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Recall that a state ¢ is faithful if ¢(a*a) = 0 implies a = 0. We introduce a less
common terminology and say that a state is GNS-faithful if the corresponding GNS
representation is faithful (and therefore isometric by Lemma 1.2.10).

Lemma 5.2.3 Every faithful state on a C*-algebra is GNS-faithful.

Proof Suppose ¢ is a state on a C*-algebra A. If ¢ € A then
p(a*a) = (wy(@*a)Eyl&,) = |my €I < Imy(@)].

If @ is faithful, then this implies ||, (a)|| > O foralla € A. m|
Not every GNS-faithful state is faithful (see also Exercise 5.7.1).
Example 5.2.4

1. Every state on a simple C*-algebra is GNS-faithful. Yet if a is a positive
contraction in a unital C*-algebra A such that |1 — a|| = 1, then there exists
a state ¢ of A such that ¢(a) = ¢(a®) = 0.

2. On an abelian C*-algebra a state is faithful of and only if it is GNS-faithful. The
states on an abelian C*-algebra C(X) correspond to Radon probability measures
on X by Example 1.7.2. A measure on X is strictly positive if the measure of
every nonempty open subset of X is nonzero. A simple computation shows that
the strict positivity of a measure is equivalent both to the corresponding state
being faithful and to the corresponding state being GNS-faithful.

Recall that for a unit vector ¢ in a Hilbert space, w; denotes the vector state
w¢(a) == (ag|¢) on B(H).

Lemma 5.2.5 Suppose ¢ is a GNS-faithful pure state on a C*-algebra A, and that
the associated GNS representation w: A — JB(H) satisfies m[A] N # (H) = {0}.
Then for every finite-dimensional subspace Hy of H the set

{og 1A ¢l =1,¢ € HN Hy')

is weak*-dense in P(A).

Proof By Lemma 5.2.2, it suffices to prove that for every a € A4 1 and ¢ > 0 there
exists ¢ € Hd‘ such that w; (a) > 1—e¢. By the Spectral Theorem (Theorem C.6.11)
there exists a unitary u: H — Lo(X, n) for some probability Radon measure space
(X, ) so that uau* is the multiplication operator My for some f € Loo(X, ).
Sincea € A+.1,b := (a— (1 —¢))+ is nonzero and 7 (b) is not compact. Therefore,
ifY :={x e X: f(x) >1—c¢}then K := Ly(Y, ) is an infinite-dimensional
subspace of L7 (X, i) and we can find ¢ € Hd‘ N K. Then w;(a) > 1 —¢. |

Lemma 5.2.6 (Glimm’s Lemma) Suppose A € #(H) and AN % (H) = {0}.
Then the set of restrictions of vector states wg, for { € H, to A is weak*-dense in

S(A).
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Proof Let U be a nonempty weak*-open set in S(A). The Krein—-Milman Theorem
implies that U contains a convex combination ¢ = ), _, ri¢; of pure states.

Fix F @ A<y and ¢ > 0 such that maxper [@(b) — ¥ (b)| < e implies Y € U for
all y € S(A). By Theorem 5.2.1 we can finda; € A4 fori < n so that

1/2

lgi (b)a; — a;*ba!’?

Pl<e

forall b € F.
Let § be such that 28'/2 < ¢. We will find vectors i such that (a;¢;|¢) > 1 — 6.
Likewise, by using Lemma 5.2.5 n times, we can assure that

G € (b, b* b e F, j <k}t

forall k < n.Let¢ =) ,_, rklk. Fix b € F.For j # k we have (b¢;|¢x) = 0,
and therefore (using the choice of § and the second part of Lemma 1.7.5)

wy (b) = (b Zk<n rk k| Zk<n rk8k) = Zj<n rjwg; (b) ~¢ Zj<n rj@;(b).

Therefore |w; (b) — ¢(b)| < ¢ forallb € F,andw; | A € U. m|

Theorem 5.2.7 If a C*-algebra A is simple, unital, and infinite-dimensional then
its pure state space P(A) is weak*-dense in S(A).

Proof The assumptions imply that every pure state ¢ of A is GNS-faithful and that
(Al N J# (Hy) = {0}. For a unit vector { € H,,, Theorem 3.4.5 implies that
w; o Ty is unitarily equivalent to ¢, and therefore a pure state. Glimm’s Lemma
(Lemma 5.2.7) implies that these pure states are weak*-dense in S(A). |

In the following, exp(ia) is a unitary in A if A is not unital.

Proposition 5.2.8 Suppose ¢ is a GNS-faithful pure state on a C*-algebra A and
that my,[A] N X (Hy) = {0}). Then O := {¢ o Adexp(ia) : 0 < a < 7y} is weak*-
dense in P(A).

If A is simple and infinite-dimensional, then O is weak*-dense in S(A).

Proof If U is a nonempty weak*-open subset of P(A) then by Lemma 5.2.5 we can
find a unit vector ¢ € H such that w; o my, € U. Proposition 3.8.1(4) implies that
the restriction of w; o 7, to A is unitarily equivalent to ¢ via a unitary exp(ia) for
0<a<2m.

The second part is a consequence of the first part and Theorem 5.2.7. O

Proposition 5.2.9 Suppose that ¢, for y < k, are inequivalent GNS-faithful pure
states on a unital C*-algebra A and that the associated GNS representations satisfy
my [AlN 2 (Hy)) = {0}. Then € := {(¢y o Adexp(ia) : y <«):0=<a <m}is
weak*-dense in P(A)¥.

Proof By the definition of the product topology it suffices to prove the assertion
for a finite . Fori < « let w;: A — ZB(H;) be the GNS representation associated
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with ¢;. Fix nonempty weak*-open subsets U;, for i < «, of P(A). Lemma 5.2.5
implies the existence of unit vectors {; € H; such that w;; o; € U; fori < «k.
Proposition 3.8.5(4) gives a unitary of the form u = exp(ia) for 0 < a < 7 such
that w;, o 7r; and ¢; o Ad u agree on A for all i < k. Therefore ¢; o Adu € [[;_, U;
follows. O

The remaining part of this section is devoted to a proof of Kirchberg’s Slice
Lemma (Lemma 5.2.11), a fundamental result about the minimal tensor product,
and its applications to the ideal structure of tensor products. These results are an
end in themselves and will not be used later on in this text (Lemma 5.2.13 was used
earlier on).

Lemma 5.2.10 Suppose A and B are C*-algebras and ¢ € (A ® B),. Then for
everye > Otherearea € AL 1 andb € By | suchthat ||[(a®1)c(a®1)—a®b| < s.

Proof We may assume ¢ # 0. Fix d such that ¢ = d*d. By modifying ¢ > 0 and
approximating d with a sum of elementary tensors, we may assume that ¢ is equal
to a sum of elementary tensors, c = Y, _, x; ® y;. Let ¢ and ¥ be pure states of A
and B, respectively, such that (¢ ® ¥)(c) > 0 and let b := (¢ ® idp)(c) using the
conditional expectation from Example 3.3.5. Then ||b|| > ¥ (b) = (¢ @ ¥)(c) > O.
With A; := ¢(x;), we have b = > .__A;y;. Since a conditional expectation is
completely positive, b > 0.

By Theorem 5.2.1 there exists a € A4 1 such that la'?x;a'’? — x;a|l < &/n for
alli. Then (@ @ Dc(@a® 1) =, a® Y_;_, Aiyi = a ® b as required. |

i<n

Lemma 5.2.11 (Kirchberg’s Slice Lemma) Suppose D is a nonzero hereditary
subalgebra of A ® B. Then there exists a nonzero x € A ® B such that x*x € D
and xx* is an elementary tensor.

Proof Fix ¢ € D, ; By Lemma 5.2.10, there are a € A4 and b € By such that
lc—a®b]| < 1/4. We may assume |la|| = ||b|| = 1. Proposition 1.6.14 implies that
there exists z € C*(c, a ® b) such that zcz* = ((a ® b) — 1/4) 1. We claim that there
exists y € C*(a, b) such that y((a ® b) — 1/4)1)y* = (a —3/4)+ Q@ (b —3/4) 4.
It will be convenient to write (s — €)4 := max(s,s — ¢) fors € Ry.

For (s,t) € sp(a) x sp(b) we have that min(s, ) > 3/4 implies st > 1/4
and by the Tietze Extension Theorem there exists f € C(sp(a) ® sp(b)) such that
fls,0) =0if st < 1/4and f(s,1) = ((s — 3/4) 1t — 3/4) ) 2(st — 1/4)7'?)
if min(s, t) > 3/4. Then f determines y € C*(a, b) as required. Let x := yzcl/z.
Then x*x < ¢ and it belongs to D and xx* = (a — 3/4)+ ® (b — 3/4)4 is an
elementary tensor. a

If A ®y B is a non-spatial tensor product, then the kernel of the surjection of
A ®, B onto A ® B (see Takesaki’s Theorem, Exercise 5.7.10(5)) is a nontrivial
ideal disjoint from A ® B. The “obvious” ideals in A ® B are the ones of the form
I ® J forideals I and J of A and B, respectively, and we can now prove that every
nonzero ideal in A ® B contains one of the “obvious” ideal.



146 5 Irreducible Representations of C*-algebras

Corollary 5.2.12

1. For any two C*-algebras A and B, every nontrivial ideal J of A ® B contains a
nonzero elementary tensor.

2. Theideal J of A ® B generated by a @ b includes J, ® Jp, where J, is the ideal
of A generated by a and Jp, is the ideal of B generated by b.

3. The minimal tensor product of simple C*-algebras is simple.

Proof (1) Suppose J is a nontrivial ideal in A ® B. Lemma 5.2.11 implies that
there exists x € A ® B such that x*x € J and xx™* is an elementary tensor. By
Corollary 1.6.10 there exists ¢ € A ® B such that x = e(x*x)!/%, and therefore
x € J. Also [|[xx*|| = ||x*x|| > 0, and xx™* is a nonzero elementary tensor in J

(2) Since the ideal of a C*-algebra D generated by an element d is equal to Dd D,
this is a straightforward computation.

(3) is an immediate consequence of (1) and (2). |

We can now improve the conclusion of Lemma 2.4.7.

Lemma 5.2.13 Suppose A is a unital C*-algebra, B and C are C*-subalgebras of
A, B is simple and it contains an approximate unit of A, C is nuclear, and bc = cb
forallb € B and all ¢ € C. Then C*(B, C) is isomorphic to B ® C via a map that
sendsb@ lctoband 1p @ ctocforallb e Bandallc e C.

Proof Since C is nuclear, B® C and B ®@ux C are isomorphic via an isomorphism
that is the identity on B © C. Let ®: B ® C — C*(B, C) be a surjective *-
homomorphism as in Lemma 2.4.7.

Assume that ker(®) # {0}. Corollary 5.2.12(3) implies that ker(®) includes an
ideal of the form B ® I (recall that B is simple) for some ideal I of C. Since B
contains an approximate unit of A and commutes with C, I = {0} and therefore
B ® {0} = {0}; contradiction. Therefore the kernel of @ is trivial and the function
b ® ¢ +— bc is an isomorphism from B ® C onto C*(B, C). |

5.3 Quantum Filters

The purpose of this section is to study quantum filters of positive contractions of
norm 1 in a C*-algebra. We prove that a quantum filter determines a face of the state
space of a C*-algebra and we also define a canonical bijection between maximal
quantum filters and pure states. This section ends with a proof that our definition
generalizes the original notion of maximal quantum filters of projections in C*-
algebras of real rank zero.

The motivation for abstract quantum filters (Definition 5.3.3) comes from the
need to analyse states on C*-algebras. States provide a blueprint for quantum filters.

Definition 5.3.1 Suppose ¢ is a state on a C*-algebra A. The quantum filter
associated with g is Z#, :={a € AL 1 : ¢(a) = 1}.
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Example 5.3.2

1. Suppose A = C(X). By the Riesz Representation Theorem, every state on A
is of the form ¢(a) = [adp for a Radon probability measure u on X. Then
Fp =1{a € C(X)41 : a | supp(n) = 1}. If u is the point mass measure
concentrating at x € X, then %, = {a € C(X)4+,1 : a(x) = 1} and p(a) = a(x).

2. If & is a unit vector then on #(H) we have 7, = {a € $(H)+ : a§ = &},
the set of all operators in Z(H )41 that have £ as a 1-eigenvector.

3. If ¢ is a state on a C*-algebra A and m,, is the corresponding GNS representation
with cyclic vector &, then %, = nw’] [P ]-

4. Theorem 5.2.1 immediately implies that if ¢ is a pure state then %, excises ¢
(but see Example 5.3.14).

We can now state the abstract definition.

Definition 5.3.3 A subset .# of A | is a maximal quantum filter on a C*-algebra
A if the following two conditions are satisfied.

1. Foralln > 1and a;, for j < n,in.% we have || ]_[j<n ajll =1.
2. f.F € #' C Ap g and F satisfies (1) then 7' = Z.

A subset .# of Ay is a quantum filter on A if it is an intersection of a (nonempty)
family of maximal quantum filters.

Lemma 1.7.5 implies that ¢(ab) = ¢(b) for every a € %, and every b € A, and
therefore .%,, satisfies (1) of Definition 5.3.3 for every state ¢. We will talk about
(maximal) quantum filters, omitting the reference to A if it is clear from the context.

An ordered set P is downwards directed if every finite subset of P has a lower
bound. A quantum filter .7, in a C*-algebra A, considered as a suborder of (A, <)
is in general not downwards directed (Exercise 5.7.9). Proposition 5.3.4 gives a poor
man’s version of being downwards directed. It is proved by recycling the idea used
to construct an approximate unit in every C*-algebra. It will suffice for all practical
purposes.

Proposition 5.3.4 Suppose ¢ is a pure state on a C*-algebra A. Then F, contains
a norm-dense subset 9 which excises ¢ and is downwards directed.

Proof Becausea € A, |impliesO0 <a <landa € L, N Lf; implies p(a) = 0
and therefore ||1 —al|| =1,wehave #y, ={ac Ay 1:1—aeLy,N L’(;}. Let

A={ae(LyNLyy:a<l1}

Clearly 2 := {a € Ay1 : 1 —a € A} is norm-dense in .%,, and it therefore
excises ¢.

As in the proof of Proposition 1.6.8, the function a > (1 —a)~! — 1 is an order-
isomorphism between A and (L, N L;)+. Therefore (A, <) is upwards directed,
and Z is downwards directed. O



148 5 Irreducible Representations of C*-algebras

Lemma 5.3.5 If A is a C*-algebra and .7 is a quantum filter on A, then
F7(A) ={p € S(A) : F, 2 F}.

is a face of S(A).
Proof For F € 7 let

Sr ={p € S(A) : ¢(a) = 1 foralla € F}.

We will prove that 7 # @ for every F € #.Letn := |F| and leta;, for j < n,
enumerate F. For 0 < k <n — 1let b := [[;.;_,a; and let by,—1 = 1;. Then

boby is a positive element of norm ||bg |> = 1, and therefore by Lemma 1.7.6 there
exists ¢ € S(A) such that p(bobj) = 1.

We prove that ¢(a;) = 1 and go(bjb;f) = 1 for j < n, by induction on j.
It is given that @(boby) = 1. If j satisfies w(bjb;f) = Il,then 0 < a; < 1,
Corollary 1.6.5(3), and ||b 1] = 1 together imply

b = g:b:1b* . 2 :
b]bj—a]b]+1bj+laj Saj fa].

Since ¢ is positive, ¢(a;) = 1. Lemma 1.7.5 implies
@bjr1bi ) = ¢ajbj1bja) = 1.

This completes the inductive step and the proof. We have ¢(a;) = 1 forall j < n,
and therefore ¢ € .YF and .SF # ¥ as required.

Clearly every .F is weak*-compact, F C G implies .¥F 2 ., and therefore
S 7(A) = (\pez LF is nonempty and weak*-compact. For every ¢ € S(A) and
every a € A4 1 we have ¢(a) € [0, 1] and therefore .”# (A) is convex. In order to
prove that it is a face, suppose ¢ € .##(A) is a nontrivial convex combination of
Yo and | in S(A). We claim that both 1y and ¥ belong to .Zz(A). If a € .7,
then ¢(a) = 1 and therefore ¥o(a) = ¥1(a) = 1. This implies ¥; € Sz (A) for
i < 2 and concludes the proof. O

Lemma 5.3.6 If ¢ is a state on a C*-algebra A then the left kernel of ¢ is uniquely
determined by %, as Ly, \ {0} = {a € A\ {0} : 1 — a*allal| =% € Fo). If ¢ is pure
and F, = Fy for some state  then ¢ = 1.

Proof If ||la|| < 1 then |1 — a*a| < 1, hence ¢(a*a) = 0 if and only if 1 — a*a
is in .#,. Therefore L, N A<; = {a € A<y : 1 —a*a € %,}. Since Ly, is a left
ideal this uniquely determines L, and by renormalization it implies the required
characterization of L.

If ¢ is pure, then ker(¢) = Ly, + Lg, by Proposition 3.6.5 and therefore ker(gp) is
uniquely determined by .%,,. Finally, every state is uniquely determined by its kernel
by Exercise 1.11.51. O
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Proposition 5.3.7 The following are equivalent for every quantum filter ¥ on a
C*-algebra A.

1. The face .##(A) has more than one element.

2. The quantum filter .F is not maximal.

3. There exists a € A1 such that each of F U {a} and ¥ U {1 — a} generates a
quantum filter.

Proof (3) clearly implies (2).

(2) = (1): Suppose .# is not maximal. By Lemma 5.3.6, .% is not equal to .%,
for any pure state ¢. Lemma 5.3.5 implies that .%# (A) is a face of S(A). By the
Krein—Milman Theorem it has more than one extreme point and (1) follows.

(1) = (3): Suppose that .#(A) has more than one element. Lemma 5.3.5
implies that .2 (A) is a face of S(A) and therefore every extreme point of 7% (A)
is a pure state. The discussion now splits into two cases.

First, assume that .z (A) N P(A) contains inequivalent pure states, ¢ and .
By Proposition 3.5.2 the WOT-closure of (1, @ my)[A] is B(H,) © %(Hy). By
Theorem 3.5.4 applied to a self-adjoint operator in Z(H, ® Hy ) with eigenvectors
&y and &y we can find a € Ay such that ¢(a) = 1 and ¥(a) = 0, hence (3)
follows.

Now consider the second possibility, that all pure states in 2™ := ##(A)NP(A)
are equivalent. Let ¢ be one of them. If 7,: A — Z(H,,) is the GNS-representation
corresponding to ¢ then for every ¢ € 2 there exists a unit vector &y, € H, such
that ¥ = wg, o 7, (Exercise 3.10.32). Fix a € 7. Then my(a)sy = & for all
Y € X, and therefore

Ho = Spaiiféy : ¥ € 2)

is included in the 1-eigenspace of 7, (a). Since 2" has more than one element, and
distinct states correspond to linearly independent vectors, dim(Hp) > 2. Fix a unit
vector 1 in Hy orthogonal to &,. By Theorem 3.4.5 there exists a € A 1 such that
¢(a) = 1 and m,(a)n = 0. Therefore with ¢ := w, om, we have that #U{a} C %,
and # U {1 — a} € %y; hence (3) follows. O

Theorem 5.3.8 Suppose A is a C*-algebra. Then ¢ + %, is a bijective
correspondence between pure states on A and maximal quantum filters of A.

Proof Lemma 5.3.6 and Proposition 5.3.7 together imply that for every maximal
quantum filter % there exists a unique pure state ¢ such that & = %,. Since
Z7(A) is a face, it is the closed convex hull of pure states contained in it. Therefore
Z7(A) = {¢}. Conversely, every pure state ¢ determines .%, uniquely and by
Lemma 5.3.6 this correspondence is an injection. O

Lemma 5.3.9 Suppose A is a C*-algebra and % is a quantum filter on A. Then

F={aeAyr:¢9) =1foralp e Sz(A))}.
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Proof The direct inclusion is trivial. If a € A4 | \ ., then there exists a maximal
quantum filter 4 O % such that a ¢ ¢. Then ¢g(a) # 1 and ¢y € Sz(A),
therefore a ¢ % . Since a was arbitrary this proves the converse inclusion. O

Proposition 5.3.10 Suppose .7 is a quantum filter on a C*-algebra A. For every
b € A4 the following are equivalent.

1. be Z.

2. b" € F for somen > 1.

3. b" e F foralln > 1.

4 Ve >0Fae F)b+ec>a

If in addition .F is maximal then (1)—~(4) are equivalent to each of the following.

5. \lbal =1 foralla € %.
6. ||laba| = 1foralla € Z.

Proof We start by proving that the first three conditions are equivalent.

Trivially (3) implies (2).

(2) = (1): Suppose that b" € F for some n > 1. Fix ¢ € ##(A). Then
") = 1forall p € Lz(A). Since 0 < b < 1, we have b" < b; therefore
1 = (") < ¢(b) and ¢(b) = 1. Since ¢ € F was arbitrary, b € % and (1)
follows from Lemma 5.3.9.

(1) = (3): Assume (1) and fix ¢ € Y% (A). By Proposition 1.7.8 we have
@(aca’) = ¢(c) foralla € F,a € F,and c € A. By induction on n, p(b") = 1
follows. Since ¢ € .# was arbitrary, (3) follows from Lemma 5.3.9.

()= (4): take a = b.

“4) = (1)

Suppose (4) holds, hence b € A4 ; is such that for all ¢ > 0 we have a, € ¥
suchthat b + ¢ > a.. If p € .Z#(A) then ¢p(b) + & > ¢(a.) = 1 for all ¢ > 0, and
therefore ¢(b) = 1 and (1) follows.

We have yet to prove that if .# is a maximal quantum filter then (1) is equivalent
to the last two conditions. In this case (6) implies (1) by the maximality.

By the definition (1) implies (6), and (6) clearly implies (5). Suppose (5) holds
for b. By the C*-equality, |lab?a| = ||ba||* and therefore (6) holds for b>. O

Example 5.3.11 In the case of non-maximal quantum filters, (6) is strictly weaker
than (1). Take any unital C*-algebra A # C and let # = {14}. Thenevery b € A4 |
satisfies (6).

Definition 5.3.12 If o/ C A, ; satisfies condition (1) of Definition 5.3.3 then the
quantum filter generated by < is

F(A) = ﬂ{gz 1 F D of, F is a maximal quantum filter}.
A quantum filter % on a C*-algebra A is generated by projections if % is the
quantum filter generated by .% N Proj(A).

Proposition 5.3.13 Suppose that a C*-algebra A has real rank zero. Then every
quantum filter on A is generated by projections.
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Proof If a € #,a # 1,and 0 < ¢ < 1 then by Lemma 2.7.6 there exists a
projection p = p(a,e) € Asuchthata < p+ (1 —¢)pand p < a + ¢. But
a" < p+ (1 —¢)"p, and Proposition 5.3.10 implies a" € .%. Since (1 — ¢)" tends
to 0 as n tends to oo, Proposition 5.3.10 implies p € #. If p(a, ) € F for all
small enough ¢ > 0, then Proposition 5.3.10 implies a € .%. O

Example 5.3.14 Suppose A is a simple, unital, and infinite-dimensional C*-algebra.
Theorems 5.2.7 and 5.2.1 together imply that for every state ¢ of A, every F € A,
and every ¢ > 0 there exists a € A4 1 such that maxycr ||laba — pb)a?| < e If @
is a pure state then a can be chosen in .%,. However, if ¢ is not pure then this need
not be the case. For example, if A is the CAR algebra and 7 is its unique trace, then
Fr={1}:Ifae Ay janda # 1, then 1 —a > 0. Since 7 is a faithful trace, we
have (1 — a) > 0 and therefore a ¢ .

5.4 Extensions of Pure States

In this section we study extensions of a given pure state on a C*-algebra to a
larger C*-algebra. We use quantum filters to analyse uniqueness and equivalence
of such extensions in the case of crossed products. These results will be used in
the construction of a counterexample to Naimark’s problem (Problem 5.5.2) in
Section 11.2.

If A is a C*-subalgebra of B then by Lemma 1.7.6 every state on A can be
extended to a state on B.

Lemma 5.4.1 Suppose A is a unital C*-algebra, B is a unital C*-subalgebra of A,
and ¢ is a pure state on B.

1. The set of all extensions W € S(A) of ¢ is a face of S(A).

2. The pure state ¢ has a pure state extension to A.

3. The pure state ¢ has a unique state extension to A if and only if ¢ has a unique
pure state extension to A.

Proof (1) Let . be the quantum filter of A generated by .%,. Then ¥ € S(A)
extends ¢ if and only if .7, D %,; equivalently, if and only if %7, D .#. The set
of such v is a face by Lemma 5.3.5.

(2) Since every extreme point of a face is an extreme point of the original convex
set, this is a consequence of (1).

(3) Since extreme points of a face are extreme points of the original convex
set, (1) implies that all extreme points of the set of all extensions of ¢ to A are pure
states on A. By the Krein—-Milman Theorem, a compact convex set is a singleton if
and only if it has exactly one extreme point, and (3) follows. O

To analyse extensions of pure states we will need a notion more precise than the
one used in Section 5.2.
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Definition 5.4.2 If 2" € A4 1 and ¢ € A, we say that ¢ is excised by 2 if there
is z € C such that for every & > 0 there exists a € .2 satisfying |aca — za*|| < e.
Let Exc(Z") denote the set of all ¢ € A excised by 2.

A moment of reflection shows that Exc(%2") is a self-adjoint and norm-closed
vector subspace of A. If a state ¢ is pure then Exc(%,) = A.

If B is a C*-subalgebra of A and .% is a maximal quantum filter on B, then the
Axiom of Choice implies that .% can be extended to a maximal quantum filter on A.
Therefore all nontrivial implications in the following lemma are consequences of
Theorem 5.3.8 and Lemma 5.4.1.

Lemma 5.4.3 Suppose B is a C*-subalgebra of A. For ¢ € P(B) the following are
equivalent.

1. The state ¢ has a unique extension to a state on A.

2. The state ¢ has a unique extension to a pure state on A.

3. The set F, generates a maximal quantum filter in A.

4. Every ¢ € A is excised by F. |

Lemma 5.4.4 If ¢ is a pure state on a C*-algebra A, o € Aut(A), and u € U(A)
then Fpoq = ol [Zp] and Fpondu = u* Fpu.

Proof Fora € Ay | wehave p(x(a)) = 1ifand only if «(a) € .#, or equivalently,
if and only if a € a~!(F). This proves the first equality. The second is a special
case of the first. O

Lemma 5.4.5 Suppose A is a C*-algebra and o and ¢| are pure states, with the
corresponding maximal quantum filters %o and 1. The following are equivalent.

1. Pure states @y and @1 are unitarily equivalent.

2. There is u € Uy(A) such that ||aguai || = 1 forall ay € Fo and all a; € F,.

3. There is b € A<y such that ||apba: || = 1 for all ag € Fo and all a\ € F1.

4. There are b € A<y and ¢ > 0 such that |lapba| > ¢ for all ag € %y and all
ay € j].

Proof (1) = (2): If (1) holds then Corollary 3.8.4 implies that there is u € Up(A)
such that g9 = @1 o Adu*. Lemma 5.4.4 implies %y = uZ u*. For all a; € %},
for j < 2, we have uau™ € % and therefore ||aguai| = ||apuau™|| = 1, and this
is (2).

Both (2) = (3) and (3) = (4) are trivial.

(4) = (1): We will suppose that (1) fails and prove that (4) fails. Fix a contraction
be A Forj <2letm;: A — J(H;) be the GNS representation corresponding
to ¢; with the cyclic vector &;. Since ¢p and ¢ are pure and inequivalent, by
Theorem 3.5.4 applied to F := {&y, w1(b*)&1} we can find a € A4 such that
mo(@)ép = & and my(a)m(b*)E; = 0. By the continuous functional calculus,
ap := min(a, 1) belongs to A. Since &y is a l-eigenvector of mg(a), we have
ap € Fy. Also, w1 (b*)&] is a 0-eigenvector of 7 (ag) and therefore
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@1 (badb®) = (1 (balb*)E11E1) = (w1 (aoh™)& |1 (aph*)&r) = 0.

Letc = bagb*. Since 0 < ¢ < 1,wehave ] —c € A4 1 and since ¢1(1 —¢) =1
we have 1 — ¢ € #;. Proposition 5.3.10 implies (1 — ¢)" € #; foralln > 1. We
can now estimate a product of the form a)bag for ag in % and a; := (1 — ¢)" in
7 (the last equality is computed in an abelian C*-algebra):

(1 = ¢)"bagll* = (1 — )"badb*(1 — )" || = (1 — &)™ c]|
As lim, o0 sUpy<, < (1 — 1)*'t = 0, we have lim, [|(1 — ¢)*"c|| = 0, and (4) fails.
O

We now specialize to the study of extensions of pure states to crossed products.

Lemma 5.4.6 Suppose A is a C*-algebra, ¢ is a pure state on A, I' is a discrete
group, and a: I' — Aut(A) is a group homomorphism. For every pure state ¢ on
A and every g € I' the following are equivalent.

1. The pure states ¢ and ¢ o a,—1 are not unitarily equivalent.
2. For every state extension ¥ of ¢ to A Xq, I' we have Y (cug) = 0 for all ¢ € A.

Proof If g = e then both assertions are false, so we may assume g # e. We will
prove the equivalence directly. Lemma 5.4.5 implies that ¢ 7 ¢ o,—1 if and only if

Sup.c4 inf{llabcll :a € Fy, b € ﬂwoag_l }=0. 5.D
Lemma 5.4.4 implies that ywoagfl =u gf(pu; Since u; is a unitary we have
||acugau;‘j | = llacugal| for all a, and since .%, has a norm-dense directed subset

(Proposition 5.3.4), by Lemma 5.4.4 the formula (5.1) is equivalent to
SUp.e4 infgez, llacugal = 0. (5.2)

If y is a state extension of ¢ to A Xq , I" and a € F, then ¥ (acuga) = ¥ (cug) by
Lemma 1.7.5. Therefore (5.2) is equivalent to asserting that ¥ (cu,) = 0 for every
state extension ¥ of ¢. This completes the proof. O

Proposition 5.4.7 Suppose A is a C*-algebra, ¢ is a pure state on A, and I is a
discrete group. If a: I' — Aut(A) is a group homomorphism, then the following
are equivalent.

1. The state ¢ has a unique pure state extension to A Xq , I'.
2. The state ¢ is not unitarily equivalent to ¢ o ag forany g € I' \ {e}.

Proof Let 8: B — A be the conditional expectation defined in Proposition 3.3.9.
Then  := ¢ o 0 is an extension of ¢ to a state on B. Since 6(aguy) = 0if g # e
and 0 (a.u.) = a,, Lemma 5.4.6 implies that (2) is equivalent to having every state
extension of ¢ to A x4, I" equal to v, and this is equivalent to (1). m|
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Theorem 5.4.8 certifies that we have acquired a complete control on when two
pure states on A have equivalent pure state extensions to a crossed product of A.

Theorem 5.4.8 Suppose A is a C*-algebra and « is an action of a discrete group I’
on A. Then the following are equivalent for all pure states ¢ and r of A.

1. There are pure state extensions ¢ of ¢ and 1} of Yy to A Xy I' such that ¢ ~ I/~f
2. There exists g € I" such that ¢ ~ ¥ o ,-1.
3. There exists ¢ € A Xq, I' such that inf{||lacb|| :a € F,,b € Fy} = 1.

Proof Let B := A xqo, I'. 3

(1) = (2): Suppose (2) holds and let u € U(A) be such that ¢ = v 0,1 oAdu.
If 4 is a pure state extension of ¥ to B then ¢ = ¥ o Ad(u,-1u) is a pure state
extension of ¢ equivalent to . This proves a strengthening of (1):

4. Every pure state extension v of ¥ to B is unitarily equivalent to some pure state
extension ¢ of ¢ to B.

We will prove that (4) is equivalent to (1)—(3). Clearly (4) = (1).

(1) = (3): Use Lemma 5.4.5.

(3) = (2): Assume (2) fails and fix ¢ € B. For a moment fix g € I" and ¢ > 0.
Find F € I"and dy € A, for f e F, such that

llc — ZfeF drugll <1 —2e.

Let K := max scF [|dy|l and 6 := /(2K |F|). Since the states ¢ and s ow,-1 are not
unitarily equivalent and ywoag_l = g [.#y] (Lemma 5.4.4), Lemma 5.4.5 implies
that forevery f € Fthereareay € #,and by € Fy suchthat |lardrag(br)|| < 6.
Passing to B we have |lasdsusby| = ||afdfufbfu*}|| < 4. Proposition 5.3.4
implies that .%, has a norm-dense directed subset and we can find a € %, and
b e Zy suchthata <ay+8andb < by 46 forall f € F. Therefore forall f € F
we have

ladrusb|l < lagdrusbysll + 28|dy|l.
Putting all this together,
llach| < ||a(c—2f€,:dfuf)b||+zf€,: lardrusbrl+2|FIKS < (1-28)+2¢ < 1

and (3) fails. |
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5.5 Nonhomogeneity of the Pure State Space I:
Consequences of Glimm’s Theorem

In this section we prove that all pure states on the algebra of compact operators
are unitarily equivalent and discuss the converse, known as Naimark’s problem.
We give a positive answer to Naimark’s problem in the case of C*-algebras
faithfully represented on a Hilbert space of density character strictly smaller than the
continuum. This is a consequence of the main result of the present section: Glimm’s
Theorem for separable, non-type I C*-algebras.

Via the GNS construction, pure states on a C*-algebra A are in a bijective
correspondence with irreducible representations of A (Proposition 3.6.5). The
automorphism group Aut(A) naturally acts on the state space S(A) of A by
the affine homeomorphisms ¢ + ¢ o «. Since affine homeomorphisms send
extreme points to extreme points, Aut(A) acts on P(A). Via the bijective GNS-
correspondence between pure states and irreducible representations, Aut(A) also
acts on the space of all irreducible representations of A.

The automorphism group of A has several distinguished subgroups, such as
the groups of inner automorphisms Inn(A), approximately inner automorphisms
Inn(A), asymptotically inner automorphisms Alnn(A), or inner automorphisms
corresponding to unitaries in the connected component of the identity Ug(A)
(Section 2.6). The unitary equivalence of pure states coincides with the (apparently
smaller) orbit equivalence relation of the action of Ug(A) (Corollary 3.8.4). The
equivalence classes of this relation are the connected components of P(A) taken
with respect to the norm metric (Exercise 3.10.32). The GNS-correspondence sends
unitarily equivalent pure states to spatially equivalent irreducible representations,
and vice versa (Proposition 3.8.1).

Now consider the orbit equivalence relation ~ay of Aut(A) on P(A). For pure
states ¢o and ¢ we write @9 ~ay @1 and say that ¢y and ¢; are conjugate if there
exists an automorphism @ of A such that o9 = ¢ o @ . This relation is different
from the unitary equivalence e.g., in the case of C ({0, 1}V) since all automorphisms
are inner and the spectrum {0, 1}N is homogeneous. On the other hand, these two
equivalence relations coincide when all automorphisms are inner, for example, in
the case of M, (C) for n > 1. This observation can be improved.

Theorem 5.5.1 (Naimark) Any two pure states on the algebra ¢ (H) of compact
operators on any (not necessarily separable) Hilbert space H are equivalent.

Proof If & € H is a unit vector then the restriction of the vector state wg (defined
by we (a) := (a&l€)) to ¢ (H) is pure since the GNS representation corresponding
to it is the standard irreducible representation of JZ"(H). Any two vector states, wg
and wy, are unitarily equivalent: take e.g., the unitary u that swaps & and » and is
equal to the identity on span({£, n})*. Then wg = wypoAdu andu € %ZH) since u
is a finite-rank perturbation of the identity.

It therefore suffices to prove that every pure state on % (H) is equal to the
restriction of some vector state to .# (H). By Theorem 3.1.14 the Banach space dual
of J# (H) is the space of trace class operators % (H) and for every pure state ¢ of
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- (H) there exists a trace class operator ¢ such that ||c|| = ||¢| and ¢(a) = tr(ca)
for all @ € J# (H) (where tr(ca) := Zse o(ca&|§), for any orthonormal basis of
H). An elementary argument shows that ¢ is positive if and only if ¢ is positive, and
that ¢ is a pure state if and only if ¢ is a rank-1 projection. In this case, if £ is a unit
vector in the range of ¢, then tr(ca) = wg. Since ¢ was an arbitrary pure state on
¥ (H), this completes the proof. O

Problem 5.5.2 (Naimark, 1951) If all pure states on a C*-algebra A are unitarily
equivalent, is A isomorphic to Z (H) for some Hilbert space H?

If A has a nontrivial ideal, then it has irreducible representations with different
kernels and therefore A cannot give a negative answer to this problem. Since every
simple type I algebra is isomorphic to .# (H) for some H ([14]), a negative answer
to Naimark’s problem cannot be witnessed by an algebra of type 1. Therefore
Naimark’s problem is about representations of simple, non-type-I, C*-algebras.

We still have not seen an example of inequivalent pure states on a simple C*-
algebra, or even of pure states that are not unitarily equivalent for a nontrivial reason.
We will see that inequivalent pure states exist in any separable, simple, non-type 1
C*-algebra A.

Lemma 5.5.3 Suppose A, for . € A, is an inductive system of C*-algebras.
Suppose furthermore that each A; has a distinguished state ¢, and that » < M\’
implies @y | Ax = ). Let A = limy,_ A,. Then there exists a uniquely defined state
¢ of A extending all g,. If each @, is pure, then so is ¢.

Proof By identifying a functional with its graph, let ¢ := | J; ¢;. The assumptions
imply that this is a well-defined function on | J, A,. It is a positive functional of
norm 1, hence it has a continuous extension to A and this extension is a state.
Suppose ¢ is not pure and fix distinct states 1 and 1 such that ¢ = %(Vfo +1).
Then ¥ and yr; disagree on some A, hence ¢, is not pure. O

The equivalence relation E is defined on {0, 13N via
x Eg y if and only if (V> j)x(j) = y(j).

This is an F, equivalence relation all of whose equivalence classes are countable.
It is not difficult to find a perfect set of Eg-inequivalent elements of {0, 1}
(Exercise 5.7.20).

Theorem 5.5.4 (Glimm) There is a continuous map x + Y. from {0, 1}Y to
P(Max) such that x Eo y if and only if Y ~ v, and x # y implies ||\rx — ¢, || = 2.

Proof On M;(C) let ¢q ((a“ a12>> := aqp and ¢ <<a11 a12>> := ap). Both

azy az? azy a2z

¢o and @] are pure states, being excised by the rank-1 projections pg := ((1) 8) and
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p1 = <8 (1)), respectively. With ¢ := pg — p1 we have ¢o(c) = 1 and ¢1(c) = —1,

and therefore ||@o — ¢1 || = 2. For x € {0, 1}N define a product state ¥ on S(Max)
as follows. If a = @ jenaj is an elementary tensor in Mz (so that aj = 1 for all
but finitely many j) then let

V(@) = [jen 0x(ih (@)

and extend v, linearly to all of Ma~. The restriction of ¥, to &) <k M;>(C) is
the pure state excised by the rank-1 projection ¥) <k Px(j)- Therefore v, is well-
defined and pure by Lemma 5.5.3. Since the function x — 1, is clearly weak™*-
continuous, it will suffice to prove that the states ¥, and v, are unitarily equivalent
ifand only if x Eg y.

Forn € Nlet A, := @, M2(C), By == Q)
copy of M,,(C) in My~. Therefore for all n we have

M>(C), and let C,, be the nth

My = ®N M)(C)=A4,0C, ® By+1

and each of the algebras A, B;, C, is identified with a subalgebra of Ms~.

Suppose that x E y and let n be such that x(j) = y(j) for all j > n. Since the
restrictions of v, and ¥y to A, are pure and all pure states on a full matrix algebra
are equivalent we can choose u € U(A;) such that

Yo | A=y o Adu | Ay,

The states ¥, and v, agree on B,, and we have ¥y = ¥, o Adu.
Now suppose ¥ ~ V¥,. Let u € U(M>) be such that ¢, = v, o Adu. Since

U(Myx) =1limU(A,), 3
n

for n large enough there is a unitary v € A, for which ||u —v|| < 1/4. Then for every
a € (1® B,)<1 we have |lua —au|| < 1/2. Therefore ¥y o Adv ~1/2 Yryou = Y.
Also, Ad v is the identity on B, and therefore v/, o Ad v agrees with v/, on B,,. The
restriction of v, to C; is ¢ or ¢1, and the same applies to V. Since [lpo — @1l = 2,
for j > n states ¥y and v, agree on C; and therefore x(j) = y(j). Since j > n
was arbitrary, we conclude that x Eg y, O

Corollary 5.5.5 Suppose A is a non-type I C*-algebra. Then it has a family of pure
states @, for f € {0, N, such that lor — @l =2 forall f #g.

3This follows from Exercise 2.8.11; in case you have not worked it out yet, try again using
Lemma 1.4.4 in the relevant instance of Exercise 2.8.10.
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Proof Theorem 5.5.4 implies that the CAR algebra has a family of pure states ¢,
for f e {0, 1}N, such that Vs — Yell = 2if f # g. By Theorem 3.7.2 A has
a C*-subalgebra B with quotient isomorphic to the CAR algebra. Each v lifts to
unique pure state on B which by Lemma 5.4.1 extends to a pure state ¢ s of A. These
extensions satisfy [l¢ s — @gll > ||y — ¥¢ll = 2 and are therefore as required. O

Corollary 5.5.6 Every non-type-I1 C*-algebra with an irreducible representation
on a Hilbert space of density character strictly smaller than ¢ has inequivalent pure
states.

Proof Suppose all pure states on a C*-algebra A are equivalent. Fix a pure state ¥
of A and let (, H, &) be the associated GNS triplet. Let ¢ ¢, for f € {0, 1N, be
the family of pure states on A guaranteed by Corollary 5.5.5. For f € {0, 1}" fix a
unitary u r of A such that ¢y = v o Aduy. Then ¢r(a) = (n(ufau*})élé) for all
a € A, and with §(f) := 7w (u’})§ we have ¢ = wg(s) o 7. '

If f#gthen2 = |lgr — @gll = |lwg(r) — we(gll, and E(f) L &(g). Therefore
£(f), f € {0, 1}N, are orthonormal, and the density character of H is at least c. O

Corollary 5.5.7 A counterexample to Naimark’s problem cannot be separable, or
even of density character strictly smaller than c.

Proof A C*-algebra of density character x can be faithfully represented on a Hilbert
space of density character k (Corollary 1.10.4). O

Since a simple type I C*-algebra A is isomorphic to % (£2(x)) where « is the
density character of A, Corollary 5.5.6 implies the following Glimm Dichotomy.

Corollary 5.5.8 Suppose A is a simple C*-algebra whose density character is
smaller than c. Then exactly one of the following applies.

1. All pure states on A are unitarily equivalent and A is isomorphic to J¢ (£3(k))
where k is the density character of A.
2. A has at least ¢ unitarily inequivalent pure states and it is non-type I. m|

Proof Suppose that A is not isomorphic to . (£2(k)). Being simple, it is non-type I
and by Corollary 5.5.5 it has a family ¢, for f € {0, 1}, of pure states such that
lor — @qll = 2 for f # g. Let ~ be the equivalence relation on {0, 13N defined
by f ~ g if ¢y is unitarily equivalent to ¢,. Let « denote the density character
of A. Since every element of A is a linear combination of four unitaries, « is equal
to the density character of U(A). Therefore every ~-equivalence class has density
character at most « in the norm topology. Since ¥ < ¢, there are ¢ equivalence
classes. O

Therefore Naimark’s problem is about simple, non-type-1, C*-algebras of density
character at least c. In order to say more, we will need tools from set theory.
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5.6 Homogeneity of the Pure State Space

When used in a class or seminar, section 6 should be supplemented with coffee (not
decaffeinated) and a light refreshment. We suggest Heatherton Rock Cookies. (Recipe:. ..)
Jon Barwise, Admissible Sets and Structures

In this, both technical and important, section we prove the strong homogeneity
of the pure state space of every simple and separable C*-algebra A. The main result
asserts that for any two sequences of unitarily inequivalent pure states on A there
exists an asymptotically inner automorphism that sends the nth state in the first
sequence to a state unitarily equivalent to the nth state in the second sequence
for every n. This is a key component in the construction of a counterexample to
Naimark’s problem (Section 11.2). Its proof uses much of the material developed in
Chapters 3 and 5.

We continue the study of orbit equivalence relations ~ay and ~ of Inn(A)
on P(A) started in Section 5.5. Recall that if ¢; are pure states on A and
wj: A — Z8(H;) are the associated GNS representations for j < 2, then mp and
1y are spatially equivalent if there exists a unitary operator u: Hy — Hjp such that
w1 = g o Ad u. By Proposition 3.8.1, g and | are spatially equivalent if and only
@o and ¢ are unitarily equivalent.

Two pure states ¢o and ¢ are conjugate, @9 ~aut @1, if there exists an
automorphism @ of A such that ¢; = ¢g o @.

33
A Adu
71'1 / /
Ty ~ T Po ~Aut P1 Po ~ 1

Apart from the obvious fact that the unitary equivalence implies conjugacy, the
relations ~ and ~ 4y can be completely different from one another. E.g., in the case
of C ({0, 1}N) (and any other abelian C*-algebra) all inner automorphisms are trivial
and therefore the unitary equivalence coincides with the equality on P(A). On the
other hand, Aut(C ({0, 1}Y)) acts transitively on C ({0, 1Y), and any two pure states
on C({0, 1}) are conjugate by an automorphism.

The latter phenomenon occurs in all separable simple C*-algebras: If A is
separable and simple, then Aut(A) acts on P(A) transitively. We will prove a
strengthening of this result which is, together with <, the main ingredient in the
Akemann—Weaver construction of a counterexample to Naimark’s problem.
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Theorem 5.6.1 Suppose A is a simple and separable C*-algebra. If n < R and
{oi 1 i <n}and {y; : i < n} are two families of inequivalent pure states on A then
there is an asymptotically inner automorphism © of A such that ¢; o ©® ~ ; for
alli.

See also Exercises 5.7.25, 5.7.26, and 5.7.27 for variations on the theme of
Theorem 5.6.1. Its proof, divided into four more easily digestible chunks, will
occupy the remainder of the present section.

5.6.1 Orthogonal States

The first lemma of this subsection belongs to finite-dimensional functional analysis,
also known as linear algebra.

Lemma 5.6.2 Suppose § > 0, n > 1, H is a Hilbert space with dim(H) > 4n, and
&, i, fori < m, are vectors in H satisfying max; ; [(§;1&;) — (i|n;)| < .

1. Then there is a unitary U such that max; -, |U& — n;|| <2/ (n + 1)4.

2. If in addition &; is orthogonal to n; for all i and j then then there exists a
self-adjoint unitary U € JB(H) such that max; |U& — n;|| < 2/ (n + 1) and
max; |[Un; — &l < 24/(n+ 1)é.

Proof (1) Fix orthonormal ¢}, for j < n, in span({&;,n; : i < n})* N H. The
vectors

¢ =& + vnée;,

for i < n, are linearly independent. On span{{; : i < n} define a linear operator S
by S(¢&;) :=n; fori < n.
Claim We have ||S|| < 1.
Proof Fix scalars o, for j < n.
Then || 3" a;gill1* = Y2 ; i (&il€) +n(X; lei|*)8 and
IS, ol = 32 j e (i)
< Y i EED + X o8
=2 &5 + (X lai)?s.
Using the inequality between the quadratic mean and the arithmetic mean, we obtain

||S(Zjotj§j)|| < | Zjajg“jn. Since «j, for j < n, were arbitrary, ||S]| < 1
follows. o

Claim We have max; o, || — |S|(¢)] < /(n + 1)6.
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Proof By the previous claim, 0 < |S| < 1. Since (1 — t)2 <1-—f>for0<rt<l,
by the continuous functional calculus we obtain

g — ISIEOII* < NG l1F = 1S@HI1? = & l&) +nd — (ilmi) < (n + 18,
completing the proof. O

Let S = V|S| be the polar decomposition of S. Extend V to an operator W whose
restriction to span{&;, e; : i < n}isan isometry.4
We will prove that

max [[n; — WE)I = 2v/(n + 1)3. (5.3)

For i < n we have |W (&) — W(&)|l = ||& — &ill = v/nd. On the other hand, Claim
implies | W (&) — nill = IW (& — [SI&)1 = & — IS1(&)]| < v/ (n + D3.

Therefore |W (&) — nill < &/ + 1)8 + v/nd < 2/(n + 1), as required. Let
U be a unitary dilation of W (see Exercise 1.11.40). Then U (§;) = W (§;) for all i,
and (5.3) implies that U satisfies the requirements.

(2) Fix orthonormal vectors e;, for j < 2n, in span({§;,n; : i < n})J- N H.
Then the spaces Hy := span{&;,e; : i < n}and Hy := span{n;, e,4; : i < n} are
orthogonal. Define S and a partial isometry W extending V such that § = VS| as
in (1). Since the range of S is included in span{n; : i < n} (see footnote 4) it is
orthogonal to span{&; : i < n} and a partial isometry W as in the proof of (1) can be
defined so that W[Hy] € Hj. By applying the construction from (1) with the roles
of & and n; interchanged and each e; replaced by e;,, we obtain a partial isometry
W1 such that Wi[H1] € Hp and max; ||W1(n;) — & < 24/(n + 1)8.

Therefore Uy := W+W*+W; ~|—W1* is, as a sum of orthogonal partial isometries,
a partial isometry. It is clearly self-adjoint. Finally, P := projs,aniz; n es,ensi:i<n)
satisfies P = Ué"Uo = UOU()", and Uy + (1 — P) is a self-adjoint unitary as in (2).

O

Lemma 5.6.3 Foreverye > 0 andn > 1 there exists § > O such that the following
holds. Suppose & is a unit vector in an infinite-dimensional Hilbert space H and
by, for k < n, in B(H) satisfy ) , _, bxby < 1 and ), _, bybi& = &. Suppose
furthermore that 1 is a unit vector orthogonal to span{b;b;& : j < n, k < n} which
satisfies

max [(b}&[b%E) — (binlbim)| < 6. (5.4)
J.k<n .
Then there exists a projection q in 8(H) such that the unitary

vi=exp(im ) ;_, brgby)

satisfies |n — v&|| < 2¢ and ||§ — vn|| < 2e.

“4Pause for a moment to observe that the range of S is included in span{n; : i < n}.
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Proof Let K be as in Lemma 1.2.8, so that with ¢’ := ¢/K for all positive
contractions a, all unit vectors &, and all » € [0, 1] we have that ||aé — r&| < &’
implies || exp(inr)é — exp(ira)é| < e.

Fix 8 small enough to have 2./(n + 1)§ < &’/n (note that § < ¢’/n). Fix &, by,
for k < n, and 7 as in the statement of the lemma currently being proved. Since
the assumption on n implies that span{b;& : k < n} and span{b;n : k < n} are
orthogonal, by (5.4) and Lemma 5.6.2 we can find a self-adjoint unitary w such that

max(max |wb;é — bin|, max |wbjn — bi§|) < &'/n.
k<n k<n

Since [|br|| < 1 we have ||bywbi& — bybin|l < &'/n for all k. After summing, we
obtain

| D gen Dkwbig =3, bibinll < €. (5.5)

A similar argument gives

| D jen Drwbin — >, _, bibi&ll < €. (5.6)
As each map a + biab; is completely positive, A(a) = Y, _, brab} defines
a completely positive map from A into A. Since A(1) = >, _, bxb; < 1 and

Stinespring’s Theorem implies ||A|] = A(1), A is contractive. The formulas (5.5)
and (5.6) now read as follows:

max (A (w)n — A(DEN, |2 w)§ — A(Dnl) < &' (5.7

By our assumptions, A(1)€ = &, and (A\(D)nln) = Y [165nl1* ~ns Yy I1DFEN? = 1
implies

I —2(Mnll < €.

Since w is a self-adjoint unitary, ¢ := (1 — w)/2 is a projection. By (5.7) and
linearity

Mg)(n+8) = 0 and AMg)(n—§&) ~gn—§.

Then v := exp(imq) is a unitary and by the choice of ¢’ = ¢/K with K as in the
conclusion of Lemma 1.2.8 we have v(n + &) ~, n+ & and v(n — §) ~zc & — 1.
We therefore have ||n — v€|| < 2¢ and ||§ — vn|| < 2¢, completing the proof. O
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5.6.2 Small Distance Adjustments

A compact notation will come handy.
Definition 5.6.4 Given a C*-algebra A and m > 1, we use the following notation.

1. P, (A) is the set of m-tuples of inequivalent, GNS-faithful, pure states on A. The
elements of P,,(A) will be denoted ¢ = (¢; : j < m), and similarly for 1/_/, 0,
and so on.

2. On P,,(A) consider the following relations.

a. @ ~ y abbreviates ¢; ~ ; forall j < m.

b 1§ — Pl := max; < o — -

C. ¢ g, ¥ abbreviates max,er, j<m l@j(@) — ¥j(a)] < ¢ for F € A and
&

3. We will be using similar self-explanatory abbreviations, such as ¢ o Adu = .
The following lemma will be used tacitly.

Lemma 5.6.5 If A is a C*-algebra, m > 1, ¢ € Py, (A), and V¥ € P(A)™ satisfies

lg — ¥l <2 then ¢ € Pp(A).

Proof Proposition 3.8.1 implies ¢; ~ v; fori < m.If i # j then ¢; %* ¢; hence

by transitivity v; #* ;. O
The proof of Theorem 5.6.1 commences with a refinement of Proposition 3.8.1.

Lemma 5.6.6 Forevery ¢ > there exists § > 0 such that for allm > 1 the following
holds. If A is a simple C*-algebra, ¢ and  are in Py, (A), and |1y — ¢|| < 82/2,
then there exists a continuous path of unitaries u;, for 0 <t < 1in A such that

1. up = 1, B
2. 9o Aduy = ¢ foralli < m, and
3. 1b—Adus(b)|| < ¢|bll forallb € A.

Proof Letd < m be small enough so that || < 7 and |1 —exp(it)| implies |f| < €/e
(with e being the basis for the natural logarithm). For i < m let (m;, H;, &) be
the GNS triplet associated to ¢;. Since v; and ¢; are pure and ||[V¥; — @i < 2,
Proposition 3.8.1 implies they are unitarily equivalent.

Fix i < m and let ¢; be the unit vector in H; that satisfies w;; o 7; = v; and

1§ — &ill = infzer |6 — 2&il, (5.8)

so that ||¢; — &;|| is the minimal possible.

Claim We have ||¢; — ¥ || = llog; — g .
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Proof Since A is simple, 7; is faithful and we have ||¢; — ;| < llowg — oy |l. To
prove the converse equality, suppose r > 0 is such that some ¢ € Z(H) satisfies

lwg; (¢) — wg; ()] > rlic].

Theorem 3.4.2 applied to ¢ and F := {§;, ¢;, c&;, c¢;} implies that there is ¢ € A
such that |wg; (7 (c1)) — w¢; (i (c1))| > rllm;(c1) ||, and therefore [|¢; — ¥l > r.
Since r > 0 was arbitrary, we conclude [|¢; — V|l = l|wg; — w; |l O

With p := projcg, we have wg, (p) = 1, hence

loi = ¥ill = log, — g ll = 1 = (p) = 1 = (p&ilpe) = 1 = I p&il%,

and therefore || pg;||> > 1 — 8%/2. Since dist(¢;, C&) = || — p&ill and (5.8), we
have p¢; = r§&; for some r € [(1 — 82/2)1/2, 1]. From the right triangles whose
vertices are 0 and the tips of &;, ¢;, and p¢;, we have

& —GlP =0 —r)?+1—r*=2-2r <8

Define a unitary wq in (H) that has each H; as an invariant subspace as follows.
For every i < m the restriction of wq to span(§;, ¢;) is the rotation sending &; to ¢&;
for every i < m, and its restriction to span({§;, §; 1 i < m})+ N H; is the identity.
Then ||1 — wo|| = max;j<m, & — &ill < 8 < w; hence —1 ¢ sp(up) and by the
continuous functional calculus and § < &/e there exists ag € HB(H)s, such that
llag|l < &/e and wg = exp(iagp).

Since all 7r; are inequivalent, Theorem 3.5.4 implies that there exists a € Ay,
such that ||a|| < ¢/e and w := exp(ia) satisfies 7; (w)&; = ¢; foralli.

The unitaries u; := exp(ita), for 0 <t < 1, satisfy ¢; o Adu; = y; for all i and
ug = 1. Also, ||b — (Aduy)b|| < ||[b, exp(ita)]|| < 2|1b|||(exp(§) — 1)| < & for all
t and b € A (Exercise 3.10.22), as required. |

5.6.3 The Fundamental Lemma for the Proof of Theorem 5.6.1

We will now state and prove the main technical result used in the proof of
Theorem 5.6.1. It is the improvement to Proposition 5.2.9 in which the path of
unitaries connecting tuples of inequivalent pure states is chosen in the “approximate
commutant” of elements of a prescribed finite subset F of A.

In the statement of the following Lemma we use the notation and conventions
introduced in Definition 5.6.4.

Lemma 5.6.7 Assume A is an infinite-dimensional and simple C*-algebra.
Ifm=>1,¢eP,(A), FEA, and ¢ > 0, then there exist G € A and §' > 0 such
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that whenever W € P,,(A), ¥ ~ @, and ¥ RG.5 ¢, then there exists a continuous
path of unitaries u;, for 0 < t < 1, in A satisfying the following.

1 uy=1, B
2. poAdu; =,
3. maxper.0<i<1 |16 — Adu;(b)| < 24e.

Proof For the reader’s convenience we explicit the quantifiers in the statement of
Lemma 5.6.7. Given A, m, and ¢ € P,,(A) it asserts that

(VF € A)(Ve > 0)3G € A3 > 0)
(V¥ € Pp(A) (¥ ~ @ and ¥ ~¢ g @) implies that

some continuous path of unitaries u;, for 0 < ¢ < 1, in A satisfies conditions
(D-3). )

Fix F and e. Lemma 5.6.6 implies that there is § > 0 such that if ¢ and ¢ are
in P,,(A) and ||¢ — ¥| < & then there exists a continuous path of unitaries u,, for
0<t<lsuchthatug=1,¢% = ¥ o Aduy, and SUpyca.0<r<t llla, urlll < ellal.
Since ¢ > 0 can be arbitrarily small, it suffices to prove the existence of G and
8’ > 0 such that for all ¥, if ¥ ~ @ and ¥ ~g 5 ¢ then there is a continuous
path (u;) of unitaries satisfying (1), (3), and the weakening of (2), requiring
lgoAdur — ¢l <e.

Let (7;, H;, &) be the GNS triplet associated with ¢;, fori < m.

With H := @, _,, H; and & := P, _,, 7, in B(H) let p; be the projection to
H; and let p be the projection to span{&; : i < m}. Since the states ¢; are pure and
inequivalent, Theorem 5.1.2 implies that 7 has an approximate diagonal. Fix n > 1
and b;, fori < n, in A satisfying

4022 bibfll < 1,
5. p(1 = ; w(bib})) =0, and
6. MaXaeF SUPcea <1 1@ D2 i o bichf — 3, bichia| < e.

We will prove that 8’ := §/2, with § as provided by Lemma 5.6.3, and
G :={bjb;:j. k <n}

are as required.

Suppose ¥ € P,,(A) is such that ¥/ ~ @ and v ~g,s/2 ¢ Fix i < m. Since
Y; ~ @i, there is a unitary w; such that ¢; = ¢; o Adw;. The vector n; := w;&;
satisfies

((@)ni|ni) = Vi(a)
foralla € A. By Lemma 5.2.5 there is a unit vector
& e span{m (b))&, m(bp)ni tk <n,i < m}t N H;

such that 6; := Wyg; O T satisfies 6; ~G,5/2 vi.
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Therefore max x <, |@; (b;b) — 6;(b;by)| < 8, and this condition reduces to
]H]l(a:; |( (i) &i | () &) — (w(bi) &i|m ()" 8i)| < 8.

By Lemma 5.6.3 with b} := m(bi)*, for k < n, obtain a projection ¢; € Z(H;)
such that the unitary

ui =exp(in Y, w(b)gim (b))

satisfies ||g; —u;&; || < € and ||&; —u; ;|| < €. As we are slogging through this proof,
now that g; and u; were chosen for all i, let p’ denote the projection to

span{r (b))&;, w(bp)¢i 11 <m, k < n}.

Since p’ has finite rank and 7; are pairwise inequivalent, by Theorem 3.5.4 there
exists h € Ay such that p’hp’ = p’ Y, gip’ and ||k|| = 1. Then (6) implies that
h' := )", bihb; satisfies maxqer ||[a, h']|| < . Consider the path of unitaries

v, i=exp(inmth’), for0 <t < 1.

For a € F we have ||[a,”']| < e, and ||[a, v/]|| < €"|[a,D']]l < 24¢ by
Exercise 3.10.22. Also, v; = exp(imh’) satisfies ||¢; — 7w (v1)&; || < & for all i.

By an analogous application of Lemma 5.6.3 we can find a path of unitaries wy,
forO <t < 1,sothat ||n; —m(wy)¢i|| < eforalli and ||[a, w,;]|| < 24e foralla € F
and all ¢ € [0, 1]. By merging the two paths of unitaries we obtain u;, for 0 <7 < 1,
such that ||n; — w(u)&;|| < e for all i and ||[a, u,]|| < 24e for all a € F and all 7.
This is equivalent to the weakening of the statement of the proposition being proved
in which (2) is replaced by ||/ — @ o Adu;| < e. As pointed out at the beginning
of this proof, by applying Lemma 5.6.6 twice one obtains a continuous path of
unitaries connecting ¢ with # and another connecting 6 and . These two paths
can be merged without affecting the commutation requirements; this completes the
proof. O

5.6.4 The Proof of Theorem 5.6.1

We will prove only the case when n = R¢. This suffices since it subsumes the case
of finite tuples of pure states. Suppose ¢;, for i € N, are inequivalent pure states on
a simple and separable C*-algebra A and v;, for i € N, are inequivalent pure states
on A. We will define the following objects.

1. A continuous path of unitaries v;, for 0 < ¢ < oo, such that @ := lim;_, o, Ad v;
(in the point-norm topology) is an asymptotically inner automorphism of A.
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2. A continuous path of unitaries w;, for 0 < ¢t < 0o, such that ¥ := lim,_, .o Ad w;
(in the point-norm topology) is an asymptotically inner automorphism of A.
3. Pure states ¥/ ~ v; such that ¢; o @ = ¢ o ¥ foralli € N.

Granted that such @ and ¥ exist, ¥ o @ __1 is an asymptotically inner automorphism
lim; 00 Ad(v,w]) of A satisfying g = ' o ¥ o o1
Let a,, for n € N, be an enumeration of a dense subset of A. We will assure the

following conditions for alli < n,all j <ninN, and all ¢ > O:

4. Mvntrvy, ailll < 27" and I[vy vn, ailll < 277,
5. Mwntrwy, ailll < 27" and |[[wy wa, @il < 27",

6. @(Ad Va1 () Rpgi<ny o ¥/ (Ad Wyt (@)

Once proved, conditions (4) and (5) will imply that both @ := lim;_, o, Ad v; and
¥ = lim;_, o Adw; are automorphisms of A (see Lemma 2.6.4). At the same
time, (6) will imply that ¢; o @ = v/ o ¥, as required.

The recursive construction is propelled by Lemma 5.6.7. By Proposition 5.2.9,
for any sequence 6;, for i € N, of inequivalent pure states the orbit

{6; 0Adu :i e N):u e Uy(A)}

is weak*-dense in P(A4)N. Together with Lemma 5.6.7, this implies the following.

7. For all m and every 6 € P,,(A),

(VF € A)(Ve > 0)(3G € A)(38' > 0)(VD € P,y (A)(D ~ 0 and b ~g 5 0)

implies that for all K € A and all & > 0 there exists a continuous path of
unitaries u;, for 0 <t < 1, such that

a. I/_lo = 1,
b. 6 o Adu; ~g v, and
c. |b— (Aduy)b| <eforallb e F.

All is in place for our construction. Apply (7) to Fy := {ag} and g9 = 1 to find
Go € A and &y > 0 so that for all vy € P(A) satisfying vy ~ ¢ and ¢g ~g,.,s, Vo
and for all K € A and ¢ > 0 there exists a continuous path of unitaries u;, for
0 <t < 1,suchthatug = 1, g o Adu; ~g ¢ vo, and ||b — (Adu,)b|| < 1 for
all b € F;. We will take up on this opportunity later, with K = G| and &’ = §; as
provided in the next step. For now, fix 1) ~ ¥ such that

~ /
Y0 R GoUlag),50 Yo-

Apply (7) again to Fy := {ap,a;} and &9 = 1/2 to find G| € A and §; > 0 so
that for all vy € P(A) satisfying vo ~ v and vy ~G,s, ¥, and for all K € A
and ¢’ > 0 there exists a continuous path of unitaries u,, for 0 < ¢t < 1, satisfying
upg =1, w(’) oAduy =g vy, and ||b — (Adu,;)b|| < 1/2 for all b € Fy. Choose a
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continuous path of unitaries v;, for 0 <t < 1, such thatvg = 1, |[b— (Ad v)d| < 1
forall b € Fy, and

N ’
@0 o Ad V1 XG,Ufag,a1}.81 Vo-

Apply (7) againto F> := Fo U{(Adv1)b : b € Fp}ande = 1/4tofind G, € A
and 8, > 0 so that for all 0 € P,(A) satisfying 0 ~ (¢g o Ad vy, ¢1 o Adv;) and

v XGy,8 (po 0o Ad vy, @1 0 Advy)

and all K € A and ¢’ > 0 there is a continuous path of unitaries u,, for0 <t < 1,
satisfying uo = 1, (po o Aduj, ¢1 o Aduy) ~g o v, and ||b — (Adu,)b| < 1/4
for all b € F;. Choose a continuous path of unitaries wy, for 0 < ¢ < 1, such that
wo =1, |b — (Adw;)b|| < 1/2 forall b € Fy, and

~ /
@0 ° Ad 4] ~GoUlag,ar,ar}, 82 1ﬁ() oAd wi.

Finally, fix y| ~ v such that

~ /
@10 Ad V1 ~G,yUfag,ar,a2},82 wl oAd wi.

We will start mending paths of unitaries in the forthcoming step of the construction.
Apply (7) againto F3 := Fj U{Adw(b) : b € Fj}ande =23 to find G3 € A
and 83 > 0 so that for all 0 € P,(A) satisfying 0 ~ (Y, Iﬂi) and

U ~Gy.55 (Y0 0 Adwy, i o Adwy)

and for all K € A and &’ > 0 there exists a continuous path of unitaries satisfying
the relevant instance of (7a)—(7c). Choose a continuous path of unitaries u; », for
0 <t <1,suchthatugy =1, ||[b — Adu; 2b|| < 1/4forallb € F;,

o o Advy o Adu1 2 XG3Ulag,ar,a2.a3).5, Yo o Adwy, and

~ /
@10 Advy o Adu1,2 ¥G30(ag.a,a2.a3).8, Y1 © Adwy.

Let vy == vjus o for0 <r < 1.

The remaining 8¢ steps in the construction contain no new ideas. In the nth
step we find paths u;, = vjv,4, and u;, = wjw,4, such that [|[u; ., a;1ll <
27" and ||[u;’n,a,-]|| < 2" forall0 <t < landi < n. In the nth step we
also use Proposition 5.2.8 to choose ¥, ~ ¥, in a sufficiently small weak*-open
neighbourhood of ¢, o Ad v, o Adw}. Lemma 2.6.4 now implies that ¢ and ¥ are
asymptotically inner automorphisms. These continuous paths were chosen so that

%i o Adv; Nlagi<n} 2 Iﬂ[ o Ad wy
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forall0 <i < n < t. Therefore ¢; o @ = 1/ o ¥ for all i. This completes the proof
of Theorem 5.6.1.

5.7 Exercises

Exercise 5.7.1 Prove that C is the only C*-algebra with a faithful pure state.

Definition 5.7.2 A C*-algebra is primitive if it has a faithful irreducible represen-
tation.

Equivalently, A is primitive if and only if it has a GNS-faithful pure state. Every
simple C*-algebra is primitive, and B (H) is an example of a primitive, but not
simple C*-algebra.

Exercise 5.7.3 Prove that the following are equivalent for a C*-algebra A.

1. A is primitive.
2. Foralla and b in A \ {0} there exists ¢ € A such that ach # 0.

Exercise 5.7.4 Suppose A is a C*-algebra and ¢ is a state on A.
1. Prove that the following are equivalent.

a. There exists a family .# C A, | satisfying the following. For every F € A
and every ¢ > 0 there exists a € .% such that maxycr ||aba — ¢(b)a?|| < ¢.
b. The state ¢ is a weak™*-limit of pure states.

2. Conclude that every state on a primitive, infinite-dimensional C*-algebra can be
excised.

3. Prove that .% as in (la) can be chosen as a subset of {a € Ay | : ¢(a) = 1} if
and only if ¢ is pure.

Exercise 5.7.5 Suppose A is a separable C*-algebra and ¢ is a pure state on A.
Prove that there exists a € A 1 such that ¢(a) = 1 and ¥ (a) = 1 implies Y = ¢
for any state ¥ of A.

Exercise 5.7.6 Prove that every quantum filter on .# (H) is of the form
FP={lae Ay :p<a}

for some projection p. Such quantum filter is said to be principal.

Exercise 5.7.7 A state ¢ of Z(H) is singular if it vanishes on J# (H). Prove that
a nonsingular state on Z(H) is pure if and only if it is a vector state.

Exercise 5.7.8 Suppose .% is a maximal quantum filter on C*-algebra A and ¢ is a
pure state such that .# = .%,. Prove that every b € A satisfies

o) =inf{|la; ...a,bay ...a1| :neN,ay,...,a, € F}.
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The following exercise is a companion to Proposition 5.3.4.

Exercise 5.7.9 Let A := C([0, 1], M»(C)).

1. Prove that ¢(f) := a for f € A such thatif f(1) = (a z) defines a pure state
C

on A.
2. Prove that ﬂ(p is not downwards directed.

Hint: For the second part you need Exercise 1.11.43.

Exercise 5.7.10 culminates in a proof that the spatial tensor product of C*-
algebras does not depend on the choice of representations and a proof of Takesaki’s
theorem of the minimality of the spatial tensor product.

Exercise 5.7.10 Suppose that A and B are C*-algebras, ¢ € S(A), ¥ € S(B), and
A ®q B is a tensor product of A and B.

1. Use excision to prove that if ¢ and i are pure then there is a unique state ¢ ®
on A ®¢ B such that (¢ ® ¥)(a ® b) = ¢(a)y(b) foralla € A and b € B.]

2. Extend the conclusion of (1) to all states ¢ and .

3. Suppose ¢ and  are faithful and let A ®, y B be the spatial tensor product
computed using the GNS representations associated with ¢ and . Prove that the
identity map on A © B extends to a continuous surjection A ®y B — A ®g y B.

4. Conclude that if both A and B have GNS-faithful states then A® B is the minimal
tensor product of A and B.°

5. Prove that A ® B is the minimal tensor product of A and B.”

Exercise 5.7.11 Suppose that A, B, ¢, and ¥ as in Exercise 5.7.10.

1. Prove that the state ¢ ® v is pure if and only if both ¢ and 1 are pure.
2. Prove that (1) implies that if a representation 7 : A — Z(H) is irreducible, then
for every n > 2 the map 7 ® id,: M, (A) — A(C" ® H) is irreducible.

Exercise 5.7.12 Suppose A and B are C*-algebras.

1. Prove that for every nonzero a € A ® B there are pure states ¢ on A and  on B

such that (¢ ® ¥)(a) # 0.
2. Prove that if for every nonzero a € A ®, B there are pure states ¢ on A and ¥
on B such that (¢ ® ¥)(a) # 0 then ®,, is the spatial tensor product.

Exercise 5.7.13 Find a C*-algebra A and a face of S(A) that is not of the
form . # (A) for any quantum filter .%.

Exercise 5.7.14 Prove that .# C A is a quantum filter if and only if there exists a
projection pz € A™* such that (after identifying A with a C*-subalgebra of A**)

SUsed in the proof of Theorem 15.4.5.
6Take a look at Exercise 4.5.3.
"This can be done by using a rudimentary variant of the methods of Part II.
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we have . = {a € A4 1 : ps < a}. Prove that .% is maximal if and only if p is
a scalar projection in A™*.

Exercise 5.7.15 Suppose that A is a C*-algebra, B is a C*-subalgebra of A, a
state ¢ of B has a unique extension to a state { of A, and i is pure. Prove that
¢ 1s pure.

Exercise 5.7.16

1. Give an example of a C*-algebra A and its proper subalgebra B such that every

state on B has a unique extension to a state on A.
Hint: This is a trick question. Read (3) below.

2. Give an example of a C*-algebra A and a proper unital subalgebra B of A such
that every pure state on B has a unique extension to a pure state on A.

3. Suppose that A is a C*-algebra, B is a C*-subalgebra of A, and every element
of conv(S(B) U {0})® has a unique extension to an element of conv(S(A) U {0}).
Prove that A = B.

Exercise 5.7.17 Suppose that A is a C*-algebra, B is a C*-subalgebra of A, and
¢ and v are inequivalent pure states on B with equivalent pure state extensions
to A. Prove that every convex combination of ¢ and 1 has a pure state extension
to A.

Exercise 5.7.18 Assuming B is a C*-subalgebra of an abelian C*-algebra A, prove
the following.

1. Every pure state on A restricts to a pure state on B if A is abelian.
2. If every pure state on B has a unique pure state extension to A, then A = B.
Hint: In the unital case use Exercise 1.11.8.
3. Give an example showing that the conclusion of (1) can fail if A is not assumed
to be abelian.

Exercise 5.7.19 Consider the following properties of a state ¢ on a C*-algebra A.

1. There exists a net (a,) in A4 1 such that for every b € A we have
lim, [laxba — p(b)a;|| = 0.

2. There exists a net (a;) as in (1) that in addition generates a quantum filter.

Prove that, for every state ¢, (1) is equivalent to ¢ being a weak*-limit of pure states,
and (2) is equivalent to ¢ being pure.

Exercise 5.7.20 With the equivalence relation E( as defined in the paragraph
preceding Theorem 5.5.4, find a continuous injection f: {0, 1} — {0, 1}V such
that f(x) Eo f(y) if and only if x = y.

8The elements of conv(S(A) U {0}) are called quasi-states and the set of quasi-states on A was
denoted Q in [192].
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Exercise 5.7.21 Suppose all pure states on a C*-algebra A are equivalent and let
w: A — ZB(H) be an irreducible representation. Prove that for every normal a €
A and every A € sp(a) there exists a A-eigenvector for w(a) in H. (That is, the
spectrum of every normal a € A is equal to the pure point spectrum of 7 (a).)

Exercise 5.7.22 Suppose that all pure states on a C*-algebra A are spatially
equivalent. Let 7 : A — Z(H) be an irreducible representation and let a € A be a
normal element. Prove that H has an orthonormal basis consisting of eigenvectors
for 7 (a).

Exercise 5.7.23 Use the idea of the proof of Theorem 5.5.4 to find a continuous
map ¥ : [0, 1IN — P(M>x) such that ¥ (f) is unitarily equivalent to ¥ (g) if and
only if lim,, | f(n) — g(n)| = 0.

If familiar with Hjorth’s theory of turbulence ([129]) conclude that the unitary
equivalence of pure states on My is not classifiable by countable structures.

The following exercise requires acquaintance with models of ZFC (Appendix A).

Exercise 5.7.24 Suppose V' C W are transitive models of ZFC such that W
contains a subset of N that does not belong to V.? If A is a non-type I C*-algebra in
V., prove that its completion in W is a C*-algebra that has a pure state not equivalent
to any pure state on A in V.

Exercise 5.7.25 Suppose A is a separable and simple C*-algebra, m > 1, and ¢
and  are m-tuples of inequivalent pure states on A. Prove that there exists an
asymptotically inner automorphism @ of A such that ¢; = ¢; o @ foralli < m.

Exercise 5.7.26 Prove that Exercise 5.7.25 cannot be extended to the case when m
is infinite. More precisely, find a separable and simple C*-algebra A and two
sequences of inequivalent pure states ¢;, for i € N, and v, for i € N, such that
for no automorphism @ of A one has ¢; = v; o @ for all i.

Exercise 5.7.27 Suppose A is a separable C*-algebra.

1. Suppose that m > 1 and @ and v are m-tuples of inequivalent pure states on
A such that ker(my,) = ker(my,) for all i < m. Prove that there exists an
asymptotically inner automorphism @ of A such that ¢; = ; o @ forall i < m.

2. Suppose that ¢;, fori € N, and y;, for i € N, are sequences of inequivalent pure
states on A and that ker(ry,) = ker(mry,) for all i € N. Prove that there exists an
asymptotically inner automorphism @ of A such that ¢; is equivalent to ¥; o @
foralli e N.

Exercise 5.7.28 Suppose that M is a von Neumann factor with separable predual.
Prove that the action of Aut(M) on P(M) is not transitive.

Hint: You need the fact that every automorphism of M is ultraweakly continuous,
[141, Theorem 7.2.1].

The standard phrase describing this situation is “W contains a new real”; see Remark B.1.6.
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Notes

Section 5.1: Approximate diagonals of C*-algebras (a notion stronger than being
an approximate diagonal of a representation) were defined, constructed, and applied
in the seminal work of Haagerup, [121] to prove that all nuclear C*-algebras are
amenable Banach algebras (see Notes to Section 15.5 for more on amenable Banach
algebras). Theorem 5.1.2, implicit in [121], was first explicitly stated in [161]. The
elementary proof of Theorem 5.1.2 is taken from [160, Proposition 4.1].

For another significant use of Hall’s Matching Theorem in the theory of C*-
algebras see [207].

Section 5.2: Theorem 5.2.1 was proved in [8, Proposition 2.2]. Lemma 5.2.6 is
known as Glimm’s Lemma. Lemma 5.2.11 is due to Kirchberg and its proof is taken
from [206, Lemma 4.19].

Section 5.3: Quantum filters of projections in Z(H) and 2(H) were introduced
by Weaver and the author as noncommutative analogs of ultrafilters associated with
pure states [97]. Proposition 5.3.7 was proved in [23]. The authors of [23] and [25]
consider variants of the notion of a quantum filter and use terminology slightly
different from ours. In [97] quantum filters on Z(H) and 2(H) were defined as
quantum filters of projections. Proposition 5.3.13 comes from [33]. It justifies the
change in terminology: on any other C*-algebra with real rank zero, every quantum
filter is generated by the quantum filters of its projections. Maximal quantum filters
associated with measurable cardinals were studied in [30].

Section 5.4: Most of this section, and Proposition 5.4.7 in particular, has been
adapted from [6]. Theorem 5.4.8 was taken from [91].

Section 5.5: As promised, we continue the discussion of Glimm’s Theorem
started in the Notes for Section 3.7. While Sakai generalized many of the impli-
cations in Glimm’s Theorem to nonseparable C*-algebras, the truth—or even
consistency with ZFC—of some of them remains open. One of these implications
will be discussed Section 11.2. To state another we need a definition.

A representation m: A — HB(H) of a C*-algebra is factorial if the WOT-
closure of the image of A is a factor von Neumann algebra, and the fype of a
factorial representation is the type of the corresponding factor (see Section 3.1.5).
For example, Exercise 4.5.12 characterizes when the GNS representation associated
with a trace on C}(I") is factorial. Hence factorial representations of type I are
exactly the irreducible representations and a C*-algebra (separable or not) is of
type I if and only if all of its factorial representations are of type I. The following is
closely related to Theorem 3.7.2.

Theorem 5.7.29 (Glimm) If A is a simple and separable C*-algebra then the
following are equivalent.

1. The algebra A is of non-type 1.
2. The algebra A has a factorial representation of type II.
3. The algebra A has a factorial representation of type III.
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Sakai proved that (1) implies (3) for every C*-algebra A. The following question
is open, and it is not unreasonable to believe that its solution will involve set theory.

Question 5.7.30 Does every non-type I C*-algebra have a factorial representation
of type 11?7

Corollaries 5.5.6, 5.5.7, and 5.5.8 were all taken from [6].

Section 5.6: Theorem 5.6.1 was first stated in its present form in [6], but most of
the ideas in its proof are contained in [161] and [110].

The key application of Theorem 5.6.1 to set theory (and back to the theory of
C*-algebras) is given in Proposition 11.2.1. Further refinements of these two results
can be proved and used (together with <>y,) to construct interesting examples of
C*-algebras; see [242].

Lemma 5.6.2 and its elegant proof, replacing [110, Lemma 3.2 and 3.3], were
kindly provided by Narutaka Ozawa.

Exercise 5.7.23 was taken from [154] and [82]. Exercise 5.7.28 and the case
when m = 1 of Exercise 5.7.27(2) are taken from [161].
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Chapter 6 ®
Infinitary Combinatorics I e

By the look of it, cerebral property in humans once dedicated to numeric memory has, in the

six million years since we diverged from chimpanzees, been co-opted for grander purposes,

like the ability to judge whether a sentence like this is true: “There is no non-vanishing
continuous tangent vector field on even dimensional spheres.”

Natalie Angier, ‘Many Animals Can Count, Some Better Than You’

New York Times, February 7, 2018.

Brain areas that tens of thousands of years ago probably dealt with odours were put to
work on more urgent tasks such as mathematics. The system prefers that our neurons solve
differential equations rather than smell our neighbours.

Yuval Noah Harari, Homo Deus: A Brief History of Tomorrow

In this chapter we introduce elementary combinatorics of uncountable structures.
Only a small fragment of the sophisticated machinery of contemporary set theory
has been put to use in the study of operator algebras, and the basic set-theoretic
principles used in this book are remarkably simple and few. One of them is the
pigeonhole principle, asserting that if a set of regular cardinality « is covered by
fewer than « of its subsets, then at least one of these subsets has cardinality «.
Another is a reflection principle that roughly asserts that any function from an
uncountable set into itself will have many closure points. The depth of this statement
lies in the choice of the definition of ‘many’, leading us to the notion of (sadly,
misnomered) closed unbounded sets, also known as clubs. Some far-reaching
instances and consequences of this principle are the Downwards Lowenheim—
Skolem Theorem (known to C*-algebraists as Blackadar’s method), and the analysis
of the club filter and the ideal of nonstationary sets, in particular the Pressing Down
Lemma. The A-System Lemma provides structure theory for uncountable families
of finite sets, or more generally, the structure theory for sufficiently large families
of small sets.

© Springer Nature Switzerland AG 2019 177
1. Farah, Combinatorial Set Theory of C*-algebras, Springer Monographs
in Mathematics, https://doi.org/10.1007/978-3-030-27093-3_6
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6.1 Prologue: Elliott Intertwining and AM Algebras

In this, mostly motivational, section we discuss how the back-and-forth method is
used to construct isomorphisms between separable AF C*-algebras.

A Banach space is separable if and only if it has an increasing family of finite-
dimensional subspaces with a dense union. Therefore an isomorphism between
separable Banach space-based structures, such as C*-algebras, can be recursively
constructed from finite pieces in a process in which at each stage we are committed
only to an, appropriately coded, finite approximation of the isomorphism. An early
example is the proof of Glimm’s Theorem 6.1.3 (see also the discussion of the
general back-and-forth method, Section 8.2). A simple instance of this theorem
states that a unital and separable C*-algebra is AM (an inductive limit of full matrix
algebras) if and only if it is UHF (a tensor product of full matrix algebras). In order
to put the current chapter into the proper perspective, we describe a general back-
and-forth tool suitable for handling separable C*-algebras and other complete metric
structures.

Suppose A = lim, A, and B = lim, B, are C*-algebras and «,,,: A, — By
and B8,: B, — Apy1 are *-homomorphisms for m € N such that all triangles
in Figure 6.1 commute. Then «;, and «, agree on A,, whenever m < n, and a
*-homomorphism «: A — B extends all «,,.

Similarly, a *~-homomorphism §: B — A extends all 8,,. Moreover, Boa = id4
and @ o B = idp, hence A and B are isomorphic.

There is a much deeper ‘approximate’ version of this intertwining argument. In
the following theorem, Figure 6.1 still applies but the 2k-th triangle is only assumed
to gx-commute on a finite set Fy and the 2k + 1-st triangle is only assumed to
dr-commute on a finite set G. The following theorem is a special case of [206,
Proposition 2.3.2]" in this book it is used only as an example of what can be proved
for separable C*-algebras.

Theorem 6.1.1 Suppose A and B are separable C*-algebras, Ay, form € N, is an
increasing sequence of sub-C*-algebras of A with dense union, By, form € N, is an
increasing sequence of sub-C*-algebras of B with dense union, there are F,, € A,,,

Ao fo Ay fi Aj f2 Az s A
| o e e B ()
Bo =g Bl Br g By B

Fig. 6.1 Intertwining

IThe assumption that the connecting maps f;, and g,, be injective is, given additional assumptions,
unnecessary.



6.1 Prologue: Elliott Intertwining and AM Algebras 179

G, € By, and *-homomorphisms oy, : A, — By, and By By — Apsi, for
m € N such that the following conditions hold.

1. With &y, := maxger, ||Bm+10m(a) — all we have Y, &, < oo.

2. With 8,, := maxpeg,, ||otmBm(b) — bl we have Y ", 8 < 0.

3. Fy € Byt a[Finl € G, G € Gug1, and By [Gin] € Fiq for all m.
4. Ay NU,,>p, Fm is dense in Ay and B, N Gy, is dense in By, for all n.

m>n

Then A and B are isomorphic. O

Theorem 6.1.1 is a simple form of the Elliott intertwining. Its variant was used
in the proof of Theorem 5.6.1. Another example is provided by the classification of
separable AF algebras (see e.g., [52, 206]). More sophisticated instances in which
one assumes that the morphisms in Figure 6.1 are only approximately commuting
are a basic tool in the Elliott classification programme (see e.g., [206, §2.3]).

Let us return to the simplest and earliest application of the back-and-forth method
to the classification of C*-algebras. This is Glimm’s characterization of separable
UHEF algebras (Section 2.2)

Definition 6.1.2 A C*-algebra A is said to be locally matricial (or LM) if for every
e > 0and F € A there exist n and a *-homomorphism @ : M,(C) — A such
that F S, ®[M,,(C)]. In other words, for every finite subset of A there exists a full
matrix C*-subalgebra B of A such that each element of F is within ¢ of B.

Dixmier introduced LM algebras in [57] under the name of matroid algebras.

Theorem 6.1.3 (Glimm) For a separable, unital C*-algebra the following are
equivalent.

1. A is Uniformly HyperFinite (UHF).
2. A is Approximately Matricial (AM).
3. Ais Locally Matricial (LM).

An algebra as in (1) is necessarily unital, and (2) and (3) remain equivalent in
the case when A is separable, but not necessarily unital.

A complete proof of this theorem can be found, for example, in [52] or [206]. We
give a rough sketch in order to indicate the role of separability.

Proof Clearly, UHF implies AM and AM implies LM. To prove (2) implies (1),
fix a separable AM algebra A. Since A is separable, it is an inductive limit of a
countable inductive system of full matrix algebras. By passing to a cofinal subset of
this system, we obtain A as a unital inductive limit of the form

Mn(())((C) — Mn(l)((C) — Mn(z)((C) - ...

Lemma 2.2.4 implies that k(j) := n(j + 1)/n(j) is a natural number for every j
and that A is the inductive limit of the unital inductive system
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My 0)(C) = My 0)(C) @ Mi1)(C) — My 0)(C) & Mi1y(C) ® My2y)(C) — ...

where the jth connecting map is of the form a — a ® 14 ;). Therefore A is UHF.

To prove (3) implies (2), assume that A is LM and fix a countable dense subset
ay, for n € N. We build an increasing chain A; = M,,;(C), for j € N, of unital
full matrix subalgebras of A such that dist(a;, A;) < 27/ foralli < j. Since A
is LM, we can find Ag as required. Suppose that Ag € Ay C --- C A; have been
chosen. Fix a small enough 6; (to be specified later) and a set £ of matrix units for
Aj. Let B be a unital subalgebra of A isomorphic to a full matrix algebra such that
dist(x, B) < d; whenx =aj;jorx € E.

By the weak stability of the defining relations for the matrix units of full matrix
algebras (Exercise 2.8.12), if §; is small enough then there is a unital isomorphic
copy A’/. of My(;)(C) in B.

Moreover, there is a unitary # € A such that uA’ju* = Aj and ||1 — u|| can be
made arbitrarily small by choosing &; small. Then A := u*Bu is as required.

Since a,,, for n € N, was an enumeration of a dense subset of A, the union of the
sequence A, for j € N, is dense in A. m|

Can Theorem 6.1.3 be proved without the assumption of separability? The
following question appears in [57, 8.1].

Question 6.1.4 (Dixmier)

1. Is every unital LM algebra AM?
2. Is every unital AM algebra UHF?

One may attempt to apply the back-and-forth method to construct an isomor-
phism between nonseparable C*-algebras A and B. After countably many steps, one
is committed to an isomorphism @, between separable subalgebras A, and B,, of
A and B, respectively. Without an access to a very strong ‘prediction’ device,? it
is not possible to control the way these separable subalgebras ‘sit’ inside A and B.
This may result in @, not being extendable to larger subalgebras of A and B.

Obstructions to back-and-forth constructions in the nonseparable realm, as well
as some workarounds, will be studied in the later sections of Chapter 6. The full
transfinite back-and-forth method will be recovered in Section 8.1 and Section 15.1,
but only under an additional model-theoretic assumption (saturation) satisfied only
by certain massive C*-algebras, such as ultraproducts and asymptotic sequence
algebras, and only under suitable set-theoretic assumptions.

The second part of Question 6.1.4 will be answered in Theorem 10.3.1; for the
first part see Notes to this chapter.

2Here w stands for the smallest infinite ordinal.

3 A sophisticated set-theoretic device known as morass can sometimes be used to construct an
uncountable set from finite pieces (see [54]). However, construction along a morass requires one
to amalgamate previously defined objects, often presenting formidable technical difficulties. In
addition, a morass cannot be constructed in ZFC.
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6.2 Clubs and Directed, o -Complete, Posets

The purpose of this section is to study club filters in directed, o-complete posets.
This section is an introduction to Section 6.3 and all of its material is a part of the
folklore of set theory.

The basic notions from naive set theory such as transitive sets, ordinals, and
cardinals are reviewed in Section A.3. A partially ordered set, or poset, is a set
equipped with a partial (i.e., not necessarily linear) ordering. Given a poset (P, <),
a subset X of P is cofinal in P if

VpeP)@x € X)p < x.

An example justifying a particularly pedantic notation f[X] for the pointwise f-
image of a set follows.

Example 6.2.1 If X is a transitive set and « € X is an ordinal, then by von
Neumann’s convention thate = {8 : B < o} wehave o C Xandifdom(f) D a+1
then the sets f(«) and fla] = {f(B) : B < a} may be different.

Most of the time this does not lead to a confusion, but we will take the due
precautions and if f: X — Y and Z C X we will write

flZl ={f(z) : z € Z}.

(Some authors write f*“Z instead; this is the standard notation in the theory of large
cardinals, see [148].)

The following lemma is provided as a motivation; its key strengthening is given
in Example 6.2.8(1) below.

Lemma 6.2.2 Suppose k is a regular uncountable cardinal. If f: k — « then the
set Cr = {a <« : fla] C a} is unbounded in k. If X C C ¢ and sup(X) < «, then
sup(X) € Cy.

Proof For 8 < « let fT(B) := sup,, g f (). The assumption that « be regular
assures that fT(8) < « for all B < k, and therefore f*: k — « is nondecreasing
and f < f*. Starting with any «g < « recursively define o, 1 := f+(ay) + 1 for
n > 0. Then « := sup,, &, is, by the regularity and the uncountability of «, strictly
smaller than « and an element of C s \ . Since atg was arbitrary, C s is unbounded.

Suppose X is a bounded subset of C s and o := sup X does not belong to X. Then

flal = Ugexna f1Bl € Upgexne B = @, and therefore o € Cy. O
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Definition 6.2.3 A directed set is o-complete if every countable increasing
sequence” of its elements has the supremum. If « is a cardinal we say that a
directed set is k -complete if every increasing chain of its elements of cofinality less
than « has the supremum.

Thus o -complete is synonymous with 81-complete. While the latter notion offers
a straightforward generalization to limit cardinals, some authors—including the
author of this book—prefer using the former terminology whenever this does not
lead to a confusion.

Example 6.2.4 Each of the following posets is directed and o -complete.

1. An ordinal & of uncountable cofinality ordered by <.

2. The ideal of Lebesgue null subsets of R ordered by inclusion.

3. The ideal of first category subsets of a Polish space (also known as meagre
subsets) ordered by inclusion.

4. The family of all countable subsets of an uncountable set X,

[XI™0 := {Y € X: |Y] = Ro}

ordered by inclusion.
5. Suppose A is a cardinal of uncountable cofinality and X is a set of cardinality at
least A. Consider the poset of all subsets of X of cardinality smaller than A,

X]* =Y S X:|Y| < A}

ordered by inclusion. Some authors denote this set by &) (X) .

The assumption that every directed countable subset has a supremum should not
be confused with the assumption that every countable directed subset has an upper
bound. The latter requirement is much weaker (see Example 9.5.1).

Example 6.2.5

1. The lattice of projections with separable range in % (£ (x)) for an uncountable «,
ordered by p < g if pq = p is directed and o-complete. The supremum of a
directed family of projections is the projection to the subspace generated by their
ranges.

2. Suppose M is a nonseparable C*-algebra. Let Sep(M) denote the set of all
separable C*-subalgebras of M ordered by inclusion. This poset is directed and
o-complete. The supremum of a directed subset of Sep(M) is equal the closure
of its union, and it is typically strictly larger than its union.

“In this book a ‘sequence’ need not be countable.
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The following definition is interesting if every ‘small’ (with ‘small’ taken to be
countable, of cardinality less than «, or of density character less than « for a given
regular cardinal « that depends on the context and the target) directed subset of P
has a supremum.

Definition 6.2.6 Suppose P is a directed set. We say that C C P is a club if the
following two conditions are satisfied.

1. Cis closed: for every chain X C C, if sup(X) exists in P then sup(X) € C.
2. Cis cofinal: For every p € P there exists ¢ € C such that p < g.

For a self-strengthening of this definition, see Exercise 6.7.5. This terminology
merits an explanation.

Example 6.2.7 Suppose P is a directed set. The order topology on P is defined via
the closure operator as follows. For X C P we let

X:=XU {sup(Y) : Y € X, Y isdirected and sup(Y) exists}.

Thus a subset of P is closed if and only if it is of the form X for some X. The reader
can verify that this defines a topology on P, and that Z C P is a neighbourhood of
p € Pif and only if sup(Y) # p for every directed Y € P\ Z that has a supremum.
The condition (1) in Definition 6.2.6 is equivalent to asserting that C is closed in the
order topology on P.

‘Club’ stands for ‘closed and unbounded’ and Example 6.2.7 justifies the first
half of the word. The “ub’ in ‘club’ is a historical accident much harder to justify,
but easy to explain. This terminology dates back to the times when ‘club’ referred
to closed and unbounded subsets of an ordinal. A subset of a linearly ordered set
with no maximal element is cofinal if and only if it is unbounded. This is false for
general posets (Example 9.5.4).

Example 6.2.8
1. Suppose « is a regular cardinal and f: ¥ — «. By the proof of Lemma 6.2.2, the
set

Cri={a<k: fla] Ca}

is a club. Conversely, every club C C « includes a club of this form. To see this
define fc = f:k — k by fc(§) := minC \ (§ + 1). It is straightforward to
check that Cy € C.

2. Suppose X is an uncountable set. As before let

[X]<N0 := {s C X : s s finite}

SWe are not assuming that every directed and bounded subset of P has a supremum, and therefore
this definition is in some (uninteresting) cases trivialized.
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and fix f: [X]<N0 — X.If A < |X| is an infinite cardinal then the set
Cr=(YelXI": FIYIT] C Y}

is a club in [X]*. The sets in C ¢ are said to be closed under f.If Y, for
o < A, is an increasing sequence of elements of C; and Y := J,_, Yo, then
[Y]1<N0 = |, [Yq]=™ and therefore Y is closed under f. Since [Y]<™ has the
same cardinality as Y, a closing-off argument shows that every subset of X of
cardinality A is included in a subset of X of cardinality A closed under f.

We will see that every club in [X]™ includes a club of the form C r for some
f: [X]¥ — X (Theorem 6.4.1).

Proposition 6.2.9 Suppose P is a directed k-complete partially ordered set. Then
the intersection of fewer than k clubs in IP is a club.

Proof Fix a cardinal A < « and let Cg, for @ < A be a family of clubs in P. Then
ﬂa C, is closed, being an intersection of closed sets. In order to see that it is cofinal
fix po € P. Since |k2| = A we can re-enumerate C,’s so that each member of the
family occurs cofinally often. Recursively choose pg € IP, for 8 < A so that for
all B they satisfy the following requirements:

1. pgy1 € Cg,
2. Pp+1 = DPB> and
3. pp = sup, _g py if B is a limit ordinal.

For « < A we have p) = sup{p, : C, = C,} and therefore p, € C,. We have
proved that py € (), Cq; since po € P was arbitrary, the intersection (), Cy is
cofinal. |

6.3 Concretely Represented, Directed, o -Complete, Posets

In this section we study a nonstandard generalization of posets of the form (k, <)
or ([X]™, C) and prove that the diagonal intersection of clubs is a club.

Definition 6.3.1 A directed, k-complete, poset P is concretely represented if there
are a set X and an order-embedding @ : P — ([X]=, ©) such that every linearly
ordered Z C P of cardinality smaller than « satisfies @ (supZ) = | ®[Z].

A directed set IP is isomorphic to a suborder of ([P]~*, Q) if |{g : ¢ < p}| <«
forevery p € P, via @(p) := {q € P: g < p}. However, it is not always possible
to choose an isomorphism so that the sup=union requirement of Definition 6.3.1 is
satisfied (Example 6.3.2(4)).
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Example 6.3.2

1. Suppose « is an uncountable regular cardinal. To see that the directed and «-
complete poset (x, <) is concretely represented, recall that an ordinal is identified
with the set of all smaller ordinals.

2. If X is an uncountable set then the directed and o -complete poset ([X]M, ©) is
concretely represented.

3. More generally, if « is an uncountable regular cardinal and the cardinality of X
is at least «, the directed and x-complete poset [X]<¥ is concretely represented.

4. The poset Sep(A) of separable C*-subalgebras of a C*-algebra (Example 6.2.4)
ordered by the inclusion is directed and o -complete. Later on, we will see that it
is not concretely represented. This inconvenience will force us to jump through
a hoop or two in Chapter 7.

Definition 6.3.3 Suppose P is a concretely represented directed and k-complete
set. The diagonal intersection of an indexed family of clubs C,, for x € X, is

DyexCxi={p eP: (Yx € p)p € Cy}.

While the definition of A,C, apparently depends on both the concrete represen-
tation of P and the indexing of clubs, this notion is rather robust.

Proposition 6.3.4 Suppose k is an uncountable regular cardinal and P is a con-
cretely represented, directed, and k-complete poset. Then the diagonal intersection
of a family of clubs in P is a club in P.

Proof Let X be such that P € [X]<*, and P is ordered by C and closed under taking
suprema of its subsets of cardinality less than «. To prove that A,xC, is closed,
choose an increasing chain py, foro < A,inP for some A < «.Let p; 1=, _; Pa-
Fix x € p;. Theset Z, := {a < A : x € py} is co-bounded in A. Also, p, € C, for
all @ € Z,. Since C, is a club and P is k-complete, p; € C,. Since this is true for
all x € p;, we have p, € A,xCy.

To see that A,<xC, is cofinal, pick p(0) € P. Recursively define p(m) € P and
clubs Dy,, for m € N, so that for all m € N the following conditions hold.

1. Dm = mxep(m) Cx,
2. p(m+1) € Dy, and

3. p(0) = p(m) < p(m + 1).

Suppose m € Nis such that p(m) and D}, for j < m, were chosen and satisty the
requirements. Since |p(m)| < « and PP is directed and «-complete, D,, as defined
above is a club and we can choose p(m + 1) > p(m) in D,,. Since P is concretely
represented and o-complete, p(w) := sup, p(n) = |J, ., p(n) belongs to P. By
the construction p(w) is an element of (), _, Dy = (e () Cx S ArexCx. Since
p(0) was an arbitrary element of P, this shows that A,cxC, is cofinal in P and
completes the proof. O

We explicitly state the two most important instances of Proposition 6.3.4.
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Corollary 6.3.5 Suppose P is (k, <) for a regular cardinal k or ([X]™, C) for an
uncountable set X. Then the diagonal intersection of clubs in P is a club in P. O

6.4 Kueker’s Theorem

In this section we prove that for an uncountable set X every club in [X]* includes
the family of all sets closed under a single function f: [X]<%N — X,

For C C [X]™ consider a two-player perfect information game G(C) in which
two players, called I and 11, collaborate to produce an infinite subset of X. They
alternately choose elements of X as follows:

I | xo X2 X4 ceo X2p

1I X1 X3 X5 ... X2n+1

Iwinsif Y :={x; : j € N} ¢ C, and I wins if Y € C. A winning strategy for
I is a function f: |, [X]?"+1 — X such that for every choice of xp,4+1 € X, for
n € N, with xp, := f({x; : j < 2n}) the set {x, : n € N} belongs to C. A winning
strategy for I is f: Un[X]Z” — X such that for every choice of x,,, € X, forn € N,
with x2,41 := f({xj : j <2n + 1}) the set {x, : n € N} belongs to C.

In other words, II has a winning strategy for G(C) if the following infinitary
statement holds (all quantifiers range over X):

(Vx0)(3x1)(Vx2)3x3) . .. (Vx2,) @x2p41) .. . {x; 1 j € N} € C.
Analogously, I has a winning strategy for G(C) if
(3x0) (Vx1)@x2) (Vx3) ... @x2,) (Vx2441) ... {xj : j € N} ¢ C.

At most one of the players can have a winning strategy.® If f: [X]<™ — X and
Y C X, we say that Y is closed under f if f[[Y]<RO] C Y. As in Example 6.2.8, let

Cri={Ye X1 : Y is closed under f}.

Theorem 6.4.1 Suppose X is a set and C C [X]X0. The following are equivalent.

1. Cincludes a club.
2. II has a winning strategy in G(C).
3. There exists f: [X]<N0 — X such that CrcC

A less obvious fact that we will not need is that the infinitary analogs of the De Morgan laws
do not hold in general, and in certain situations neither of the players has a winning strategy
(Exercise 6.7.3).
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Proof (2) = (3): Suppose f is a winning strategy for Il in G(C). Then any function
f: [X]=N0 — X that extends f has the property that C < C.

(3) = (1): Suppose (3) holds and fix f: [X]<N — X such that CrcC.We
need to prove that C is a club. Clearly C is unbounded. If Y,,, for n € N, is an
increasing family of subsets of X then [| J, Y]<No = U, [Y, ]<%0, and therefore C f
is closed under unions of increasing chains. Therefore Cf is a club and (1) follows.

(1) = (2): Suppose (1) holds. By the Axiom of Choice we may assume X is a
cardinal, «.

Claim There is a family Y(s) € C, for s € [k]<™0, such that for all s C ¢ we have
s CY(s)and Y(s) C Y(2).

Proof This is proved by induction on n € N, in which all Y(s) for |s| = n are
chosen simultaneously in the nth step.

If n = 0, choose any Y () € C. Suppose n > 1 and Y (s) as required were chosen
for all s € [k]<™0 such that |s| < n. Fix ¢ € [«]<%0 such that |f| = n + 1. Since P
is directed and C is cofinal we can choose Y(r) € C such that | -, Y(s) € Y(1);
we then automatically have r € Y(¢). The sets Y(s) chosen in this manner clearly
satisfy the requirements. O

For s € « fix an enumeration
Y(s) = {y}:j eN).

Also fix a surjection g: N — N? such that g(k) = (m, n) implies m < k; for
example, take g(2"(2n + 1)) := (m, n).

The definition of f(s) depends on whether |s| is even or odd. Suppose k € N
and s € [k]*. If g(k) = (m,n) and t consists of the first m elements of s in the
ordering inherited from « then let f(s) := yﬁl. If |s| is odd let f(s) := max(s) + 1.
This defines the function f. In order to prove C C C, fix Z € Cy. Since for every
s € Z of odd cardinality we have max(s)+ 1 € Z, sup(Z) is a limit ordinal that does
not belong to Z. We claim that

Z= U{Y(s) 15 €Z).
Fix s € Z and let m := |s|. Since sup(Z) is a limit ordinal that does not belong to Z,
by recursion we can choose an infinite increasing sequence z, for j € N, in Z such
that max(s) < zo. Fix n € N and k such that g(k) = (m, n) and let
t:i=sU{zj:j <2k —m}
Since k > m, we have |t| = 2k, t € Z, and s is an initial segment of ¢ Since

g(k) = (m, n), we have () = y;. Since n was arbitrary, Y(s) C Z. Since s € Z was
arbitrary,

U{Y(s) isE€Z)CZ
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Since the reverse inclusion is trivial, Z = (J{Y(s) : s € Z} holds. If x;, for j € N,
is an enumeration of Z, then the sets Y({x; : j < n}), for n € N, form an increasing
family of elements of C and their union—which is equal to Z—belongs to C. This
proves (2). |

If X € Y and Cis a club in [X]® then {p € [YIN : pnN X € C}isaclub
in [Y]™, but a natural-sounding converse to this fact is false (Exercise 6.7.6). A
weak converse is provided by the following corollary to Theorem 6.4.1.

Corollary 6.4.2 Suppose X € Y and C is a club in [Y]™. Then {(p "X : p € C}
includes a club in [X]™0.

Proof By Theorem 6.4.1 fix f: [Y]<®0 — Y such that Cr € C.Forp e [Y]Ro
define the closure of p under f as follows. Recursively define py, for k € N, by
po = p and

pirt = U< fIIpa]=0]

for k > 1. Then p™ := J; px is the minimal element of C that includes p.
Let D := {pt NX: p e [X]N}. ThenD C {pNX: p € C} and it will suffice
to prove that D is a club in [X]%0. The set D is cofinal in [X]¥ since p € p™ for

all p. If g,, for n € N, is an increasing sequence in D then p := |, ¢, satisfies
pt =, ¢ and hence p N X = p. This proves that D is closed and completes the
proof. O

6.5 Stationarity and Pressing Down

In this section we study stationary sets. We prove the Pressing Down Lemma and
show that every stationary subset of x* can be partitioned into «* stationary sets,
for every regular uncountable cardinal «.

Definition 6.5.1 Suppose PP is a directed set. A subset S of P is stationary if it
intersects every club in P nontrivially. It is nonstationary if it is disjoint from some
club in PP.

Since the intersection of two clubs is a club, every club is stationary. The set
Club(P) := {C C P : P\ C is nonstationary in P}
is called the club filter in P. Equivalently, a subset of [P belongs to the club filter if
it includes a club. Stationary subsets of [P are the subsets of P positive with respect

to the club filter. The set

Ins(P) :={Z C P: Zis nonstationary in P}
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is the ideal of nonstationary subsets of P. If P = k is a cardinal, some authors write
NS, for Ins(x).

We will follow a common practice and say e.g., ‘Let S C R be stationary’, with
the understanding that S is assumed to be stationary in 8. Clearly, a subset of 8] is
never stationary in any larger ordinal.

Remark 6.5.2 A family of subsets of a set X is a filter if it is closed under taking
finite intersections and supersets of its elements. It is an ideal if it is closed under
taking finite unions and subsets of its elements (see Definition 9.1.1). The club filter
is a filter, and the ideal of nonstationary sets is an ideal, but these facts will be used
only implicitly.

If a poset P is directed and x-complete then the filter Club(IP) is x-closed by
Lemma 6.2.9. The dual form of this fact is worth stating.

Proposition 6.5.3 Suppose P is a directed and k-complete partially ordered set.
Then Ins(P) is a directed and k -complete poset under inclusion.

Proof Suppose otherwise. Then there are A < « a stationary subset S of P, and
nonstationary sets T, for « < A such that S = |, _; Te. Fix a club C, disjoint
from T, for each «. Proposition 6.2.9 implies that (), Cq is a club and it therefore
intersects S. Therefore C, N T, is nonempty for some «; contradiction. |

If P is a concretely represented directed and x-complete poset for some regular
cardinal « then Proposition 6.3.4 implies that the club filter Club(IP) is closed under
diagonal intersections. As in the case of Proposition 6.5.3, this fact is worth stating
in its dual form. This is the Pressing Down Lemma (also known as Fodor’s Lemma),

Definition 6.5.4 Suppose P is a concretely represented, directed, and «-complete
poset for some regular cardinal « and identify P with a subset of ([X]<*, C) as in
Definition 6.3.1. If S C P, then f: S — X s regressive if f(p) € p forall p € S.

Example 6.5.5

1. If S C k then f: S — « is regressive if f(«) < « for all «.
2. If S C [X]<* then f: S — Xis regressive if f(p) € p forall p.

Proposition 6.5.6 (Pressing Down Lemma) Suppose P is a concretely repre-
sented, directed, and k-complete poset. Then every regressive function f with
stationary domain is constant on a stationary set.

Proof We will prove the contrapositive. Suppose S C P is stationary and f is a
regressive function on S such that Q, := {p € S: f(p) = x} is nonstationary for
all x € X. Then C := A, (P \ Q) includes a club by Proposition 6.3.4. However C
is disjoint from S, and therefore S is nonstationary. |

Example 6.5.5 and Proposition 6.5.6 combine to give a proof of the following.

Corollary 6.5.7 If k is a regular cardinal, S C «k is stationary, and f: S — «k is
regressive, then f is constant on a stationary subset of S.
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If X is an uncountable set, .. < |X| is a regular cardinal, S C [X]<* is stationary,
and f: S — Xis regressive, then f is constant on a stationary subset of S. O

Example 6.5.8 Suppose @ is an automorphism of an uncountable group I". If
Zy :={G € [I'T™ : G is a subgroup and @ | G is an inner automorphism of G}

includes a stationary set, then @ is inner. This is a consequence of Corollary 6.5.7.
The function f: Zy — I defined by f(G) = g if g implements the restriction
of @ to G is regressive, and therefore constant on a stationary subset Z of Zg. If
h = f(G) forall G € Z, then h implements & on I".

A metric variant of the Pressing Down Lemma will be discussed in Section 7.2.
We move on to study stationary subsets of cardinals.

Nothing that we have said so far implies that Ing(x) is not a maximal ideal.
Exercise 6.7.7 shows that a regular cardinal can be partitioned into at least as many
stationary subsets as there are regular cardinals below it. We can do better. An ideal
& is A-complete if the union of any family of fewer than A sets in .# belongs to .#.
In other words, .# is A-complete if the poset (., C) is A-complete.

Theorem 6.5.9 (Ulam) Suppose that % is a \-complete ideal on a successor
cardinal A. Then ) can be partitioned into A sets neither of which belongs to ..

Proof We may assume that .# includes all singletons, and therefore 8 € .# for
all B < A. Let « be the cardinal such that A = « ™. For every ordinal « such that
Kk <a < k7T fix abijection fy: a@ — k. For& <k and B < T let

Acp={a: fu(B) =&}

Then | J; _, Asp = «* \ B, and since ¢ is k-complete, for every 8 there exists
£(B) < « such that Ag(g) g does not belong to .#. By the pigeonhole principle there
exists & < k such that

Xi={p<«":5B)=¢)

has cardinality «T. Since each f,, is a function, the sets Ag g, for B € X, are pairwise
disjoint and neither one of them belongs to .#. By adding A \ | BeX A¢ g to one of
these sets, we obtain the required partition. O

Corollary 6.5.10 If « is an infinite cardinal then every stationary subset of its
successor kT can be partitioned into k™ stationary sets.

Proof Let .# denote the ideal of nonstationary subsets of a fixed stationary subset
of «*. Proposition 6.5.3 implies that .# is a «T-complete ideal on a set of
cardinality «* that contains all singletons. Therefore the conclusion follows from
Theorem 6.5.9. |
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The following result will be used to construct 2* nonisomorphic AM algebras in
every density character A < Rj.

Corollary 6.5.11 If X is a regular cardinal then there exists a family F of 2* subsets
of A such that the symmetric difference of any two distinct sets in F is stationary.

Proof There exists a partition of A into stationary sets, Sg, for & < A. If X is
a successor, this is Corollary 6.5.10. If it is a limit, this is [133, Theorem 8.10]
discussed in Notes for the present chapter. For Y € A let T(Y) := (J,cy Sy. Then
Y # Z implies T(Y)AT(Z) 2 Sg for £ € YAZ, and F := {T(Y) : Y C A} isas
required. O

6.6 The A-System Lemma

This section is devoted to standard variations of the A-System Lemma. We also
segue into the territory of Chapter 7 by proving a metric pigeonhole principle.

Definition 6.6.1 A A-system with root R is a family .# of sets such that FNG = R
for all distinct F and G in .Z.

Here is the ‘vanilla’ flavour of the A-System Lemma.

Proposition 6.6.2 Every family of finite sets of cardinality R includes a A-system
of cardinality R1.

Proof Consider a family F,, for o« < 8y, of finite sets. As [, Fy has cardinality
at most Ny, we identify it with a subset of Rj. Let g: 81 — R be defined by
g(B) = sup(J, - B F.) and let C € R be the club of all limit ordinals such that
g[B] € B forall B € C (Example 6.2.8(1)). Define f: C — R by

f(a) :=sup(Fy N)

(with sup(®) = 0). Since each F, is finite, f(¢) < « for every limit ordinal
a < Np. The Pressing Down Lemma (Proposition 6.5.6) implies that there are a
stationary Sg € C and y < R such that F, N« C y for all « € Sy. For every
R € ylet SR := {@ € Sp : F, Ny = R}. Since y is a countable ordinal, the set
of all finite subsets of y is countable. By Proposition 6.5.3, the union of countably
many nonstationary sets is nonstationary, and therefore Sg is stationary for some
R & y. This implies that F, Ny = R for all « € Sg. Clearly min(SR) > y. Since
Sgp € C, forall @ < B in Sg we have F, C B. Therefore F, N Fg = R and F,, for
a € SR NC, is a A-system with root R. O

An equivalent (modulo the Axiom of Choice) reformulation of Proposition 6.6.2
is obtained by replacing some (or all) occurrences of ‘cardinality 8’ with ‘uncount-
able’. We proceed to discuss some other variations. The proof of Proposition 6.6.2
gives the following, occasionally useful, statement.
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Proposition 6.6.3 For every stationary set T C Ry and a family F, fora € T, of
finite sets there exists n € N and a stationary S C T such that {Fy, : o € S} is a
A-system and |Fy| = n foralla € S. |

Two functions f;, for j < 2, with finite domains F;, for j < 2, are isomorphic
if there is a bijection ¢: Fg — Fj such that fy = fj ot.

Proposition 6.6.4 Suppose S C R is stationary, Z is countable, F is a finite set,
and 9y : Fy — Z for a € S. Then there is a A-system {Fy : a € T} with root R
such that T C Ry is stationary, and the functions Qo and Qg are isomorphic via an
isomorphism that fixes R pointwise for all o and B in T.

Proof By Proposition 6.6.3 we may assume that F,, for @ € S, form a A-system
with root R and that for some n € N and all « we have |F,| = n. For each @ > 0
fix a bijection ¢, : Fg — F, that is equal to the identity on the root R. Since there
are only countably many distinct functions among gy o ¢, for @ < Ry, this gives a
partition of S into countably many sets such that all functions in each one of them
are isomorphic via an isomorphism that fixes the root. By Proposition 6.5.3 at least
one of these sets is stationary. O

We now consider a metric pigeonhole principle. A subset of a topological space
is perfect if it is closed and it has no isolated points. A complete accumulation
point of a subset X of a topological space is a point such that for each of its open
neighbourhoods U we have |U N X| = |X|. A space is Polish if it is separable and
completely metrizable (Definition B.0.1).

Lemma 6.6.5 Suppose & is a separable metrizable space and X C & is such that
|X| has uncountable cofinality. Then the set Z of complete accumulation points of X
is an uncountable perfect subset of .

Proof Let U,, for n € N, be an enumeration of a basis for & and
V= U 1 XN ULl < X}

Then X N V is countable, and therefore Z := &2 \ V is a closed uncountable set. If
z € Zand U,, 3 z then U,, N X is uncountable.

We have yet to prove that Z has no isolated points. Otherwise, let z € Z be an
isolated point. Fix a compatible metric d on &2 and let V,, denote the 1/n-d-ball
centred at z. If m is large enough so that V,, N Z = {z}, then X N (V,; \ V,141) is
countable for all n > m. Therefore X N V,, is countable, contradicting z € Z. O

The set of known variations of Lemma 6.6.5 is uncountable. Many of them have
the same proof and quite a few of them are fairly useful. We will need a particular
one in the proof of Proposition 10.4.1 (see also Exercise 6.7.12).

Lemma 6.6.6 If M is a metric space of density character k, n > 1, and X € M"
satisfies cof(|X|) > «, then X has a complete accumulation point.
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Proof Since M" has the same density character as M, it suffices to prove the case
when n = 1. Let % be a basis of M of cardinality « and let

V= Jew 1 XnU| < X]).

Then | XNV is a union of at most « sets, each of them of cardinality smaller than |X].
By the regularity of |X|, X \ V is nonempty and therefore M \ V is nonempty. If
z € M\ V then no open neighbourhood of z is included in V and z is a complete
accumulation point of X. O

Two functions f; with finite domains F;, for j < 2, and ranges in a metric space
(M, d) are e-isomorphic for ¢ > 0 if there is a bijection ¢: Fg — F7 such that
d(fo(x), (f1 o )(x)) < e for all x € Fy. The following is a metric variation of
Proposition 6.6.4.

Proposition 6.6.7 Suppose & is a separable metric space, ¢ > 0, Fy is a finite
set, and Qo : Foy — 2 is a function for o < R|. There is an uncountable S C R
such that {Fy : a € S} is a A-system with root R and functions Qo and Qg are
g-isomorphic via an isomorphism that fixes R for all « and B in S.

Proof By Proposition 6.6.2 we may assume that Fy, for @ < Ry, form a A-system
with root R, and that for some n € N and all « we have |F,| = n. For each @ > 0
fix a bijection ¢, : Fg — F4 that is equal to the identity on R. With Fy enumerated
as &£(j), for j < n,let Xy := ((Qy © ta)(E(J)) : j < n). If there exists x € " such
that Z := {« : X, = X} is uncountable then {g, : @ € Z} is an uncountable family
of isomorphic functions.

Otherwise, the set of all X, is uncountable and by Lemma 6.6.5 it has a complete
accumulation point ¥ € £". The set {a : max;.,d(Xo(j), X(j)) < e} is
uncountable and as required. O

Additional versions of the A-System Lemma can be found in Exer-
cises 6.7.14, 6.7.15, and 6.7.16.

6.7 Exercises

Exercise 6.7.1 Identifying every ordinal with the set of all smaller ordinals, prove
that S C Ry is a club in 8 if and only if it is a club in [R]%0.

Exercise 6.7.2 Suppose that C is a club in [R,]%. Prove that |C| > ¢, regardless of
whether the Continuum Hypothesis holds or not.

Exercise 6.7.3 Use the Axiom of Choice to prove that there exists S C [R11%0 such
that neither I nor IT has a winning strategy in the game G (S) (Definition 6.7.3).

Exercise 6.7.4 Suppose « is an uncountable regular cardinal. Prove that each of the
following sets is a club in « (see Section A.3 for the ordinal arithmetic),
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1. {w-a:a <k}
2 {la:a=w-a,a < k}.
3. {a:a=a? a < k).

The following is a self-strengthening of Definition 6.2.6.

Exercise 6.7.5 Suppose that C is a club in a directed set P. Prove that for every
directed X € C such that sup(X) exists in P we have sup(X) € C.

The following gives a limiting example for Corollary 6.4.2.
Exercise 6.7.6 Suppose X C Y are uncountable sets. Prove the following.

1. If X € Y and C is a club in [X]™ then {p € [Y]™ : pn X e C}is aclubin
[Y]®.

2. If Y\ Xis infinite, there exists a club C in [Y]™ such that {p N X : p € C} is not
a club in [X]%0.

Exercise 6.7.7 Suppose A < « are regular cardinals. Use a closing-off argument as
in the proof of Lemma 6.2.2 to prove that every club C C « contains many ordinals
of cofinality A. Conclude that S := {o < « : cof(a) = A} is stationary in «.

Exercise 6.7.8 Suppose « is an uncountable cardinal. Consider the Hilbert space
H := {>(x) with a distinguished basis e, for y < «. For a partition P of « into
countable sets let Z[P] denote the set of all a € (H) such that (aegle,) # 0
implies & and 7 belong to the same piece of partition.

1. Prove that [ P] is a von Neumann algebra.

2. Prove that Z(H) = |Jp Z[P], where P ranges over partitions of « into
countable sets.

3. Prove that the von Neumann algebras Z[P] form a directed and o-complete
family of subalgebras of Z(H), and that S8(H) is equal to the union of this
family.

We will see that the analog of Z[P] in the case when H is separable (Defini-
tion 9.7.5) is somewhat more difficult to analyze.

Exercise 6.7.9 Suppose A is an LM algebra. Prove that all of its hereditary C*-
subalgebras are LM.

Exercise 6.7.10 Suppose that « is an uncountable cardinal and that Az and B,
for & < «k, are unital separable C*-algebras distinct from C. Prove that (using the
minimal tensor product) Q) _, Ae = ) _, Be if and only if there exists a partition
k= |Ll,,<» X() such that each X(n) is countable and @ cx(,) As = Qsex(y) Be
forall n < A.

Exercise 6.7.11

1. Use Exercise 6.7.10 to prove that for every UHF algebra A (separable or not)
there exists a sequence of cardinals 7(A) = (kp : p prime) such that A = B if
and only if ¥ (A) = ¥ (B).
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2. How many isomorphism types of UHF algebras of density character X, are there
for an ordinal «?

Exercise 6.7.12 Prove that for every infinite ¥ < ¢ the following are equivalent.

1. If &2 is a Polish space and X C &2 has cardinality « then the set Z of complete
accumulation points of X is an uncountable perfect subset of 2.
2. The cofinality of « is uncountable.

Exercise 6.7.13 Prove the following variant of Proposition 6.6.7.

Suppose & is a Polish space, ¢ > 0, S C Ry is stationary and for all € S a
finite set F, and g, : F, — &2 are given. There is a stationary S’ € S such that
{Fo : o € S} is a A-system with root R and functions g, and gg are e-isomorphic
via an e-isomorphism that fixes R for all « and 8 in S.

Exercise 6.7.14

1. Find an infinite family of finite sets that does not include an infinite A-system.
2. Prove that for every n € N every infinite family of n-element sets includes an
infinite A-system.

Hint: For the second part: If F; = {f(j, i) : i < n} consider the colouring ¢ of
P (n) defined by c(j, k) := {i <n: f(j,i) € Fx}. Apply Ramsey’s Theorem (see
e.g., [119]) and analyze the resulting homogeneous set.

Exercise 6.7.15 Assuming the Continuum Hypothesis, prove that every family of
countable sets of cardinality R, includes a A-system of cardinality ;.

More generally, suppose « is an infinite cardinal such that 2 = « . Prove that
every family of kT sets each of which has cardinality at most « includes a A-
system of cardinality k.

A weak A-system with root R is a collection .% of sets such that F N G C R for
all distinct F and G in .#. Every A-system is a weak A-system with the same root.
Every collection .Z is a weak A-system with root | J % and the utility of a weak
A-system is inversely proportional to the cardinality of its root.

Exercise 6.7.16 Prove that every collection of cardinality 8, of countable sets
includes a weak A-system of cardinality X, and a countable root.

Exercise 6.7.17 Suppose X is a Polish space. Prove that for every cardinal x there
are no uncountable families of disjoint open sets in the product space X*.

For an infinite cardinal «, H, is the set of all sets of hereditary cardinality less
than « (Definition A.7.1).

Exercise 6.7.18 Suppose « is an uncountable cardinal and M is a countable
elementary submodel of H,.

1. Prove that §); := M N Ry is a countable ordinal.
2. Prove that §y = min((){C : C € M,Cisaclubin ®;}.
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Exercise 6.7.19 Suppose M is an elementary submodel of Hy for some uncount-
able cardinal 6. Prove that every countable set that belongs to M is also a subset
of M.

Exercise 6.7.20 Prove the A-System Lemma by using elementary submodels.

Hint: Given an uncountable family .% of finite sets, find a large enough cardinal 6
and a countable elementary submodel M < Hy (Definition A.7.1) that has .% as an
element. Pick F € .# \ M. Use elementarity in M to find an uncountable A-system
with the root R := F N M.

Exercise 6.7.21 Let « be an uncountable cardinal.

1. Suppose « is regular and prove that (H,, €) satisfies all axioms of ZFC except

possibly the power set axiom.

2. Prove that (H,, €) satisfies the power set axiom if and only if A < « implies
2% < k for all cardinals A. (A cardinal « with this property is said to be a strong
limit cardinal.)

. Prove that strong limit cardinals exist (in ZFC).

4. Prove that (H,, €) is a model of ZFC if and only if « is both regular and strong

limit. (Such « is said to be a strongly inaccessible cardinal.)

5. Suppose that ZFC is consistent. Prove that the theory ZFC+‘there are no strongly

inaccessible cardinals’ is consistent.

(O8]

The following exercises show that from a certain point of view the only clubs
in posets of the form ([X]¥0, C) that matter are the clubs in posets of the form
([Hp1™, C) for a large enough 6.

Exercise 6.7.22 Suppose X is uncountable and C is a club in [X]%0. Prove that for
every large enough cardinal @ some club D in [ Hp]™ satisfies {pNX : p € D} € C.

Exercise 6.7.23 Suppose that X is an uncountable set in H, and that C C [X]™ is
a club defined by a first-order formula with a parameter a in H,. Prove that every
countable M < H, such that {a, X} € M satisfies M N X € C.7

Notes

Section 6.1: AM and LM algebras were named and studied in [92]. The following
is [92, Theorem 1.3], and it answers the first part of Question 6.1.4.

Theorem 6.7.24

1. Every locally matricial C*-algebra of density character not greater than N is
approximately matricial.

7Used in the proof of Lemma 8.2.9.
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2. For every cardinal k > N there exists a locally matricial C*-algebra of density
character k that is not approximately matricial. O

The first part is a consequence of a standard fact about separable AF algebras [52,
Corollary I11.3.3]. The second part uses a cocycle crossed product construction.®
The property of 8, used in the proof is discussed in Lemma 11.1.1.°

Section 6.3: The results of this section are a part of the folklore of set theory
with the exception of the notion of concretely represented, directed, and k-complete
sets. To be specific, it is our study of clubs in directed «-complete sets that are not
concretely represented (such as Sep(A) for a nonseparable metric structure A) that
is somewhat novel.

Section 6.4: Theorem 6.4.1 is due to Kueker. Exercise 6.7.11 is taken from [93].

The importance of infinite games in modern set theory cannot be overestimated.
Seee.g., [148].

Section 6.5: The results of this section are a part of the folklore of set theory.
Theorem 6.5.9 is due to Ulam. The family of sets Az g, for§ <k andk < 8 < kT,
used in its proof is known as an Ulam matrix. The conclusion of Theorem 6.5.9
may fail for a k-complete ideal on a regular cardinal'® but every stationary subset
of an arbitrary regular cardinal A can be partitioned into A stationary sets, by a
result of Solovay [133, Theorem 8.10]. Another remark is worth making. The proof
of Theorem 6.5.9 requires the Axiom of Choice for the simultaneous choice of
functions f, for all k < @ < k™. Large cardinals (or the Axiom of Determinacy
in L(R)) imply that the club filter on R is an ultrafilter in L(R), probably the most
important model of ZF in which the Axiom of Choice fails (see [148]).

Section 6.6: Set-theorists use the A-System Lemma all the time, and calling it
the ‘Kaplansky Density Theorem of Set Theory’ (cf. [192, §2.3.4]) would not be an
exaggeration. A form of Exercise 6.7.17 is quite important in Paul Cohen’s proof
that the negation of the Continuum Hypothesis is relatively consistent with ZFC.

8The way in which the crossed product is twisted in this proof has a similar flavour to the way that
the group C*-algebra is twisted in Section 10.1.

9This property is admittedly underwhelming. The depth of this proof comes from operator
algebras, and not set theory.

10Where the qualifier ‘may fail’ is interpreted appropriately. For example, a measurable cardinal

carries a nonprincipal x-complete ideal whose complement is an ultrafilter. For more on this
fascinating subject see [148, §2, §16, §17] and [103].



Chapter 7 ®
Infinitary Combinatorics II: The Metric ke
Case

The basics of infinitary combinatorics as introduced in Chapter 6 require a bit of
tweaking before they can be applied to metric structures. The correct metric analogs
of these concepts, suitable for analyzing C*-algebras and other metric structures, are
rarely obvious and their direct translations are typically wrong (or ‘not even wrong’,
to paraphrase the famous Wolfgang Pauli’s quote). In this chapter we generalize
clubs and stationary subsets of [X]™ to clubs and stationary subsets of Sep(A), the
space of all separable substructures of a nonseparable metric structure A. We study
Lowenheim—Skolem-type reflection results in some detail and give a metric version
of the Pressing Down Lemma.

7.1 Spaces of Models

Natasha and Pierre, left alone, also began to talk as only a husband and wife can talk,
that is, with extraordinary clearness and rapidity, understanding and expressing each other’s
thoughts in ways contrary to all rules of logic, without premises, deductions, or conclusions,
and in a quite peculiar way. Natasha was so used to this kind of talk with her husband that
for her it was the surest sign of something being wrong between them if Pierre followed a
line of logical reasoning. When he began proving anything, or talking argumentatively and
calmly and she, led on by his example, began to do the same, she knew that they were on
the verge of a quarrel.

L.N. Tolstoy, War and Peace

In this section we use the results of Chapter 6 to study countable submodels of
a given uncountable first-order structure and prove the Downwards Lowenheim—
Skolem theorem. Metric versions of these results will be proved in Section 7.1.2.
The two subsections of this section require familiarity with the syntax and semantics
of first-order logic (Sections D.1 and D.2), while following the lines of logical
reasoning as closely as possible.

© Springer Nature Switzerland AG 2019 199
1. Farah, Combinatorial Set Theory of C*-algebras, Springer Monographs
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7.1.1 The Space of Models of a First-Order Theory

An onslaught of apparently mindless (and yet largely necessary or at least useful)
notation that awaits the unsuspecting reader will hopefully be eased by a motivating
example.

Example 7.1.1

1. If I' is an uncountable group then
{G € [I“]RO : G is a subgroup of I}

isaclubin [I"']: Let f: I'> - I'and g: I’ — I be defined by f(a, b) = ab
and g(a) = a~!'. The set of all G € [I"]™ closed under both f and g is a club.
The elements of this club are the subgroups of I".

2. Now suppose that I" is a divisible uncountable group. Then

{G € [I'T™ : G is a divisible subgroup of I'}

isaclubin I'. To prove this, forn > 2 choose h,,: I' — I" such thatnh,(a) =a
foralla € I". The set of all G € [I"'1%0 closed under f, g asin (1) and all A, for
n > 2is aclub, and every G in this set is a divisible subgroup of I".

3. Suppose R is a countable ring and M is an uncountable left R-module. Then

(N € [MT® : N is a left R-module}

is a club. By (1) the set C := {N € [M]® : N is an abelian group} includes
aclub. Forr € R let f,: M — M be the left multiplication by r. Since R
is countable, the set {N € C : f,[N] € N} includes a club, and each of its
elements is a left R-module.

Example 7.1.1 shows that each of the properties of being a group, a divisible
group, or an R-module ‘reflects’ to countable substructures! in the sense that the set
of all substructures with this property includes a club. One could use analogous
closing-off arguments to prove that the membership in many other algebraic
categories reflects to countable structures: fields, algebraically closed fields, division
rings, groups with a trivial center. divisible abelian groups, to name but a few.

Instead, we take a rather general route. As reviewed in Section D.1, a (single-
sorted, first-order) language . consists of function, relation, and constant symbols.
An Z-structure 2 is a set A (the domain of 2() equipped with the interpretations of
all function, relation, and constant symbols of .Z. A constant symbol c is interpreted
as an element ¢ of A, an n-ary relation symbol R is interpreted as a subset R

ISet-theorists will notice that it is unrelated to the reflection of stationary sets. See, however,
Theorem A.6.1.
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of A", and an n-ary function symbol F is interpreted as a function F2 from A” to
A. If a relation or function symbol is n-ary then n is known as its arity. The terms
and formulas in the language .# are defined recursively (see Section D.1).

The cardinality of a language .Z, |.Z|, is the cardinality of the set of all function,
relation, and constant symbols in .Z. The cardinality of the set of all .Z’-formulas is
equal to max(Ry, |-Z|) (Lemma D.1.7).

In this section we will consider only languages . with no function or constant
symbols. This convention will not prevent us from considering languages with
function and constant symbols whenever convenient; this common practice is
justified by Remark D.1.4.

Definition 7.1.2 For a set X and language .Z, by Struct(.%Z, X) we denote the space
of all .Z-structures with domain X.

Suppose A € Struct(.Z, X) and Y C X. The .Z-substructure of 2 with domain
Y is (n(R) denotes the arity of R)

ATY =g (R* N YR,

Such structure is a submodel of 2(. For an Z-formula ¢(x) and tuple a of the
appropriate sort, the interpretation of ¢(x) at a in 2 (see Sections D.1 and D.2)
is denoted by <pgl(c_z). A submodel B of 2 is said to be elementary, or %6 < 2l in
symbols, if for every .Z-formula ¢(x) and every a in the domain of B we have
9® (@) = ¢™(@).

Theorem 7.1.3 (Downwards Lowenheim—Skolem Theorem) Suppose £ is a

language of cardinality A and 2 is an £ -structure with domain A of cardinality
greater than ). Then the set {Y € [A]* : A [ Y < A} is a club in [A]*.

Proof By the Tarski—Vaught test (Theorem D.1.3) 2 | Y < 20 if and only if for
every n > 0, every .Z-formula ¢(x, y) with n + 1 free variables, and every a € Y"
we have

@y e A @, y) — Ay € V)o@, y).

Let dy be a distinguished element of A. Define f,: [A]" — A by f,(a) = do if
there is no b € A such that ¢ (a, b) holds, and fo(@) = bif b € Ais such that
(pm(é, b) holds. (This is a Skolem function for ¢.)

By Example 6.2.8, the set D, := {B € [A]* : f[B"] C B} is a club. Since the
cardinality of . is A, by Proposition 6.2.9 the intersection of all D, is a club. Every
element of this club satisfies the Tarski—Vaught test and is therefore an elementary
submodel of 2. O

The following variant of the Lowenheim—Skolem theorem will be useful in
Section 8.3.
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Theorem 7.1.4 Suppose « is a regular cardinal, £ is a language of cardinality
smaller than k and 2 is an £ -structure with domain k. Then {o < k : A [ a < A}
isaclubink.

Proof For every existential formula ¢ let f, be the Skolem function as in the proof
of Theorem 7.1.3. By Lemma D.1.7, the set of all .Z-formulas has cardinality
smaller than «. For ¢ of arity n let Gy, := {o < k : fy[a"] € «}. The required
club is equal to [, Cy. m

7.1.2 The Space of Models of a Metric Theory

As in Section 7.1.1, we start with a friendly warmup example meant to appease a
reader suspicious of syntax-heavy mathematics.

Example 7.1.5 Suppose A is a nonseparable C*-algebra and let X be a dense subset
of A. Then the set

{Y € [X]¥ : Y is a C*-subalgebra}

includes a club in [X]™. This is because as in Example 7.1.1, the set of countable
Q + iQ-*-subalgebras of X includes a club, and the closure of any element of this
club is a C*-subalgebra of A.

Example 7.1.6 Suppose that a nonseparable C*-algebra A is in addition simple.
Then the set

{Y € [X]™ : Y is a simple C* -subalgebra}

includes a club. We provide a proof in the case when A is unital, as the general
case is only notationally different.? For a nonzero a € A there are n > 1, b € A",
and ¢ € A" suchthat 1 = ), _, bjac;. Since X is dense in A, there are functions
fi: X = Xand g;: X — X, for i € N, such that for every a € X\ {0} there
is n > 1 satisfying |1 — Y ;_, fi(a)agi(a)|| < 1. Lemma 1.2.6 implies that
Y i<n fila)agi(a) is invertible. The set of all Y € [X]¥ such that Y is a C*-
subalgebra of A that are closed under all f; and all g; includes a club. If Y belongs
to this club then Y is a simple C*-subalgebra of A.

The logic of metric structures and the terminology used in the following example
are reviewed in Section D.2.

Example 7.1.7 In the language of C*-algebras the sorts correspond to the n-balls
for n > 1, the metric is the uniform metric d(x, y) := ||x — y||, and the function

2Note however that passing to the unitization would not work here, as a unitization is never simple.
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symbols are +, -, and *, with the standard interpretations. A C*-algebra A uniquely
defines the metric structure .4 (A), defined as follows. Its sorts are the n-balls of A,
denoted A,, for n > 1. For every n, the restriction of functions +, -, and * to the
n-ball is easily checked to be uniformly continuous.

The domain of a metric structure 2( is the union of all of its sorts. Given a
language %, terms and formulas in . are defined recursively (see Section D.2).
Analogously to Section 7.1.1, by replacing a function with the distance to its graph
(taking A" as a metric space with respect to d(a, b) := max;, d(a;, b;)) we may
assume that . has only relation symbols.

Recall that the density character of a metric structure M is the minimal
cardinality of a dense subset. In metric structures, it coincides with the weight3
and (if the language of M is countable) with the minimal cardinality of a dense
substructure of M.

Definition 7.1.8 If M is a metric structure in a separable language then Sep(M)
denotes the poset of its (closed, by definition) separable substructures ordered by
inclusion. As in Example 6.2.5, this poset is o-complete. The supremum of a
directed family is equal the closure of its union.

Suppose that the language £ contains only relation symbols and A is an .Z-
structure with metric d and a distinguished dense subset X. The restriction of d
to X? is uniquely determined by

Codeq(A) := {(@. q) € X* x Q: d(ag, 1) > q},
and the restriction of an n-ary relation R of A to X" is uniquely determined by
Codeg(A) :={(@,q) e X" x Q: R(@) > q}.
Therefore, A is uniquely determined by the appropriately coded disjoint union,
Code(A) := Codeg(A) U] |, Coder(A)
and every metric structure with X as a distinguished subset has a code included in
X(X, 2) := (X2 U g X"®) x Q.

Let us see how one ‘unravels’ A, given Code(A). The latter set uniquely determines
the metric d4 on X. The completion of this space is the domain of A, and the

interpretation R4 of an n-ary relation R in A is uniquely determined as the
continuous extension of its restriction to X".

3In an arbitrary topological space the density may be strictly smaller than the weight; consider for
example SN.
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The set Code(A) is a code for A. The space Struct(.Z, X) of all codes for .Z-
structures with a distinguished dense set X is a subset of 2((X2 L]z X"®)) x Q).
By fixing a bijection between X and LigX"®® x Q, Struct(.Z, X) is identified with
a subset of the power set of X. Not every subset of X(X, %) codes an .Z-structure,
but see Exercise 7.5.2.

Suppose A is a metric structure and B is a substructure of A. As in the discrete
case, we say B is an elementary submodel of A and write B < A if for every
Z-formula ¢(x) and every a in the domain of B we have go(&)B = <p(é)A.
Proofs virtually identical to those of Theorems 7.1.3 and 7.1.10 using the metric
Tarski—Vaught test (Theorem D.2.9) give metric variants of the Léwenheim—Skolem
Theorem (for the density character of a theory see Definition D.2.4).

Theorem 7.1.9 (Downwards Metric Lowenheim—Skolem Theorem) Suppose T
is a separable metric theory and 2L is a model of T of density character greater

than ) with domain A. Then {Y € Sep(A) : A [Y < A} is a club in Sep(A). O

Theorem 7.1.10 Suppose « is a regular cardinal, £ is a metric language of
density character smaller than k, and 2 is an £ -structure of density character
k. Identifying « with a dense subset of A, the set {@ < k : A [ «a < A} is a club
ink. |

7.2 A Metric Pressing Down Lemma

In this section we prove the analog of the Pressing Down Lemma in the context of
metric structures. We also prove that every nonseparable metric structure M has a
dense subset D such that the function p — P is an injection on a club in [D]¥0.

The Pressing Down Lemma (Proposition 6.5.6) asserts that every regressive
function whose domain is a stationary subset of a concretely represented directed
and k-complete poset is constant on a stationary set. The metric analog of [X]™0
is the space Sep(M) of all separable substructures of a metric structure M
(Example 7.1.8).

Definition 7.2.1 A function f is regressive if f(A) € A for all A € dom(f).

The fact that the supremum of an increasing sequence in Sep(M) is strictly
larger than its union (i.e., that Sep(M) is not concretely represented in the sense
of Definition 6.3.1) presents some amusing technical difficulties when handling
clubs and stationary sets. For example, the Pressing Down Lemma is false in metric
context.

Example 7.2.2 Take your favourite nonseparable C*-algebra (if any), call it M. Let
us assume that it has density character R and fix an injection f: ®; — M with a
dense range. Then { f[«] : & < R} is a club in the poset of closed separable subsets
of M. By the Downwards Léwenheim-Skolem Theorem, it includes a club C of
separable C*-subalgebras of cardinality R®;. Let Ag be the minimal element of C.
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Any injection from C into Ay is a regressive function which is not constant on any
stationary subset of C.

We will state and prove the correct metric version of the Pressing Down Lemma.

Definition 7.2.3 Let M be a metric structure in a countable language. A countable
substructure of M is an element of [M]%0 closed under all functional symbols in the
language of M. Let

Ctble(M) :={p € (MY p is a substructure of M}.

If the language of a metric structure M contains no functional symbols then
[M]¥ = Ctble(M). Since countable substructures of M are rarely complete,
they are usually not metric structures in the sense of logic of metric structures
(Section 7.1.2). If the language of M is countable, then Ctble(M) is a club in [M]™0.
It is therefore a concretely represented directed and o -complete set.

The following is really more of a motivational slogan than a lemma that requires
a proof.

Lemma 7.2.4 Suppose Py and Py are directed and o -complete posets and @ is an
order-isomorphism between Py and a club C in Py. Then

1. A set X C Py is stationary (nonstationary, includes a club) in Py if and only if
&~ [XNClis stationary (nonstationary, includes a club, respectively) in Py.

2. A set X C Py is stationary (nonstationary, includes a club) in Py if and only if
@[ X] is stationary (nonstationary, includes a club, respectively) in Py.

Proof If X € IP; and C C P; is a club, then X contains a club if and only if XN C
contains a club. All six assertions follow immediately. O

By Theorem 6.4.1, the clubs in [D]™ are well understood. It is therefore desirable
for a nonseparable metric structure M to have a club in Sep(M) isomorphic to a club
in [D]™ for a well-chosen discrete set D. Sometimes the choice of D is obvious.

Example 7.2.5
1. Suppose I is an uncountable group and M := C}(I"). Let

C:={G e [I'™ : G is a subgroup}

and define ¥: C — Sep(Ci(I")) by ¥(G) := C}(G) (this is well-defined
by Exercise 3.10.15). Then ¥ is an isomorphism between C and a club in
Sep(CE(I")).

2. Suppose that A;, for j € J, is a family of unital and separable C*-algebras and
let A := @,y Aj. For anonempty X C J the algebra Ax := @);cx A; can be
naturally identified with a subalgebra of A. Then ¥ : [I1%0 — Sep(A) defined
by ¥ (X) := Ay is an isomorphism between [J 1% and a club in Sep(A).
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Not every metric structure M permits an obvious isomorphism between a club in
Sep(M) and a club in [DT® for some discrete set D as in Example 7.2.5, but we will
prove that such D always exists. If M is a nonseparable metric structure and D € M
is dense, define @p: [D]N — Sep(M) by sending a set to its closure,

@p(p) :=p.

The range of @p is easily seen to be cofinal in Sep(M). However, in order to assure
that @p is an isomorphism between clubs in [D]® and Sep(M), some care needs
to be taken when choosing D. In general, if p and ¢ are elements of [D]™ then
@p(p) € Pp(q) does not necessarily imply p € ¢, and @p(p) N D may not
be equal to p. Some other technical annoyances are summarized in the following
example and in Exercise 7.5.3.

Example 7.2.6 If A is a C*-algebra of density character X, then there are a dense
D C A and a nonstationary X C [D]% such that @p[X] is a club in Sep(A).

Write A as an inductive limit of a continuous, strictly increasing, chain of
separable C*-subalgebras Ay, for @ < 8. Every limit « satisfies Ay # |J B<a AB-
Choose a countable dense subset py of Ay \ gy Ap- Let D := U, jymi Po- Fora
limit & let go := gy ppand rq := DN Aq = Ug<, Pp-

Then C := {g, : « limit} is a club in [D]™, X := {r, : « limit} is disjoint
from C, but @p(ry) = ro = Aq = Pp(qy) for all @ and @p[X] = &p[C] is a club
in Sep(A).

Proposition 7.2.7 If M is a nonseparable metric space, then there exists a dense
D € M such that {p € [DI™ : DNp = p} includes a club Cy. Therefore the
function ®p(p) := p is an isomorphism between Cy and a club in Sep(M).

Proof For n > 1 fix D, € M such that (i) d(x, y) > 27" for all distinct x and
y in D,, and (ii) D,, is a maximal subset of M with this property. Hence for every
Xx € M there is at least one y € D,, such that d(x, y) < 27", and there is at most one
z € D, such that d(x, z) < 277! If such z exists we write f,(x) := z; otherwise
let f,(x) := y, for a fixed y, € D,. The set D := (J,~; D, is clearly dense in M.
Let

Co:={p € [DI™: (Vj > 1) fi[p] C p}.

By Example 6.2.8(2) and Proposition 6.2.9, Cy is a club.

Suppose p € Cy. In order to verify p N D C p, fix x € p N D and j such
that x € D;. Since for every i < j there exists at most one y € D; satisfying
d(x,y) < 27"~! wecan fix an m such thatd(x, y) > 27" forall y € Ui, Di\{x}.

Suppose z € p \ {x} and d(x,z) < min(2~",2=/~1). Then z € D, for some
n > j, and therefore x = f,(z) belongs to p. Since x € p N D was arbitrary,
PN D C p, and therefore p N D = p, as required.

It remains to prove that the function @p(p) := p has the required properties. It is
clearly order-preserving and order-continuous. Since @p[Cop] is cofinal in Sep(M)
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and C-preserving by the choice of D, C; := ®p[Cop] is a club in Sep(M). The
function ¥ : C; — Cy defined by ¥ (A) = A N D is an order-preserving and order-
continuous inverse of @p, and @p is an isomorphism between Cg and C. O

Proposition 7.2.7 and ‘motivational Lemma 7.2.4° together yield the following.

Corollary 7.2.8 Every nonseparable metric space M has a dense subset D such
that the following holds.

1. Some X C [DI™ is stationary (nonstationary, includes a club) in [DI™ if and
only if {p : p € [DI¥0} is stationary (nonstationary, includes a club, respectively)
in Sep(M).

2. Some Y C Sep(M) is stationary (nonstationary, includes a club) in Sep(M) if
and only if {p € [DI™ : p € Y} is stationary (nonstationary, includes a club,
respectively) in [D]%0. O

It is important that x in the statement of Proposition 7.2.9 does not depend on the
choice of ¢ > 0.

Proposition 7.2.9 (Metric Pressing Down Lemma) If M is a nonseparable metric
structure in a separable language then for every regressive function g whose domain
is a stationary subset of Sep(M) there exists x € M such that for every ¢ > 0 the
set {A € dom(g) : d(g(A), x) < &} is stationary.

Proof Suppose otherwise. For every x € M fix £(x) > 0 such that
Sy :={A e dom(g) : d(g(A), x) < e(x)}

is nonstationary. The open balls Bgy)(x), for x € M, form an open cover of M and
since M is (being metrizable) paracompact (e.g., [72, Theorem 5.1.3]), this cover
has a locally finite open refinement %. By Proposition 7.2.7 there exists a dense
D C M such that {p € [D]¥ : pND = p} includes a club Cy in [D]° and
@p(p) := p defines an isomorphism between Cy and a club in Sep(M). Therefore

R:={AND: A e dom(g)}

is a stationary subset of [D]%0. Define : R — D so that
(*) h(p) € pN U forsome U € ¥ satisfying g(p) € U.

Since h is regressive, by the Pressing Down Lemma (Proposition 6.5.6) there
exists xo € D such that

Q:={p eR:h(p)=xo}

is stationary in [D]™. Since # is locally finite there is ¢ < e(x¢) such that B, (xq)
intersects only finitely many W € % . Enumerate these sets as W; for j < n.
For each j < n the set P; := {A € dom(g) : g(A) € W;} is included in a
nonstationary set S; for some z and is therefore nonstationary itself. Let C; be a
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club in Sep(M) disjoint from P;. Then C := (1
A € C. Then g(A) ¢ U
h(AND) ¢ Bg(xo).

Since {AND : A € C}is a club in [D]™ we can choose p € Q such that
p N D e C. Then h(p) ¢ Be(xp), but this contradicts p € Q and completes the
proof. O

i, G is a club in Sep(M). Fix
W;, and therefore g(A) ¢ B.(xo), and (*) implies

j<n

By an n-fold application of Proposition 7.2.9 we obtain the following.

Corollary 7.2.10 Suppose M is a nonseparable metric structure in a separable
language. Then for every n > 1 and regressive functions g, for j < n, whose
domain is the same stationary subset S of Sep(M) there exists X € M" such that for
every e > Othe set {A € S :d(g;(A), x;) < ¢ forall j < n} is stationary. O

7.3 Reflection to Separable Substructures I

In this section we consider a given nonseparable C*-algebra C as an inductive limit
of a closed unbounded set of its separable C*-subalgebras. Examples of properties
that reflect to separable subalgebras (as well as those that do not) are given.

Suppose A is a nonseparable C*-algebra. The family Sep(A) of all separable C*-
subalgebras of A is a directed and o-complete partially ordered set with respect to
the inclusion in which the supremum of an increasing sequence is the closure of its
union (Example 6.2.4, also Section 7.1.2).

In the following discussion the terms ‘structure’ and ‘metric structure’ are used in their

model-theoretic sense, as in Section 7.1.2. In particular, all (metric) structures are assumed
to be complete.

Definition 7.3.1 A property P of metric structures reflects to separable substruc-
tures if for every nonseparable metric structure A that satisfies P the set

{B € Sep(A) : B satisfies P}
includes a club. The property P may involve parameters or predicates such as
automorphisms or (if A is a C*-algebra) states on A.

The intersection of countably many clubs is a club (Proposition 6.2.9), and an
immediate consequence is worth recording.

Lemma 7.3.2 If P;, for i € N, are properties of metric structures each of which
reflects to separable substructures, then their conjunction also reflects to separable
substructures. O

The Lowenheim—Skolem theorem (Theorem 7.1.9) implies the following.

Lemma 7.3.3 If P is an axiomatizable property of metric structures in a countable
language then both P and its negation reflect to separable substructures. O
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Example 7.3.4 Each of the following properties of metric structures reflects to
separable substructures. The negation of each of these properties also reflects to
separable substructures.

1. Being a Banach algebra, or being a C*-algebra. These properties are axiomatiz-
able [87].

2. Being a C*-algebra with any of the following additional properties: Abelian,
finite, stably finite, tracial, having a character, infinite, real rank zero, purely
infinite and simple...All of these (as well as many other) properties of C*-
algebras are axiomatizable by [90, Theorem 2.5.1].

Example 7.3.5 Some non-axiomatizable, or at least not obviously axiomatizable,
properties of C*-algebras also reflect to separable substructures.

1. Being a C*-algebra with any of the following properties: Simple, nuclear, AF, and
AM, reflects to separable substructures. This follows from [90, Theorem 5.7.3]
(see Section D.2.4).

2. Being a reduced group C*-algebra (Example 7.2.5).

3. If A is a nonseparable C*-algebra and @ is an automorphism of A, consider the
expanded structure 2 := (A, @). In the case of C*-algebras, the assertion that @
is an automorphism is axiomatizable by the conditions

supjy <1 infjx<1 [@(x) — ¥l =0,

SUP <1,y <1 1P &xy) — @)@ ()| =0,

and the analogous conditions for the addition, multiplication by scalars, and the
adjoint operation. Therefore the Lowenheim—Skolem Theorem implies that the
property ‘@ is an automorphism of A’ reflects to separable C*-subalgebras.

4. Item (3) is a special case of a general principle. In it, @’s being an automorphism
is axiomatizable in the language obtained by adding a new function symbol for
@. Lemma 7.3.3 implies that any property axiomatizable in a countable expanded
language reflects to separable substructures. One example is non-simplicity of a
C*-algebra. A C*-algebra A is not simple if and only if the associated metric
structure MI(A) has an expansion (Definition D.2.10) to a language with an
additional predicate for the distance to a proper ideal of A that satisfies the
appropriate first-order theory.

5. The property ‘@ is an approximately inner automorphism of a C*-algebra’
(Section 2.6) is an axiomatizable property of a structure of the form (A, @) as

in (3). It is axiomatizable by the following sequence of sentences indexed by
neN:

,,,,, xgy ify maxj <, (1P (x;) — yx;y* Il + llyy* — LI+ [Iy*y — 1D.

Another consequence of the Downward Lowenheim—Skolem theorem and the
fact that the intersection of a countable family of clubs is a club is worth stating (for
the theory of a metric structure A, Th(A), see Definition D.2.7).
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Proposition 7.3.6 For a theory T in a countable language of metric structures, the
property Th(A) = T reflects to separable substructures. O

Proposition 7.3.7 The property of being a monotracial C*-algebra reflects to
separable C*-subalgebras.

Proof If A is a C*-algebra then the Cuntz—Pedersen nullset Ap of A is the norm-
closure of the linear span of self-adjoint commutators [a, a*]. It is a closed subspace
of the real Banach space Ag,. By [50], the space of tracial states on A is affinely
homeomorphic to the dual unit sphere of Ag,/Ag. Therefore A has a unique trace if
and only if the quotient Ag,/Ag is one-dimensional.

If A is a (nonseparable) C*-algebra then {B € Sep(A) : BN Ag = By} includes a
club. This implies that being monotracial reflects to separable C*-subalgebras.* O

Example 7.3.8 The following properties of metric structures do not reflect to
separable substructures.

1. Not being a UHF C*-algebra. Any of the AM algebras constructed in Sec-
tion 10.3 serves as an example.

2. Being a C*-algebra not isomorphic to its opposite algebra. Jensen’s <y, implies
that there exists a C*-algebra not isomorphic to its opposite algebra such that
club many of its separable subalgebras are isomorphic to the CAR algebra, and
therefore to their opposite algebra [91].°

3. The property of being a Banach algebra is not isomorphic to a C*-algebra
(Corollary 15.6.36).

In each of the properties given in Example 7.3.8 reflection fails in a very strong
way. In order to show that a property P does not reflect, it suffices to have a
nonseparable structure with property P such that the set of separable substructures
with property P does not include a club. In Example 7.3.8(1)—(3) this set is even
nonstationary.

The discussion started in Example 7.3.4(3) continues.

Proposition 7.3.9 Both properties ‘@ is an inner automorphism of A’ and ‘® is
an outer automorphism of A’ of a metric structure (A, @) reflect to separable
substructures.

Proof Suppose A is a nonseparable C*-algebra and @ € Aut(A). Let
S :={B € Sep(A) : the restriction of @ to B isin Inn(B)}.

We will prove that if S is stationary then @ is inner.

Suppose S is stationary. The function that sends B € S to some ug € U(B) such
that Ad u p and @ agree on B is regressive (Definition 7.2.1). By the Metric Pressing
Down Lemma (Proposition 7.2.9) there exists u € U(A) such that the set

41t shows a bit more; see Exercise 7.5.5.

SThis leaves open the possibility that in some models of ZFC this property reflects to separable
subalgebras.
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S :={Be€S:|up—ul| <s}

is stationary for all ¢ > 0. Then ||Adu(b) | B — Adup(b) [ B| < 2¢ for all
B € S;. Since S; is cofinal we have || Adu — @| < 2¢. Since ¢ > 0 was arbitrary,
® = Adu is inner. We have proved that if S is stationary then @ is inner.

If @ is inner, say @ = Ad u, then the set { B € Sep(A) : u € B}isaclub included
in S. We have therefore proved the following.

1. Sincludes a club if and only if @ is inner.
2. S is nonstationary if and only if @ is outer.

This completes the proof that for a given automorphism @ both properties of
being inner and being outer reflect to separable C*-subalgebras. O

The second part of Proposition 7.3.9 cannot be improved by weakening its
assumption to require only that the restriction of @ to every separable C*-subalgebra
of A is implemented by a unitary in A (see Example 17.1.14).

Proposition 7.3.10 Suppose A is a nonseparable C*-algebra and ¢ is a state on A.
The following are equivalent:

1. The state ¢ is pure.

2. The set S := {B € Sep(A) : the restriction of ¢ to B is pure} includes a club in
Sep(A).

3. The set S as in (2) is cofinal in Sep(A).

Proof The structure of this proof is similar to that of the proof of Proposition 7.3.9.

(3) implies (1) by Lemma 5.5.3 and (2) trivially implies (3).

Suppose (2) fails. For each B € Sep(A) \ S such that the restriction of ¢ to B is
not pure choose ap € B<i, m = mp > 1, and states ¥ ¢ and ¥ g 1 of B such that
YWpo+v¥s1) =¢ | Band |[Ypo(ap) —¥p1(ap)| > 1/m. By Proposition 7.2.9
there exist m and a € A< such that

T:={B € Sep(A)\ S :mp =mand |lag —a| < 1/(3m)}

is stationary. Choose an ultrafilter %7 on T that contains all clubs. Therefore every
element of .# is stationary. Then

Yi(c) == Bh—?}z/ ¥p,j(c)

for ¢ € A defines a state on A for j < 2. These states satisfy %(Iﬁo + Y1) = ¢ and
[Yo(a) — ¥1(a)| > 1/(3m). Therefore ¢ is not pure.

The equivalence of the assertions (1) and (2) implies that ‘p is a pure state
on a C*-algebra A’ reflects to separable C*-subalgebras. The equivalence of the
assertions (1) and (3) implies that ‘g is a state on a C*-algebra A which is not pure’
also reflects to separable C*-subalgebras. O



212 7 Infinitary Combinatorics II: The Metric Case

Corollary 7.3.11 Both properties ‘o is a pure state on a C*-algebra A’ and ‘¢ is a
state on a C*-algebra A which is not pure’ reflect to separable C*-subalgebras. O

7.4 Reflection to Separable Substructures II. Relativized
Reflection

In this section we consider properties that involve not only a subalgebra but also its
position inside the original algebra. The section concludes with a brief discussion
of Schauder bases in nonseparable Banach spaces.
By using the tools introduced in Section 7.2 we prepare the grounds for applying
the results of Section 6.2 to study isomorphisms between nonseparable C*-algebras.
Recall that the relative commutant of a C*-subalgebra B of A is (Defini-
tion 3.1.19)°

B'NA:={aeA:ab=baforallb e B}.

Definition 7.4.1 A C*-subalgebra B of a C*-algebra A is complemented in A if
C*(B,B'nA)=A

Example 7.4.2 In a large tensor product of separable C*-algebras club many C*-
subalgebras are complemented. Suppose A}, for j € J, is an uncountable family of
separable and unital C*-algebras. If X C J, then Ax = &) jex Aj; is naturally
identified with a C*-subalgebra of A = jAj. Since the relative commutant
of Ay includes AJ]\X,S Ay is complemented. As {Ax : X e [J]™} is a club
(Example 7.2.5(2)), this completes the proof.

Definition 7.4.3 If P is a property of C*-subalgebras of a nonseparable C*-algebra
A, we say that club many separable C*-subalgebras of A satisfy property P if
{C e Sep(A) : C satisfies property P}

includes a club. A property P is preserved under isomorphisms if for every
isomorphism &@: A — B between C*-algebras a C*-subalgebra C of A satisfies
P if and only if the C*-subalgebra @[C] of B satisfies P.

A straightforward proof of the following lemma is omitted.

Lemma 7.4.4 Suppose @: A — B is an isomorphism between nonseparable C*-
algebras.

In [92] B’ N A was denoted Z 4 (B).

TThis (nonstandard) C*-algebraic terminology is unrelated to the eponymous (well-established)
terminology in the theory of Banach spaces briefly mentioned in Lemma 7.4.7 below.

81f some of A ;j have a nontrivial center, it can be larger.
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1. If C C Sep(A) is a club, then {®[C] : C € C} is a club in Sep(B).

IfD C Sep(B) is a club, then {®~'[D] : D € D} is a club in Sep(A).

3. If a property P is preserved under isomorphisms, then club many separable C*-
subalgebras of A satisfy P if and only if club many separable C*-subalgebras of
B satisfy P. O

N

We conclude this section with a discussion of a standard notion in Banach space
theory, to be used in Section 10.2.

Definition 7.4.5 A Schauder basis of a Banach space X is an indexed family x;,
for j € J, of vectors in X such that for every y € X there exist unique scalars A (y),
for j € J, for which the partial sums Z/eF Aj(y)xj, for F € J, converge to y in
norm.

Example 7.4.6

1. An orthonormal basis in a Hilbert space is a Schauder basis by Parseval’s identity.

2. Both the standard basis of any classical sequence space £,(J), for 1 < p < oo,
and the standard basis of ¢ (J) are Schauder bases [168].

3. In the reduced group algebra C;(I") (Section 2.4.2) the unitaries ug, for g € I,
form a Schauder basis. The finite linear combinations of the u,’s are dense in
Ci(I") by definition. The contractive surjection from C}(I") onto £,(I") sends
ug to 8 forall g € I'. Since §,, for g € I', is a Schauder basis for £>(I"), its
preimage u,, for g € I', is a Schauder basis of C;(I").

Suppose x;, for j € J, is a Schauder basis of a Banach space X. The support
of y with respect to this basis is

supp(y) :={j € J: A;(y) # 0}.

Clearly, the support of a vector depends on the choice of the basis and it is countable.
We do not assume that the Schauder basis J is countable. Quite the contrary: much
of the ongoing discussion is vacuous unless J is uncountable.

A closed subspace Y of a Banach space X is complemented if there exists a
closed subspace Z of X such that every x € X can be uniquely writtenasx = y +z
for y € Y and z € Z. Every closed subspace of a Hilbert space is complemented:
take Z 1= Y L.

Lemma 7.4.7 Suppose x;, for j € I, is a Schauder basis of a Banach space X.
Then @: [J¥ — Sep(X) defined by ®(p) := Sspan(p) is an isomorphism
between [J1%0 and a club in Sep(X), and every Y in the range of @ is complemented
in X.

Proof The fact that @ is an isomorphism is straightforward (and easier than the
proof of Proposition 7.2.7).

If p € Jis such that Y = span(p) then Z := Span(J \ p) is a closed subspace
of X such that X = Y @ Z. Therefore every subspace Y of X in the range of @ is
complemented. O
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7.5 Exercises

Exercise 7.5.1 Suppose A is a metric space and Ag, for & < Ny, is a strictly
increasing family of closed subspaces of A. Prove that A is nonseparable.

Exercise 7.5.2 Suppose .Z is a countable language. Prove that the set of codes
for separable .Z-structures is a Borel subset of X(N, ) when Z(X(N, %)) is
identified with & (N).

Exercise 7.5.3 Suppose that M is a nonseparable metric space. Prove that there are
adense D € M and a club C in [D]®0 such that {p : p € C}is nota club in Sep(M).

Exercise 7.5.4 Prove that an ideal J of a C*-algebra A is essential (Defini-
tion 2.5.5) if and only if sup, < infjyj<i,yes llxyll — lIx|l| = O holds in A.
Conclude that J being an essential ideal of a C*-algebra reflects to separable
subalgebras.

Exercise 7.5.5 Suppose A is a nonseparable C*-algebra. Prove that club many
separable C*-subalgebras of A satisfy each of the following properties:

1. {B € Sep(A) : every tracial state on B extends to a tracial state on A}.
2. {B € Sep(A) : every ideal of B is of the form J N B for some ideal of A}.

Exercise 7.5.6 Suppose M is a II; factor with separable predual. Prove that there
exists a separable C*-subalgebra A of M such that every automorphism of A extends
to an automorphism of M.

For the opposite C*-algebra A” of a C*-algebra A see Definition 4.5.5.

Exercise 7.5.7 There exists a II; factor M not isomorphic to its opposite algebra
[45]. Consider M as a C*-algebra and prove that club many of its separable C*-
subalgebras are simple, have a unique trace, and are not isomorphic to their opposite.

Exercise 7.5.8 There exists a II; factor M isomorphic to its opposite algebra, but
such that there is no isomorphism @ : M — M°P of order two [140]. Consider M as
a C*-algebra, and prove that club many of its separable C*-subalgebras A are simple,
have a unique trace, are isomorphic to their opposite, but there is no isomorphism
®: A — A°P of order two.

Exercise 7.5.9 Suppose M is a metric structure of density character at least 8,
and C is a club in Sep(M). Consider the directed and R;-complete set

P :={N : N is a substructure of M of density character 81}.

Prove that {N € P: CN Sep(N) is a club in Sep(N)} is a club in PP.

Exercise 7.5.9 and its generalizations show that if M has density character 8, or
greater, then every club in Sep(M) reflects to a club in Sep(V) for some substructure
N of M of density character ®. The analogous (much more profound) question of
the reflection of stationary sets is, regrettably, well beyond the scope of this book
(seee.g., [133]).
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Exercise 7.5.10 Suppose X is a (nonseparable) Banach space and B C X has X as
its closed linear span. Prove that the following are equivalent.

1. B is a Schauder basis for X.
2. The set T := {Y e [B]™ : Y is a Schauder basis for span(Y)} includes a club.
3. The set T := {Y e [B]™ : Y is a Schauder basis for span(Y)} is cofinal in [B]%0.

Exercise 7.5.11 Suppose that « is an infinite cardinal and .Z is a metric language of
cardinality not greater than «. Prove that there are at most 2“ nonisomorphic metric
structures of density character «.

Conclude that there are at most 2“ nonisomorphic C*-algebras of density
character 2¢.°

Exercise 7.5.12 Suppose A is a simple C*-algebra and ¢ and i are pure states
on A. Prove that there exists a C*-algebra C that has A as a C*-subalgebra and
equivalent pure states ¢ and v extending ¢ and 1, respectively.'”

The following exercises can be solved by appealing to Lemma 7.3.3, [90,
Theorem 2.5.1] and [90, Theorem 5.7.3] (see also Example 7.3.5(1)), but some
readers may prefer solving them by using their ‘bare hands’.

Exercise 7.5.13 Prove that each of the following properties reflects to separable
subalgebras: having real rank zero, being finite, being infinite.

Exercise 7.5.14 Prove that each of the following properties reflects to separable
subalgebras: being AF, being AM, being simple, reflects to separable subalgebras.

Notes

Most of the material of this chapter is original.

Section 7.1: Logic of metric structures was introduced in [22] and adapted to
operator algebras in [87] and [90].

Section 7.3: In the context of C*-algebras the Downwards Lowenheim—Skolem
theorem (Theorem 7.1.3) was rediscovered by Blackadar. Blackadar’s method
involves the following notion.

Definition 7.5.15 A property P of C*-algebras is separably inheritable, or (SI),
[27, §11.8.5]'! if it has the following properties.

1. For every C*-algebra A with property P and every separable C*-subalgebra B
of A there exists a separable C*-algebra C such that B € C C A and C has
property P.

9This estimate is optimal, see Theorem 10.3.4.
10Compare with Proposition 10.5.5.
1Tt is unrelated to the property (SI) introduced in [178].
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2. If A is an inductive limit of separable C*-algebras A, for n € N, with injective
connecting maps, and each A, has property P, then A has property P.

Therefore a property is separably inheritable if it is inherited by club many
separable C*-subalgebras. Every (SI) property of C*-algebras reflects to separable
C*-subalgebras and if P,, for n € N, are separably inheritable properties, then so
is their conjunction. Some separably inheritable properties are not elementary; see
also Example 7.3.4.

Section 7.4: Exercises 7.5.7 and 7.5.5 were adapted from [196] and [189,
Lemma 9], respectively.



Chapter 8 )
Additional Set-Theoretic Axioms Creck fo

You raise up your head

And you ask, “Is this where it is?”

And somebody points to you and says

“It’s his”

And you say, “What’s mine?”

And somebody else says, “Where what is?”’
And you say, “Oh my God

Am I here all alone?”

Because something is happening here
But you don’t know what it is. ..
Bob Dylan, Ballad of a Thin Man

You have just read the most cryptic paragraph of this chapter. Trust me. This
chapter contains every additional set-theoretic axioms used in the proof of any of the
consistency results given in this book. We discuss Cantor’s Continuum Hypothesis
and its strengthening, Jensen’s <y,. Attached to the sections introducing these
axioms are sections on o -complete back-and-forth systems of partial isomorphisms
and Suslin trees, respectively. While the Continuum Hypothesis has many conse-
quences, its negation is a rather weak axiom. Its most common (and, arguably, most
plausible) strengthenings are the so-called forcing axioms. The weakest one of them,
asserting that the real line cannot be covered by fewer than ¢ nowhere dense sets,
will be discussed in this chapter. The Chapter concludes with the study of OCAT,
a Ramseyan consequence of strong forcing axioms. It will be used to prove that all
automorphisms of the Calkin algebra are inner (Theorem 17.8.5).
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8.1 The Continuum Hypothesis

This section is a warmup for Section 8.2. In it we prove Cantor’s Theorem, that
the power set of any set has strictly higher cardinality than the original set. We
also provide a list of sets of cardinality equal to the continuum, and a working
reformulation of the Continuum Hypothesis.

For sets X and Y we write

XY ={f:f:X>Y}.

The power set of X is the set of all of its subsets, Z(X) = {Y : Y C X}.
The existence of the power set of every set is guaranteed by the axioms of ZFC
(Section A.1). Sets X and Y are equinumerous if there exists a bijection between
them.

The cardinal exponentiation is monotonic, as |X| < |Y| implies 22X < oIVl
However, |X| < |Y| does not necessarily imply 22X < 2|Y|; see e.g., [165].

Lemma 8.1.1 For an infinite set X the sets 2(X), {0, 1}X, NX, and XX are
equinumerous.

Proof A bijection between &(X) and {0, 1}X is defined by sending a subset of X
to its characteristic function. Therefore | 2(X)| = |{0, 1}X| = 2. The other
equalities follow by the monotonicity of the exponentiation. O

The following theorem was among Cantor’s late nineteenth century results that
marked the birth of set theory.

Theorem 8.1.2 For every set X, the cardinality of &2 (X) is strictly larger than the
cardinality of X.

Proof An injection of X into &?(X) is obtained by sending each x € X to {x} and
proves that |X| < |Z2(X)|. If the converse inequality holds, let f: Z(X) — X be
an injection. Extend its inverse to a surjection g: X — Z(X) by letting g(x) = ¢
if x is not in the range of f. LetS:={x e X:x ¢ g(x)}. If S=g(y) theny ¢ S,
and therefore y € S. This implies y ¢ S; contradiction. |

Theorem 8.1.2 has a far-reaching consequence. After accepting the existence of
an infinite set N, the power set axiom produces an infinite sequence of cardinals, R,
N,
2®0 2% 1

The list given in the following example is by no means exhaustive.

IThis is just the beginning. The axioms of replacement and union (see Section A.1) together imply
that the supremum of any set of cardinals is a cardinal.
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Example 8.1.3 The cardinality of each of the following sets is equal to ¢ := 20,

1. Any uncountable Polish space. In particular, R, &(N), and any separable Banach
space.

2. Any uncountable Borel subset of a Polish space. This is because there exists a
bijection between any two uncountable Borel subsets of Polish spaces (Theo-
rem B.2.4).

3. The spaces NN RN and ]_[n A, for any sequence A,, n € N, of nontrivial
separable metric spaces. This is because 2¢ < «* < (2) = 2¥ for all
cardinals . In particular, if A is a separable C*-algebra, then £, (A) and co(A)
have cardinality c.

4. If X and Y are topological spaces, X is separable, and Y is second countable, then
the set C (X, Y) of all continuous functions from X to Y has cardinality at most
¢. Let D € X be a dense subset and let U,, for n € N, enumerate a countable
basis of Y. Then every continuous f: X — Y is uniquely determined by sets
f~NU,1ND, for n € N. This defines an injection from C (X, Y) into 2 D)N.

5. If X is an infinite Polish space, then it has ¢ Borel sets. Since X is infinite and
all of its countable subsets are Borel, we have the lower bound. The upper bound
is proved by induction on the Borel rank of a Borel set (the Borel rank of every
Borel subset of X is a countable ordinal; see e.g., [151]).

6. If X and Y are Polish spaces and X is infinite, the set

{f: X = Y : f is Borel-measurable}.

Fix a basis U,, forn € N, of Y. Then every f: X — Y is uniquely determined
by the sequence f~!(U,), for n € N. Since all of these sets are Borel and there
are ¢ Borel subsets of X by (5), the conclusion follows.

7. The dual space X* of any separable Banach space X. Every continuous linear
functional ¢ € X™* is a continuous function from X into the scalars. Since X
is Polish, (4) implies | X*| < ¢. For the converse inequality we need the Hahn—
Banach theorem; it implies that X* # . Since the cardinality of X* is not smaller
than that of the field of scalars and |R| = |C| = ¢, the conclusion follows.>

8. By (7), every von Neumann algebra with a separable predual has cardinality c.
By Theorem 3.1.16, #(¢,>(N)) has cardinality c.

All of the above examples have the same definable cardinality as R, in the sense
that they carry an intrinsic Borel space structure and a Borel-measurable bijection
with R. This is not necessarily the case with the following examples.

9. The set of all isomorphism classes of countable structures in a fixed countable
language . has cardinality at most c. This is because there is an injection from
the space of Struct(.Z, ¥g) (Definition 7.1.2) into Z(N).

2The fact that |[X*| = ¢ for every separable Banach space X is misleading since the density
character of X* can be Ry (if X = ¢¢) or 2% (if X = £;), and the density character is the right
analog of the cardinality for metric structures.
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10. The set of all isomorphism classes of separable C*-algebras has cardinality c.
More generally, the set of all isomorphism classes of separable metric structures
in a fixed countable language has cardinality ¢ because there is an injection from
Struct(.Z, Rp) into Z(N).

11. If A, for n € N, are a nontrivial separable C*-algebras and % is an ultrafilter
on N, then the cardinality of the ultraproduct [],, A, is ¢. Also, the cardinality
of the asymptotic sequence algebra [ [, A,/ €D,, A, (see Section 16.7) is ¢.

Cantor’s Continuum Hypothesis (CH) asserts that every infinite X C R satisfies
either |[X| = |N| or |[X| = |R|. The following gives a more useful equivalent
reformulation of the Continuum Hypothesis.

Proposition 8.1.4 The Continuum Hypothesis is equivalent to the following:

Every set of cardinality ¢ has a well-ordering such that each of its proper initial segments
is countable.

Proof Fix a set X of cardinality ¢. The Axiom of Choice implies that X can be well-
ordered. If a well-ordering of X has the minimal possible length, then every proper
initial segment of X has cardinality smaller than that of X and is therefore countable
by the Continuum Hypothesis.

Conversely, suppose that R has a well-ordering such that all of its proper
initial segments are countable. Therefore the order-type of this ordering is the least
uncountable cardinal, R;. Since ¥ is a regular cardinal, the cardinality of X C N
is countable if it is bounded and 8 if it is unbounded. O

The characteristic function of Q is everywhere discontinuous, but its restriction
to R \ Q is continuous (even constant). We can do better (or worse?).

Example 8.1.5 The Continuum Hypothesis implies that there exists g: R — R
such that the restriction of g to X is discontinuous for every uncountable X C R.
The salient point is that if ¥ € Rand f: Y — R is continuous, then the set

Z:={zeR:(¥e > 0)(38 > 0)(¥y € Y)(Vy € Y)
(max(ly —zl, [y —zl) <8 = 1f () — FO)I < &}

is G5 and f has a continuous extension to Z. Let (Z,, fy), for ¢ < ®j, be an
enumeration of all pairs such that Z, is a Gs set of reals and f,: Z, — R is
continuous. Also let x4, for ¢ < Ry, be an enumeration of R. Define g by recursion,
so that g(xg) ¢ {fu(xg) : « =< B}. Suppose X C R is uncountable and the
restriction of g to X is continuous. Fix « such that f, agrees with g on X. Then
g(xp) # fu(xp) for all B > «, contradicting the assumption that X is uncountable.

This example, together with Proposition 8.6.3, implies that OCAt and CH are
incompatible. See also Exercises 8.7.10 and 8.7.11.
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8.2 The Back-and-Forth Method. I

... The first was never to accept anything as true that I did not incontrovertibly know to
be so; that is to say, carefully to avoid both prejudice and premature conclusions; and to
include nothing in my judgments other than that which presented itself to my mind clearly
and distinctly, that I would have no occasion to doubt it.

René Descartes, A Discourse on the Method, p. 17.

... Then, too, we know from this that the true function of breathing is to bring enough fresh
air into the lungs to cause the blood entering them from the right cavity into the heart, where
it has been rarefied and, as it were, changed into vapour, to thicken and convert itself once
more into blood, before falling back into the left cavity; if it did not do this, it would not be
fit to nourish the fire that is there.

René Descartes, A Discourse on the Method, p. 44.

In this section we prove that all countable dense linear orderings with no end-
points are isomorphic. This is followed by a study of Hausdorff’s 1 sets. Afterwards
we move on to o-complete back-and-forth systems of separable substructures of a
given nonseparable metric structure. These systems will be used in Sections 16.6
and 16.7 to apply the Continuum Hypothesis to massive C*-algebras such as
ultraproducts or asymptotic sequence algebras.

We use a classical result of Cantor as a warmup. A linear ordering (2, <4) is
dense if for any two elements x <4 y there exists z such that x <4 z and z <4 y.
The endpoints in a linear ordering are its maximal element and its minimal element,
if they exist.

Proposition 8.2.1

1. Any two countable dense linear orderings without endpoints are order-
isomorphic.

2. Every dense linear ordering with at least two elements contains an order-
isomorphic copy of the rationals.

Proof We prove (1) by a ‘back-and-forth’ argument.

Let 2 and *B be countable linear orderings without endpoints. Fix enumerations
A = {a, : n € N} and B = {b, : n € N}. Define increasing sequences F,, € %,
G, €83, and f,: F,, — G, such that f, is an order-isomorphism, a, € F,, and
b, € G, for all n. Start by letting Fy := {ao} and G¢ := {bp}. The assumptions on
2 and B imply that f,, can be extended to an order-isomorphism that includes any
given b € B \ G, in its range and any given a € 2 \ F, in its domain.

A proof of (2) is similar to (1), but going only forth.? O

This was as straightforward as the back-and-forth arguments get to be. At any
given point of the construction we were committed only to a finite piece of the final
order-isomorphism, so a first-order property of 2l and B (not having endpoints and

3Without going back. Or multiplying, for that matter.
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being dense) enabled us to continue the construction at any given stage.* The idea
that extends Cantor’s back-and-forth machinery to get us past the limit stages of
countable cofinality goes back all the way to Hausdorff.

Definition 8.2.2 A linear ordering (L, <) is an 5 set if it has no endpoints and
it has the following property. If A and B are at most countable (possibly empty)
subsets of L such that a < b for all a € A and all b € B, then there exists ¢ € L
suchthata < cand ¢ < b foralla € Aand all b € B.

A proof of the following is left as Exercise 8.7.6.
Proposition 8.2.3 Any two 1 sets of cardinality R are order-isomorphic.

This definition is our first (implicit) encounter with gaps (see Sections 9.3
and 14.1) and the earliest example of a (model-theoretically) saturated structure
(Definition 16.1.5).

Hausdorff defined ny sets for every ordinal «. Suffice it to say that Proposi-
tion 8.2.1 asserts that all countable 7 sets are order-isomorphic, and the reader can
extrapolate the definition of an 75, set for an ordinal « > 1. In the terminology
introduced in Section 9.3, 11 sets have no (Rg, RXg) gaps, Ro limits, or endpoints,
and no element has an immediate successor (see Exercise 9.10.4).

Lemma 8.2.4 Every n; set L contains an order-isomorphic copy of R and its
cardinality is therefore at least c.

Proof By Proposition 8.2.1, there is an order-embedding of Q into L. Since Q is
countable, the image of every Dedekind cut in QQ can be filled by an element of L.
Therefore the order-embedding of Q can be extended to an order-embedding of R
into L. O

An 7 set cannot have a countable subset that intersects every nonempty interval.
In particular, R is not an n; set.

Example 8.2.5 An 11 set. On the set {0, 1}! of all functions from R into {0, 1}
consider the lexicographical ordering defined as follows. Given a # b in {0, 1}
let

A(a,b) = min{a < ¥ : a(a) # b(a)}

and let a <pex b if a(A(x,y)) < b(A(a,b)). Then ({0, 1}<N, <iey) has the
property that every subset has the supremum but it is not an 1 set for two reasons: it
has endpoints, and it is not dense. To remedy this, remove the two constant functions
from {0, 1}<%1. Also remove all a € {0, 1}=™! that are eventually equal to 0. A proof
that the obtained subordering L is an 7 set is left to the reader (Exercise 8.7.5).

4The fact that the theory of dense linear orderings admits elimination of quantifiers also came
handy. See Notes to this chapter.
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Proposition 8.2.6 There exists an ny set of cardinality Ry if and only if the
Continuum Hypothesis holds.

Proof Lemma 8.2.4 implies that every n; set has cardinality at least c. Since {0, 1}¢
has cardinality ¢ for every countably infinite «, the n; ordering constructed in
Example 8.2.5 has cardinality R - ¢ = c. O

We are ready to transfer these ideas to the context of metric structures, and
C*-algebras in particular. As in Section 7.3, Sep(M) is the poset of all separable
substructures of a nonseparable metric structure M, ordered by inclusion. This poset
is directed and o-complete (Example 6.2.5). The full power of o-complete back-
and-forth systems is unleashed in connection with basic model theory. Therefore
this section requires familiarity with Appendix D.

Once Definitions 8.2.7 and 8.2.8 are internalized, the subsequent proofs and
applications are obtained by assembling the results from the earlier sections.

Definition 8.2.7 A partial isomorphism between metric structures C and D is a
triple (A, B, @) such that A € Sep(C), B € Sep(D), and ®: A — B is an
isomorphism.

Definition 8.2.8 Suppose C and D are nonseparable metric structures in the same
language. A o-complete back-and-forth system between C and D is a poset F with
the following properties.

1. The elements of [F are partial isomorphisms p = (A”, B?, @7).

2. The ordering is defined by p < g if A? C A9, B? C B4, and @9 | A? = @7,

3. Forevery p € Fand alla € A and b € B there exists ¢ > p in I such that
acA?and b € BY.

4. F is o-complete: For every increasing sequence p(n), forn € N, in F we require
that (identifying a function with its graph) p := (J, A?™, |, B?™, |, @P™)
belongs to IF. We write p = sup,, p,.

Recall that A < C stands for ‘A is an elementary submodel of C’.

Lemma 8.2.9 Suppose that there exists a o-complete back-and-forth system F
between nonseparable metric structures C and D. Then the following hold.

1. The set {(A, B) € Sep(C) x Sep(D) : A = B} includes a club in Sep(C) x
Sep(D).

2. The set {p € F : AP < C and BP < D} is, with respect to the coordinatewise
inclusion, a o -complete back-and-forth system.

Proof (1) By Proposition 7.2.7 we can find a dense set X € C such that
Co:={p X" :XNPp = p)

includes a club and a dense Y € D such that Dy := {p € [YI™ : YN P = p}
includes a club. Let 6 be a regular cardinal large enough to assure that C, D, X, Y,
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and I all belong to Hy (see Definition A.7.1).> Let Z := X U Y (the disjoint union
of X and Y). Let C := {M =< Hp, M is countable and {C, D, X, Y, P} € M}. By
Exercise 6.7.23, the set E := {M NZ : M e C} includes a club in [Z]¥0. The set

F:={(A,B) € Sep(C) x Sep(D): AM € C)A=MNX, B=MNY}

is, by the choice of X, Y, and E, a club in Sep(C) x Sep(D). It therefore suffices to
prove the following.

Claim If (A, B) € F then there exists @ such that (A, B, ®) € F,and A = B.

Proof Fix M € E suchthat A = MNX and B = M NY. In addition, fix
enumerations M N X = {a, : n € Ntand M NY = {b, : n € N}. Choose
pn = (A, By, @) € F with the following properties.6

1. py < pn+1 forall n.
2. aj € Ayforall j <n.
3. bj € Byforall j <n.
4. p, € M for all n.

If p, has been chosen, then some p/ 41 € F satisfies the first three properties
because I is a o-complete back-and-forth system. Since M < Hp and all relevant
parameters (p, aj, bj, for j < n + 1) belong to M, we can find p,y1 € M as
required.

Let (Aso, Boo, Poo) = sup, pn. We claim that Ao = M N Xand Boo = M NY.
By construction, M NX C A. Since A, is separable and an element of M, we have
A, € M nNXforalln,and Ay, € M N X follows. Having proved both inclusions,
we conclude that Ao = M N X. The proof of Boo = M N 'Y is analogous.

By the elementarity of M, M NXis dense in M NA and M NY is dense in M NB.
We conclude that @, is an isomorphism between M N A and M N B. Since M was
arbitrary, this proves the claim. O

(2) By Proposition 7.3.6, club many separable substructures of C are elementary
submodels, and the same applies to D. O

In Corollary 10.3.2 we will see that a simple-minded converse to Lemma 8.2.9
does not hold in general.
The o-complete back-and-forth systems will be used again in Section 16.6.

SMore precisely, we require § > (2*)*, where X is a cardinal at least equal to the density characters
of C and D. This assures that isomorphic copies of C, D, and P belong to H,.

%The enumerations ay, b,, forn € N cannot belong to M—M ‘knows’ C is nonseparable! However
all we need is that the finite initial segments of these enumerations belong to M.
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8.3 Diamonds

Diamonds are a set theorist’s best friend.
Menachem Magidor

In this section we introduce Jensen’s diamond, v, . After proving that it implies
the Continuum Hypothesis, we consider some variants of diamond suited for
capturing subsets of first-order structures (discrete and metric) in a fixed language.

Definition 8.3.1 For an uncountable regular cardinal «, Jensen’s < is the follow-
ing statement. There exists a family S, for @ < &, such that

1. Sy € « for all @ and
2. forevery X C k the set {@ : XNa = S, } is stationary.

A family S, for @ < «, that satisfies Definition 8.3.1 is commonly called a <,
sequence or, if k = Ry, a & sequence or a diamond sequence (readers used to
indexing their sequences by N will notice that a diamond sequence is rather long).

Example 8.3.2 Suppose « is a regular cardinal.

1. Suppose that Sy, € o and Ty, € « for @ < «, and that {& < « : S, = Ty}
includes a club in k. Then S, for & € « is a diamond sequence if and only if T,
for o € « is a diamond sequence (see Exercise 8.7.14). It therefore suffices to
define S, for « in a closed unbounded set.

2. If §,, for @ < «, is a diamond sequence, then Sy, fora = w -, < k,is a
diamond sequence because Exercise 6.7.4 implies that {o < x : ¢« = w-«a}isa
club in k.

Theorem 8.3.3 If ZFC is consistent, then the assertion that <, holds for every
uncountable regular cardinal k is consistent with ZFC.

Proof In Godel’s constructible universe L, <, holds for all regular uncountable «
(see e.g., [165, §III.7.13]). |

Proposition 8.3.4 <, implies 2<% = k. In particular <y, implies the Continuum
Hypothesis.

Proof Suppose S, for @ < k, witnesses <. Fix @ < k. Since stationary subsets
are unbounded, for every X C « there exists 8 > « such that Sg = XN g = X.
Since X C « was arbitrary, we have Z(a) = {Sg N« : @ < B < «} and therefore
| Z(a)| < k. Since o was an arbitrary ordinal smaller than «, and there are only «
ordinals smaller than «, this completes the proof. O

Although <, captures subsets of «, it is well-known among logicians that <,
implies its self-strengthening which captures small elementary submodels of any
structure of cardinality « in a first-order language of cardinality smaller than «. This
easily extends to metric structures, by the following argument.

Fix an uncountable regular cardinal x and a first-order language . of cardinality
smaller than «. Recall (Definition 7.1.2) that Struct(.Z, 6) denotes the space of .£-
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structures with domain 6, and that it is identified with a subset of (| |, Ry,
where R ranges over the relation symbols in .Z. (As explained in Section 7.1.1,
assuming that . has only relation symbols is not a loss of generality since constants
and functions can be coded by relations, and B < 2l implies that 28 is closed under
all functions in the original language.)

For 2 € Struct(.Z, k) and o < k let2A [ o« :=AN| |, o"® By Theorem 7.1.4,
the set {& < « : A [ o < 2A} includes a club.

Definition 8.3.5 For an uncountable regular cardinal «, by <, (.£) we denote the
following statement. There exists a family Ry, for @ < «, such that

1. Ry € Struct(.%Z, «) for all « < « and
2. for every 2 € Struct(Z, k) the set {@ : A [ « < Aand2 | o« = Ry} is
stationary.

If .Z has a single unary predicate symbol, then Struct(.Z,«) is naturally
identified with & (k) and < is equivalent to & (£).

Proposition 8.3.6 Suppose « is a regular cardinal and £ is a language of
cardinality smaller than «. Then <, implies < ().

Proof Fix abijection x: k — || €"® and write X(a) := | |z a"®.
Let g: k — « be the function defined by

g(@) :=min{f > a : x[a] € X(B) and x ~'[X(a)] C B).

Since « is a regular cardinal, g is well-defined. The set C := {« : g[a] = a}is a
club in x (Example 6.2.8). Since g(«) > « for all «, every element of C is a limit
ordinal. For every y € C and « < y we have x[a] € X(y) and X’I[X(a)] C y.
Since g is a bijection, we have C = {a < k : x[a] = X(a)}. Let Sy, for @ < «,
be a <, sequence. For ¢ € Clet Ry := x[Sy]. Since £ has no function symbols,
this defines an element of Struct(.Z, a). We claim that R, for o < R, is a $ (F)
family.’

Fix 2 € Struct(.Z, k). The set Cy := {a € C : A | @ < 2} is a club, and for
every a € Cy we have X’l AT o] = x’l [(] N «. By comparing the <, sequence
with x ~![2], we conclude that the set R := {& € Cg : x [ | a] = Su} is
stationary. For every « € R we have T, =2 | @ < 2, as required. ]

The metric version of Proposition 8.3.6 is slightly trickier to state and prove. Fix a
regular cardinal x and a language .Z in the logic of metric structures of cardinality
smaller than k. Recall from Section 7.1.2 that Struct(.Z, 8) denotes the space of
codes for .Z-structures with domain 6 and that this space is identified with a subset
of Z((6%u Llg 6"(R)y % Q), where R ranges over the relation symbols in .Z. (As
explained in Section 7.1.1, assuming that . consists only relation symbols is not a
loss of generality since functions can be coded by their graphs.)

"The choice of R, for & in the nonstationary set Ry \ C is inconsequential; see Example 8.3.2 (1).
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For 2 € Struct(Z, k) and o < « let
AT a:=AN((@>u g " ®) x Q).

Writing 2 for the metric compk:tion of a code 2 € Struct(.Z, «), Theorem 7.1.10
implies that {o < x : /A [ o« < U} is a club.

Definition 8.3.7 For a metric language .Z, by <. (%) we denote the following
statement. There exists a family Ry, for « < «, such that

1. Ry € Struct(Z, «) for all @« < « and _
2. for every 21 € Struct(Z,«) the set {@ : Ao < AandA | o = Ry} is
stationary.

Proposition 8.3.8 Suppose « is a regular cardinal and £ is a metric language of
cardinality smaller than k. Then <, implies <, (Z).

Proof The proof is similar to that of Proposition 8.3.6. Let x: k — Lgk"® be
a bijection. Since « is a regular cardinal, the set C := {a < « : x[a] = X(a)}
is a club in k. Let Sy, for @ < «, be a &, family. Fix o € C for a moment,
and let Ry := x[Se] if x[Se] belongs to Struct(.Z, «). Otherwise, let R, be an
arbitrary element of Struct(.Z, k) (the choice of R, will make no difference, see
Example 8.3.2). We claim that R, for a € C, is a <, (&) family.

Fix 2 € Struct(Z, k). The Lowenheim—Skolem Theorem implies that

Cyu=faecC:AJa=x}

is a club. For o € Cg we have X_l[Ql [ a] = X_I[Ql] N «. By comparing the <
sequence with x ~112(], we conclude that the set

R:={aeCq:x '[2A]a]l =S

is stationary. For any @ € R we have T, = 20 [ o < 2, as required. O

The oldest application of <>y, can be found in the next section. It is older than <y,
itself, because the diamond principle was extracted from the construction of a Suslin
tree.

8.4 Trees

In this section we introduce trees. The complete binary tree of {0, 1}<% will later
be used as a bookkeeping device for constructing large families of automorphisms.
The section ends with an obligatory Suslin tree construction from <y, .

Definition 8.4.1 A poset (T, <7) isatreeif the set (-, t]l<; :={s € T:8 <t t} of
predecessors of t € T is well-ordered by <t. It is therefore order-isomorphic to a
unique ordinal, height(¢). For an ordinal « the ath level of T is the set
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Ty :={t e T: height(t) = «}.

The height of a tree T is the minimal « such that the oth level of T is empty. Some
B C T is a chain if it is linearly ordered by <7. Some A C T is an antichain if for
all distinct s and t in A neither s <7 t nor t <t s holds. Such elements of T are said
to be incomparable.

Example 8.4.2 The complete binary tree of height ¥1. Let {0, 1}<% denote the set
of all s: « — {0, 1} for ¢ < Ny. This set is ordered by the end-extension:

SC tift [ o = s for some «.

Then ({0, 1}<%1, ) is a tree of height 8|, and for @ < R its ath level is {0, 1}“.

Given s € {0, 1}=1, by s0 and s1 we denote the sequences whose domain is
dom(s) + 1 obtained by adding O (1, respectively) at the end of the sequence S.
These are the immediate successors of S.

Any discussion of <¢x, would be incomplete without constructing a Suslin
tree. It is not used elsewhere in this book but it provides an uncluttered textbook
example of a <> construction.® A reader interested in learning the construction of a
counterexample to Naimark’s problem given in Section 11.2 may want to use it as a
warmup.

Definition 8.4.3 A tree (see Definition 8.4.1) is N8-Suslin, or Suslin, or Souslin in
French transliteration, if it has height &, no uncountable chains, and no uncountable
antichains.

Lemma 8.4.4 Suppose that T is a tree whose height « is a regular cardinal such
that every s € T has <t-incomparable extensions. If T has a chain of cardinality
then it has an antichain of cardinality k.

Proof Suppose ¥ < T is a maximal chain of cardinality «. For every o < « there
is a unique s, € ¥ N T,. Since it has two incomparable extensions, s, has an
extension 7, that does not belong to €. Fix g: k — « such that t, € T for all
o < k. As k is a regular cardinal, the set D := C, of all ordinals closed under g is
aclubink.

We claim that X := {t; : « € D} is an antichain. Fix @ < B in D. Then t,
is an extension of S, incomparable with sg. Since tg extends Sg, t, and tg are
incomparable. Since « and B were arbitrary distinct elements of D, X is an antichain.
Since |X| = « this completes the proof. O

A subtree of a tree T is a subset S C T such that for all s € Sand all r <T s we
havet € S.

8Suslin’s Hypothesis, the assertion equivalent to the nonexistence of Suslin trees, has given a
considerable impetus to the development of combinatorial set theory. See e.g., Notes to this chapter
and the discussion in [165].
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Theorem 8.4.5 <y, implies that there exists a Suslin tree.

Proof Let S,, for « < Rj, be a diamond sequence. We shall construct a Suslin
subtree of the complete binary tree.

Since <y, implies the Continuum Hypothesis, every infinite level {0, 1}* of
{0, 1}=™1 has cardinality equal to 8. Since there are 8 levels, [{0, 1}<N1| = R;.
Let x : 81 — {0, 1}=™ be a bijection. Writing {0, 1}<% := Uﬁ<a{0, 1}8, the set

C:={a <8 : xla] €{0,1}~%}

isaclub. For o € Clet Ry := x[Sy].
We shall find T, C {0, 1}%, for @ < Ry, that satisfy the following conditions for
all o < V.

. To = {()} and T, is countable for all & > 0.

. For every s € T,, both S0 and s1 belong to Tg41.
.IMfa<pPthenTy, ={s[a:seTg}

. T(w) = Uﬁ<a Tpg is a subtree of {0, <81,

O R S

To start with, let T,,, = {0, 1} for m < @ (we clearly have no choice!).

The recursive construction of Ty, for « < Ny, proceeds as follows. Suppose
that o is a countable limit ordinal and T(«) has been defined to satisfy the
requirements.

Suppose & ¢ C or « € C but R, is not a maximal antichain of T(«). Since « is
a countable ordinal, we can fix an increasing sequence of ordinals (), for j < w,
with supremum equal to . We claim that for every s € T(«) there exists a chain
K(s) in T(«) such that s € K(s) and K(s) intersects every level of T(«). Fix s and
let m(0) be such that s € T(8(m(0))). Using (3) recursively choose S; € Tg(n(0)+ )
for j > O such that s}, for j < w, is a chain. Then K(s) = {t : (3j)t E s;} is the
required chain.

Since T(«) is countable, we can enumerate all chains constructed in the previous
paragraph as K;, for j < w. For k < o let t; := Uj<w S;. This is the unique
element of {0, 1}* that extends all elements of K;. Let Ty, := {t; : k < w}.

Now suppose o € C is a limit ordinal and R, is a maximal antichain in T(w).
Since each level of T(«) is infinite, so is R,. Let

X:={seT(x): Fte R)tC s}.

Since R, is a maximal antichain of T(«), for every r € T(«) such that r ¢ X there
exists s € R, such thatr C s.

For s € X construct a chain K(s) such that s € K(s) and K(s) N Tg # ¢ for all
B < a. Since R, € X, X is infinite. Let K;, for j < w, be an enumeration of all
K(s) fors € X. Lett; := [ JK; for j <wandlet Ty := {t; : j < w}.

If « is a successor ordinal, « = B + 1, then let T, := {s0,s1 : s € Tg}.

This describes the recursive construction. We now check that T := T(Ry) is
a Suslin tree. By Lemma 8.4.4, it suffices to prove that T has no uncountable
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antichains. Suppose otherwise. By Zorn’s lemma it has a maximal uncountable
antichain, A. By the Lowenheim—Skolem Theorem applied to the structure (T, C,
A),the setD := {a« € C: AN{0, 1}=¢ is a maximal antichain in T(«)} is a club and
therefore there exists & € D such that S, = x ~'[A N {0, 1}<%]. By construction,
every element of T, extends an element of A. Since A is an antichain, this implies
that it is included in T(«), and therefore countable; contradiction. m]

8.5 A Very Weak Forcing Axiom

In this section we discuss the axiom that asserts that no Polish space can be covered
by fewer than « nowhere dense sets, for a given cardinal «. This assertion withx = ¢
is used to construct a selective ultrafilter.

A half-decent introduction to forcing axioms would require substantially more
than two pages of text. The Baire Category Theorem (Theorem B.2.1) asserts that a
topological space X cannot be covered by countably many nowhere dense sets if it
satisfies an additional assumption of being completely metrizable or being compact
and Hausdorff. (Some assumption on X is needed since, for example, Q clearly can
be covered by countably many nowhere dense sets.)

Definition 8.5.1 Given a class £2 of compact Hausdorff spaces and a cardinal «,
the forcing axiom FA, (£2) asserts that if X € £2 then X cannot be covered by «
nowhere dense sets.

Definition 8.5.2 Let cov(.#) (also denoted mcountable, Se€ [105]) denote the mini-
mal cardinality of a family of meagre sets that cover [0, 1].

Therefore FA, ([0, 1]) is equivalent to cov(.#) > k. Clearly cov(.#) < ¢, and
the Baire Category Theorem implies 81 < cov(.#). For a Polish space X one
could denote the minimal cardinality of a family of meagre sets that cover X by
covy (). The axiom cov(.#) = ¢ holds in Cohen’s original model for the negation
of the Continuum Hypothesis. It also holds in every model of the negation of the
Continuum Hypothesis obtained by finite support iteration of ccc forcing starting
from a model of the Continuum Hypothesis.

Lemma 8.5.3 If X and Y are uncountable Polish spaces with no isolated points

then covx (M) = covy (MA).

Proof Every Polish space with no isolated points has a dense Gs subspace
homeomorphic to the Baire space (Corollary B.2.6).

Removing a meagre subset does not change the value of covy (.#), and therefore
covx (M) = covyn (M) = covy (MA). O

As an application we construct an interesting ultrafilter on N. An ultrafilter % is
nonprincipal (or free) if (yeqy X = 9.
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Definition 8.5.4 A nonprincipal ultrafilter % on N is selective if for every f € NV
there exists A € % such that the restriction of f to A is constant or one-to-one.

The Continuum Hypothesis implies the existence of a selective ultrafilter on N.
The reader may want work out a proof of this fact” before proceeding further.

Example 8.5.5 Suppose B C N is infinite. Then 25 := {A € N : AN B is infinite}
is dense G in the compact metric topology on & (N). Since B is infinite, the set

%, .= {A CN: (ANB)\ nis nonempty}

is dense and open in & (N) for all n. Clearly 28 = (), %.

Lemma 8.5.6 If a directed poset P is partitioned into finitely many pieces, then at
least one of them is cofinal.

Proof Assume that P can be partitioned into two pieces, X and X, none of which
is cofinal. Fix p, with no upper bound in X, for n < 2. If p is an upper bound
for bot pg and pj, then p ¢ Xo U X1; contradiction. The general case follows by
induction on the number of pieces. O

Proposition 8.5.7 If cov(.#) = ¢ then there exists a selective ultrafilter.

Proof Let f¢, for £ < ¢, enumerate NN, It suffices to find Az C N, for & < ¢, such
that for every o < c¢ the following hold.

1. For every F € « the intersection (") gr Ag is infinite and
2. The restriction of f, to Ay is either constant or one-to-one.

We proceed to find sets A, by recursion on «. Suppose that Ag, for § < «, have
been constructed to satisfy the requirements.

For every F € « the set BF := (") gp Ag is infinite.

Suppose for a moment that there exists n € N such that fa_l[n] has an infinite
intersection with all Bg. Let IP denote the poset of all F € «, ordered by the inclu-
sion. By Lemma 8.5.6 there exists m < n such that {F : fa_l({m}) N B is infinite}
is cofinal in P. Therefore A, := fojl [{m}] has an infinite intersection with all Bf
and it is as required.

We may therefore assume that for every n there is F € « such that fO[_l [7] N Bg
is finite. Let % := {C C N : f, [ Cis one-to-one}. This is clearly a closed subset
of Z(N), and it is therefore Polish in the relative topology. Fix F € «. The set

% = {C € # : C N Bk is infinite}

Hint: You only need to know that p = .
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is a dense G; subset of % by an argument analogous to Example 8.5.5. Since
cov(#) > |a|, we can find Ay € (pe, F. and this set is clearly as required. O

8.6 Open Colourings

A rose by any other name would smell as sweet.
Shakespeare, Romeo and Juliet

In this section we introduce the Ramseyan axiom OCAT and prove some of its
consequences.

Definition 8.6.1 For a set X let [X]? := {s C X : |s| = 2}. If X is equipped with a
linear ordering, we write {x, y}- to denote the element of [X]2 whose elements are
x and y and to simultaneously emphasize that we are assuming x < y.

If L € [X]?and Y C X, then Y is said to be L-homogeneous if [Y]* € L. Some
Y C X is homogeneous for a partition [X]> = Lo U L; if it is Lo-homogeneous or
L1-homogeneous.

For example, Ramsey’s Theorem asserts that for every partition [N]2=Lou L,
there exists an infinite homogeneous Y € N (see e.g., [119]). One can consider
partitions into any number of ‘colours’, or partitions of triples or n-tuples for any
n > 2. The analog of Ramsey’s Theorem is true in this generality.

Example 8.6.2 A partition [R]?> = Lo L L with no uncountable homogeneous sets.
Let < be the usual ordering of the reals, fix a well-ordering of the reals, <,,, and
define a partition [R]? = Lo U L; by {x, y}< € Lo if x <y y. An Lo-homogeneous
set defines a strictly increasing function from a well-ordered set into (R, <). Since
R is separable, there are no uncountable Lo-homogeneous sets. Similarly, there are
no uncountable L-homogeneous sets.

In particular, Ramsey’s Theorem fails for 8. Now think of the worst imaginable
failure of Ramsey’s Theorem for R1. This is a theorem [184, Theorem 1.1].

If X is a topological space, then the set [X]? of all unordered pairs of distinct
elements of X is identified with the quotient of X? in which (x, y) and (y, x) are
identified for all distinct pairs x, y in X. Alternatively, a subset of [X]? is open if the
corresponding symmetric subset of X2 \ Ay is open. (Here Ay := {(x, x) : x € X},
the diagonal of X.) If X is a topological space, then a partition [X]*> = Lo U L1 is an
open colouring if Lg is an open subset of [X]?. Consider the following axiom.

OCAT Whenever X is a separable metrizable space and [X]? = LouL,;isan open
colouring, one of the following alternatives applies.

(a) There exists an uncountable Ly-homogeneous Y C X.
(b) There are Li-homogeneous sets X, for n € N, such that | J,, X, = X.
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‘Open’ in the definition of OCAT is something of a red herring (see Exer-
cise 8.7.27 and the proof of Proposition 8.6.3). OCAT is relatively consistent with
ZFC (e.g., [246]) and it is a consequence of the Proper Forcing Axiom [240,
Theorem 8.1].

Proposition 8.6.3 Assume OCAT. If X C R is uncountable and g: X — R, then
there exists an uncountable Y C X such that the restriction of g to Y is continuous.

Proof Define [R]> = Lo u Ly by {x,y}- € Loif gx) < g»). If X € R
is homogeneous, then the restriction of g to X is monotonic and therefore has
at most countably many points of discontinuity the removal of which results in
an uncountable with the required property. In order to prove that an uncountable
homogeneous set exists, identify x € R with (x, g(x)) € R2, and consider R with
the subspace topology. This topology is separable and metrizable, and by OCAT an
uncountable homogeneous set exists. O

Together with Example 8.1.5, Proposition 8.6.3 implies the following.
Corollary 8.6.4 OCAT and the Continuum Hypothesis are incompatible. O

Proposition 8.6.5 Assume OCAT. If X and Y are uncountable subsets of R, then
there exists an uncountable X' C X and an increasing f: X' — Y.

Proof Define [X x Y]?> = LouL by {(x, y), (', y)} € Loifx < x’andy > y/, or
x> x"and y < y'.If X x Y is taken with the subspace topology inherited from R?,
this is an open partition. If Z € X x Y is Lo-homogeneous, then X' := {x : (x, y)€Z
for some y} and f(x) := y if (x,y) € Z are as required. By OCAT, it
remains to prove that X x Y cannot be covered by Li-homogeneous sets Z,,
for m € N. Assume otherwise. For every x € X there exists m(x) such that
Znw(x) :={y € Y : (x,¥) € Zu)} is uncountable. Fix g(x) € Q such that
y(x) < g(x) < y'(x) for some y(x) and y'(x) in Z,,(,)(x). Since X is uncountable,
there are x < x’ in X such that m(x) = m(x") and g(x) = g(x’). But this implies
{(x, Y (x)), (x', y(x))} € Ly; contradiction. O

The following strengthening of OCAt was used to produce liftings of *-
homomorphisms between coronas of separable C*-algebras in [180, 181], and [251].

OCA Whenever X is a separable metrizable space and [X]? = Lg u LY, for

n > 0, are open colourings such that Lg D) L8+1 for all n, one of the following
alternatives applies.

(a) There exists an uncountable Z < {0, 1} and a continuous f:Z — Xsuch
that { f (a), f(b)} € Ly'“" for all distinct a and b in Z.
(b) There are X,, C X, for n € N, such that [X,,]> € L7 for all n.

This axiom was introduced in [75], where it was proved to hold in both standard
models of OCAT (i.e., it is a consequence of the Proper Forcing Axiom and it can
be forced by a ccc forcing starting from a model of V = L). The following elegant
proof was found only recently by Justin T. Moore and it is included with his kind
permission.
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Theorem 8.6.6 OCArT implies OCA.

Proof Fix X and open colourings [X]? = L U LY forn > 0 such that L 2 LgJrl
for all n. Define a partition [{0, 1}N x X]> = Mo U M; by

{(a,x), (b,y)} € Myifandonly if a # b, x # y, and {x, y} € L(?(a’b).

This set is clearly symmetric. To see that it is open, fix {(a, x), (b, y)} € My and let

n := A(a, b). Since Ly is open, there are open neighbourhoods U, and U, of x and

v, respectively, such that Uy x Uy C Lg. If V, > a and V}, > b are open and such

that A(c, d) = nforall (c,d) € V, x Vp, then (V, x Uy) x (Vp x Uy) € Mp.
Suppose for a moment that {0, 1} x X contains an uncountable M-

homogeneous set .77. Then JZ is the graph of a function f with the domain

Z:={a: (a,x) € 7 for some x},

and {f(a), f(b)} € MJ"“"? for all distinct a and b in Z.

Otherwise, OCAT implies that {0, 1} x X can be covered by M;-homogeneous
sets Yy, forn € N.Forx € Xandn € Nlet Y, (x) := {a € {0, 1} : (a,x) € Y,,}.
The sets Y, (x), forn € N, are closed and cover {0, 1}N, hence by the Baire Category
theorem at least one of them has a nonempty interior. Fix s(x) € {0, 1}<Y and
n(x) € N so that [s(x)] € Y, (). For a pair (s, n) let

Xon ={x € X: (s(x),n(x)) = (s,n)}.

Then [s] x X, is included in the closure of Y,. Since LY is closed, we have
Xs.nl? € L' Since L' € L’f“ for all n, we can enumerate the sequence (Xs.,)s.n
so that [X,]? C L% for all n. |

See also Exercise 8.7.27, Proposition 9.5.7, and of course Theorem 17.8.5.

8.7 Exercises

Exercise 8.7.1 Prove that the cardinality of any second-countable Hausdorff space
is at most c.

Exercise 8.7.2 Prove that the cardinality of any compact Hausdorff space with no
isolated points is at least c.

Exercise 8.7.3 An element of a Boolean algebra is an afom if it is nonzero and no
nonzero element is strictly below it.

1. Use Cantor’s back-and-forth method to prove that any two countable atomless
Boolean algebras are isomorphic.
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2. Use Stone duality and Gelfand—Naimark duality (Section 1.3) to translate (1)
into the categories of compact Hausdorff spaces and abelian, unital, C*-algebras,
respectively.

Exercise 8.7.4 Suppose a,, for o < Ry, is a Cauchy net in a metric space A. (This
means that (Ve > 0)3a)(VB > a)d(aq, ag) < &.) Prove that there exists o < 8y
and a € A such thatag = a forall 8 > a.

Exercise 8.7.5

1. Prove that in the ordering ({0, I, <1ex) (Example 8.2.5) every subset has the
supremum.

2. Prove that the subordering of ({0, 1}%1, <1ex) obtained by removing the end-
points and all eventually zero functions is an 71 set (Definition 8.2.2).

Exercise 8.7.6 Prove that any two 5 sets of cardinality 8| are order-isomorphic.

Exercise 8.7.7 Prove that there are order-nonisomorphic 7; sets of cardinality
max(R7, ¢). How many isomorphism classes can you construct?

Definition 8.7.8 Given an ordinal «, a linear ordering L is an 5 set if it has no
endpoints and for every two nonempty subsets A and B of L such that a < b for all
a € Aand all b € B and max(|A|, |B|) < R, there exists ¢ such that a < ¢ and
¢ <bforalla e Aandall b € B.

Exercise 8.7.9 Fix « > 2 and prove the following.

1. There exists an 7, set of cardinality 28«

2. All ny sets of cardinality Ry (if there are any) are order-isomorphic

3. There exists an 71y set of cardinality 8,4 if and only if e — Ry+1. More
precisely, 28« is the minimal cardinality of an 7, set.

The following two exercises are relatives of Example 8.1.5.

Exercise 8.7.10 Prove that the Continuum Hypothesis implies there are uncount-
able sets of reals X and Y such that for any uncountable X’ C X there is no
monotonic function f: X' — Y.

Exercise 8.7.11 Prove that there exists g: R — R such that the restriction of g
to X is discontinuous for every X C R of cardinality c.

Exercise 8.7.12 Suppose A is a nonseparable metric structure and F is a o-
complete back-and-forth system between A and itself.

Prove that F; := {(C, D, ®) € F : C = D} is a o-complete back-and-forth
system between A and itself such that every p € F has an extension in [F.

Exercise 8.7.13 Suppose that A # C is a separable and unital C*-algebra. Prove
that @y, A and Ky, A are not isomorphic, but there exists a o-complete back-and-
forth system between them. Then prove the analogous statement in which & and R,
are replaced by any two distinct uncountable cardinals.
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Exercise 8.7.14 Suppose S, for ¢ < «, is a diamond sequence in ¥ and C C « is
aclub. Let T, := S, if « € C and T, = ¥ otherwise. Prove that T, fora < k,isa
diamond sequence.

Exercise 8.7.15 Suppose « is a regular uncountable cardinal. Consider the follow-
ing strengthening of <.
<>,J[+: There exists a family S, for @ < «, such that

1. S, € « forall ¢ and
2. forevery X C k the set {@ : XNa = S,} includes a club.

Prove, in ZFC, that & is false.

Exercise 8.7.16 Consider T = a)fw1 as a tree with respect to the end-extension
ordering. Show that <y, is equivalent to the assertion that there is 7, in 7' of length «
for every o < wj such that for every wi-branch b of T the set of all o such that
b | o = t, is stationary.

The conclusion of Theorem 6.5.10 can be considerably improved if <>, holds.

Exercise 8.7.17 Suppose « is a regular cardinal. Prove that &, implies that there
are stationary subsets Sg, for § < 2“, of « such that S¢ N S, is nonstationary for

all & # .10
A level-by-level product of trees S and T of the same height « is

S®T:=Upq Su x Ta.

(Some authors choose to write S ® T.)
Exercise 8.7.18 Suppose T is a Suslin tree. Prove that T ® T is not a Suslin tree.
Exercise 8.7.19 Prove that $n, implies the following.

1. There exist Suslin trees S and T such that S ® T is a Suslin tree.

2. Prove the analogous statement about ®-products of n Suslin trees for all finite
n>2.

3. Prove that the ®-product of infinitely many Suslin trees is never a Suslin tree.

The following exercise uses the definition of the structure H, of all sets whose
hereditary closure has cardinality smaller than x (Definition A.7.1).

Exercise 8.7.20 Consider the following assertion.

<7 (Hy,): There exists a sequence S, € Hy,, for « < Ry, such that for every
parameter p € Hy, and every X C Hy, there exists a countable elementary
submodel M =< Hy, such that p € M, and with § := M N Ry (this is an ordinal,
Exercise 6.7.18) we have X N M = S;.

10There is room enough only to say that the answer to the question whether the conclusion of
Exercise (8.7.17) can be proved in ZFC is nothing short of fascinating; see e.g., [148, §§16-17]
and [264, §3.2].
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1. Prove that & (Hy,) is equivalent to Oy, -
2. Formulate <>~ (H,) for an uncountable regular cardinal « and prove that it is
equivalent to <.

Exercise 8.7.21 Use <>~ (Hy,) (without using the conclusion of Exercise 8.7.20) to
prove Theorem 8.4.5 directly.

An Aronszajn tree is a tree of height 81 with no uncountable chains all of whose
levels are countable. Clearly every Suslin tree is Aronszajn, but unlike a Suslin tree
an Aronszajn tree can be constructed in ZFC (see [165, Theorem I11.5.9]). Neither
this fact nor the conclusion of the following exercise have found an application to
operator algebras—yet. Somewhat inaccurately, a branch of a tree is cofinal if it
intersects all levels of the tree.

Exercise 8.7.22 Suppose that T is a tree of height 8 all of whose levels are finite.
Prove that T has a cofinal branch. More generally, suppose « is an infinite cardinal.
Prove that every tree of height « 7 all of whose levels has cardinality at most « has
a cofinal branch.

Exercise 8.7.23 Prove that the minimal cardinality of a subset of N that generates
a nonprincipal ultrafilter is at least cov(.#).

Exercise 8.7.24 Prove that if 7% is a selective ultrafilter and r,,, forn € N, is a
sequence in a compact metric space, then there exists A = {n(j) : j € N} € %
such that lim;_, o 7, j) exists.

A function is finite-to-one if each of its fibres is finite.

Exercise 8.7.25 Define f: N — N by f(2"(2n 4 1)) = m. Let _# be the set of
all A C N that can be partitioned in two pieces Ay and A; such that f[Ag] is finite
and the restriction of f to Ay is finite-to-one. Prove that _¢# is a proper ideal on N
and that no selective ultrafilter is disjoint from #.

Exercise 8.7.26 Suppose X is a one-point compactification of an uncountable
discrete topological space. Prove that the Tychonoff power XN can be covered by &
nowhere dense sets.

Exercise 8.7.27 Prove that OCAT is equivalent to the following statement:

For every X and every partition [X]? = Lo u L; such that Lg is the union of countably
many rectangles (i.e., Lo = |J,,c Am X% B for some A,,, B, one of the two alternatives
of OCAT applies.

me

Notes

Section 8.1: The proof of Theorem 8.1.2 also shows that accepting the unlimited
comprehension (see Section A.1) leads to a contradiction. More precisely, the
set S ;= {x : x ¢ x} is not well-defined. (Proof: S € S implies S ¢ S
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implies S € S.) This argument that Cantor’s original set theory was inconsistent
is Russell’s paradox. This issue was resolved by introducing the axiomatics of ZFC
(see Section A.1). There are other ways to resolve this issue and lay the foundations
of mathematics, but we will stick with ZFC.

The Continuum Hypothesis is independent from ZFC by results of Godel and
Cohen (see e.g., [165]). In lieu of a philosophical discussion, here is a story once
told by Paul Erd6s and shared by Menachem Magidor.

When 1 (Erd6s) die and get to see the God,!! T will ask him whether the Continuum
Hypothesis is true. He may give me any of the following three answers. The first one, ‘Here
is the answer and here is the proof’; the second one, ‘“That is a meaningless question, go
away.” The third one would be the worst: ‘That is a great question with a beautiful answer,
but you cannot understand it’.

Section 8.2: Readers familiar with Elliott’s approximate intertwining method
(Section 6.1) may wonder whether the transfinite back-and-forth method can be
spiced up by allowing the (naturally defined) approximate partial isomorphisms.
This would, however, make no difference: In a metric space, every Cauchy net
indexed by R is eventually constant (Exercise 8.7.4).

In the model-theoretic terms, a dense linear ordering without endpoints is an 71
set if and only if it is countably quantifier-free saturated. Since the theory of linear
orderings without endpoints admits elimination of quantifiers (see e.g., [177]), a
linear ordering is an n; set if and only if it is countably saturated.

Hausdorff’s interest in 7 drew from (in modern language) the study of Hardy
fields; see [18] for the most recent progress.

Suppose C and D are nonseparable metric structures. By Lemma 8.2.9(2),
club many entries (A, B, @) of any o-complete back-and-forth system between
C and D have the property that A is an elementary submodel of C and B is an
elementary submodel of D. It is therefore easier to construct a o-complete back-
and-forth system if this condition is automatic, for example, if the theories of C
and D admit the elimination of quantifiers. This is the case with dense linear
orderings without endpoints (see e.g., [177]), but very few theories of C*-algebras—
five out of continuum, to be precise—have this property [68]. This is one of the
reasons why finding an outer automorphism of the Calkin algebra took so long (see
Exercise 17.9.1).

Section 8.3: In 1920 Suslin asked whether a compact linearly ordered topological
space with no uncountable family of disjoint open intervals is necessarily order-
isomorphic to the unit interval. Kurepa proved that the negative answer to Suslin’s
question is equivalent to the existence of a Suslin tree and constructed an Aronszajn
tree. While <y, implies that Suslin trees exist, and every set-theoretic axiom used
in this text is compatible with the existence of Suslin trees, sufficiently strong
forcing axioms (starting with Martin’s Axiom) imply that there are no Suslin trees.
While <>y, implies the Continuum Hypothesis, there are models of ZFC in which
the Continuum Hypothesis holds and <y, fails (see e.g., [222, Chapter V*™]).

11Erd8s used his own terminology at this point.
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Ronald Jensen formulated < and proved Theorems 8.3.3 and 8.4.5 [134].
Although Propositions 8.3.6 and 8.3.8 are a part of the folklore of mathematical
logic, they were apparently explicitly stated (only in the case of C*-algebras) for the
first time in [91]. The equivalent reformulation of <y, given in Exercise 8.7.16 was
used in [6]. For strengthenings and other equivalent reformulations of &y, see e.g.,
[165, §II1.7]. Jensen constructed a x-Suslin tree in L for every uncountable regular
cardinal « that is not weakly compact. The construction uses another combinatorial
principle in addition to <>, denoted 0.

There are consistent and useful strengthenings of <, denoted <>* and <&} (cf.
Exercise 8.7.15). For these, and other, combinatorial principles that hold in Godel’s
constructible universe L (most of them isolated by Jensen) see e.g., [165] or [54].

A modern approach to diamonds can be found in [32], where Exercise 8.7.20
was taken from.

Section 8.4: The construction of a Suslin tree from <y, is due to Jensen. The
arboreal branch of set theory has attracted a considerable attention. Trees provide
what may be the cleanest examples of incompactness phenomena in uncountable
cardinalities. They are also a powerful tool for constructions of combinatorially
interesting large objects.

Section 8.5: The assertion cov(.#) > « barely deserves to be called a forcing
axiom. The assertion cov(.#) = ¢ holds in models of ZFC obtained by finite support
iteration of ccc forcings, starting from a model of the Continuum Hypothesis (see
[165]). Hence the equality cov(.#) = ¢ holds in many ‘soft’ models of ZFC.
This assertion is however independent from ZFC. Even the existence of selective
ultrafilters is independent from ZFC, by a result of Kunen [163].

The earliest and most important (historically and mathematically) forcing axiom
is Martin’s Axiom, or MA. A wealth of information on MA, including the proof that
it implies there are no Suslin trees, can be found in [165]. As k increases, the class £2
of compact Hausdorff spaces for which FA, (£2) cannot be refuted in ZFC shrinks
(see Exercise 8.7.26 for the first step). With our present understanding, the axioms
of the form FAy, (£2) (just a notch above the bound given by the Baire Category
Theorem) are the most useful ones. Forcing axioms of this sort, such as the Proper
Forcing Axiom and its consequences, were successfully used in analyzing coronas
of separable C*-algebras [80, 81, 180, 181, 251]. The provably strongest forcing
axiom of the form FAy, (£2), Martin’s Maximum, or MM, was isolated in [104]. It
implies the popular Proper Forcing Axiom, which in turn implies OCAT. Martin’s
Maximum can be strengthened in other directions, see [248].

Whether the relative commutant of Z(H) in an ultrapower associated to a
nonprincipal ultrafilter %7 on N (Section 16.7) is trivial or not depends on the choice
of % . If % is selective then the relative commutant is trivial but it is nontrivial if %
is a so-called flat ultrafilter [98]. Selective ultrafilters are also known as Ramsey
ultrafilters, but that is an altogether different story.

Section 8.6 is largely based on [240], except Theorem 8.6.6 which is taken from
[186]. OCAT is known under other names, and a different axiom is also known under
the name of OCA [2]. (In both cases OCA stands for ‘Open Colouring Axiom’.)



Chapter 9 ®
Set Theory and Quotients oo

Don’t let ideology or good taste stop you from proving a theorem.
Saharon Shelah

In any sufficiently complicated category an increase in cardinality (or, in the
case of metric structures, an increase in density character) of its objects results
in the increase in the complexities of its objects and its morphisms alike. One
instance of this phenomenon is the failure of the back-and-forth method to reach
uncountable or nonseparable realm without some sort of a “crutch” (our crutch
of choice is discussed at length in Sections 8.2 and 16.6). In a precisely defined
set-theoretic sense, quotient structures have higher definable cardinality than the
original structures.! The earliest instance of this phenomenon was probably the
observation that if G is a Polish group acting continuously on a Polish space X
with all orbits being both dense and meagre, then the orbit equivalence relation
is not smooth. (An equivalence relation E on a Polish space X is smooth if there
exists a Borel-measurable function f: X — R whose fibres are the equivalence
classes.) Comparison of definable cardinalities from descriptive set-theoretic point
of view resulted in the abstract classification theory. Notably, one of its ingredients
comes from the theory of C*-algebras. Glimm’s 1960 Theorem (Theorem 3.7.2)
can be used to show that the Borel structure of &?(N)/Fin can be continuously
embedded into the space of unitary equivalence classes of pure states on a non-
type 1 separable C*-algebra. The so-called Glimm-Effros Dichotomy in abstract
classification theory was fuelled by the combinatorics borrowed from Glimm’s
Theorem (see e.g., [129] and [111]).

In the present chapter we introduce arguably the most elementary massive
quotient structure. This is the quotient Boolean algebra & (N)/ Fin.

The Stone duality (Section 1.3.1) associates &(N) with the Cech-Stone com-
pactification BN and the associated quotient &(N)/Fin with the remainder (also

I This phenomenon can be viewed from the operator-algebraic point of view, see [47, §$11].
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called corona), BN \ N. The Gelfand—Naimark duality (Theorem 1.3.2) associates
these two spaces with the C*-algebras £, and £, /¢, respectively.

Much—but not all—of the relevance of set theory to the study of the Calkin
algebra draws from the popularity of &?(N)/ Fin as a target for set-theoretic study.
This resulted in a substantial body of deep results about this fascinating object.
This algebra is possibly the most natural object whose theory is “set-theoretically
malleable” in the sense that few of its properties can be decided in ZFC without
assuming additional set-theoretic axioms.

Many of these results transfer into the even more fascinating “quantized” results
about 2(H). Quantizations of some other results about &?(N)/ Fin are independent
from ZFC, and for yet another group of results about &?(N)/ Fin it is not even clear
what the correct quantization should be.

Ideals and filters are introduced in Section 9.1. Almost disjoint and independent
families in & (N) are constructed in Section 9.2. The classical constructions of gaps
in Z(N)/Fin of Hausdorff and Luzin are given in Section 9.3. Later on, we will
see that ZZ(N)/ Fin can be “injected” into massive quotient C*-algebras in a gap-
preserving manner (Theorem 14.2.1). The Rudin—Keisler ordering on ultrafilters on
N is studied in Section 9.4. Small cardinal characteristics of the continuum and
basics of the Tukey ordering on directed sets are studied in Section 9.6. This theory
is put to use in Section 9.7 to study the directed set N, as well as its lesser-known
(but even more relevant to the corona algebras of o-unital C*-algebras) relatives
Party and, in Section 9.8, Part,,. These directed sets will be used to stratify and (to
some extent) tame the Calkin algebra.

9.1 Ideals and Filters

In this section we review the basics of ideals and filters. We also briefly introduce
Borel ideals on N and ideals associated with lower semicontinuous submeasures
on N. We review F, ideals and analytic ideals on N and their relation to lower
semicontinuous submeasures.

A family & of subsets of X has the finite intersection property (sometimes
abbreviated as the f.i.p.) if for every % € % the set (] % is nonempty.”

Definition 9.1.1 A filter on a set X is a subset % of X with the following
properties.

1. It has the finite intersection property.
2.IfYe FthenYUZ € % forall Z C X.

It is proper if # # P2(X) (equivalently, if ¥ ¢ 7).
An ideal on a set X is a subset .# of X satisfying the following.

2Hence a more accurate, but not particularly catchy, name for this property would be “the nonempty
intersection of all finite subfamilies property”.
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3. The union of a finite subset of .# belongs to .#.
4. IfYe SthenYNZe ¥ forallZ C X.

It is proper if & # 2 (X) (equivalently, if X ¢ .%). An ideal .# on N is dense if
every infinite subset of N has an infinite subset in .#.

A set .# is an ideal on X if and only if it is an ideal of the Boolean ring &2 (X).

Definition 9.1.2 The dual ideal of a filter .# on X is %, := {X\Z :Z € %} and
the coideal of % -positive sets is Fy .= P(X)\ Fy. If I = %, thenthe I, .= .F
is the dual filter and .Z := % is the coideal of . -positive sets.

Note that % = %, if and only if .% is an ultrafilter.

Example 9.1.3 A variety of manifestations of the power set of the natural num-
bers, #(N), will play a role in our study. We will take a look at some of them (see
also Example B.1.3).

First, #(N) is a concrete Boolean algebra. Identify A € Z(N) with its
characteristic function defined by xa(n) := 1if n € A and ya(n) :=0ifn ¢ A>
Then A +— xa is a bijection between & (N) and {0, 13N, The latter is a compact
metrizable space with respect to the product topology. It is also naturally identified
with the Cantor’s middle third space. A compatible metric on &(N) is defined by
(writing AAB for the symmetric difference of sets A and B)

1

dA,B) == —————.
( ) min(AAB) + 1

One can also identify {0, 1} with the cyclic group Z/2Z and & (N) with [ [y Z/2Z.
This is a compact metrizable abelian group, and its Haar measure coincides with the
product of uniform probability measures on {0, 1}

An ideal .# on N is Borel if it is a Borel subset of &#?(N) in the compact metric
topology defined in Example 9.1.3.

It is sometimes convenient to identify &2 (N) with & (X) for a countably infinite
set X. While any bijection between X and N lifts an isomorphism between & (N)
and 2(X), additional structure of the set X (e.g., if X is N<N or Q) often makes
constructions and arguments more transparent.

Example 9.1.4

1. By Fin we denote the ideal of finite subsets of N, also called the Fréchet ideal. Its
dual filter is the filter of cofinite subsets of N, also called the Fréchet filter. If X
is an infinite set then Finyx denotes the ideal of finite subsets of X. The subscript
X is dropped whenever X is clear from the context.

3In the literature XA is sometimes denoted 1.
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2. Consider the ideal Fin x @ on N? consisting of all sets X € N? whose projection
to the first coordinate is finite. Equivalently,*

Fin x # = {X € N?: (@m)(Ym > m)(¥n)(m', n) ¢ X}.

Example 9.1.5 Suppose P is a directed and o-complete poset (Definition 6.2.3);
e.g., an ordinal with uncountable cofinality, [X]®0 for an uncountable set X, or
Sep(M) for a nonseparable metric structure M. Club subsets of P have the finite
intersection property (Proposition 6.2.9). Therefore the club filter on P, defined as
the family of all C C P that include a club, is a filter. The dual ideal is the ideal of
nonstationary sets. Stationary subsets of [P comprise the coideal of positive sets.

The following definition will be used only in Section 14.1.

Definition 9.1.6 A function ¢: Z(N) — [0, 0o] is a submeasure if it satisfies the
following requirements.

1. (@) =0.

2. 9(X) < oo if X is finite.

3. @ is subadditive: p(XUY) < p(X) + ¢(Y).
4. ¢ is monotonic: X C Y implies p(X) < ¢(Y).

Example 9.1.7

1. Every measure is a submeasure, and the supremum of a uniformly bounded
family of measures is a submeasure.

2. If f: Ry — Ry is concave and satisfies f(0) = 0, then the composition of a
measure with f is a submeasure.

3. There are more thought-provoking examples of submeasures (see [234]) some of
which give rise to interesting examples of ideals on N (see [76, §1.11-1.13]).

Everyideal _# on N is the null set of a submeasure ¢ defined by setting ¢(X) = 0
itXe #andp(X) =1if X ¢ _Z; this observation can be useful (see [149]).

Definition 9.1.8 If ¢(X) = lim, ¢(X N n) for all X € L (N), a submeasure ¢ is
said to be lower semicontinuous .

(This is easily checked to be equivalent to ¢ being lower semicontinuous
with respect to the Cantor-set topology on #(N).) Given a lower semicontinuous
submeasure ¢ on #(N) we define

Fin(¢) := {X C N: ¢(X) < oo}
Exh(p) ;== {X € N:limp(X\ n) = 0}.
n

“The reader can extrapolate the definition of a Fubini product .# x _# of ideals .# and ¢ it
occurs implicitly in Exercise 8.7.25 and Example 9.3.9.
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Definition 9.1.9 An ideal ¢ is a P-ideal if for every sequence X,, n € N of
elements of _# there exists X € _# such that X, \ X is finite for all n.

Lemma 9.1.10 [f ¢ is a submeasure on N then Exh(¢) is a Borel P-ideal on N and
Fin(p) is an F, ideal on N. If in addition lim,, ¢ ({n}) = 0 then both of these ideals
are dense.’

Proof For every r € (0, 00) the set 25 := {A C N : ¢(A) < r}is closed. Therefore
Fin(p) = U, ey 2 is Fo and Exh(¢) = (),,eny Unen{A : A\ n € £ m} is Fos.
To see that Exh(g) is a P-ideal, fix A,, € Exh(p) for n € N. If k(n) is such that
@Ay \ k(n)) < 27" then |, (A, \ k(n)) € Exh(p) and it includes all A, modulo
finite. Now suppose lim, ¢({n}) = 0 and fix an infinite X € N. Choose an infinite
Y € Xsuchthat ), .y ¢({n}) < oo; then Y belongs to both ideals. O

9.2 Almost Disjoint and Independent Families in &7 (N)

In this section we study the quotient Boolean algebra &7 (N)/ Fin of the power set
of N modulo the Fréchet ideal Fin. We construct a family of almost disjoint subsets
of N and an independent family of subsets of N, each of cardinality c. The latter
family will be used to produce a simple graph CCR algebra with nonhomogeneous
state space in Section 10.4.

Since #(N) carries a natural compact metric structure (Example 9.1.3) it is
sometimes easier to work in &(N) than in the quotient & (N)/ Fin.

Definition 9.2.1 Suppose A and B belong to ZZ(N). We write A €* B (or B 2* A)
if A\B e Finand A L Bif A C* N\ B. If A C* B then A is almost included in B
and if A L B then A and B are almost disjoint.

The relation C* is transitive and reflexive but not antisymmetric; such relations
are called quasi-orderings. If p is a quasi-ordering then the relation ~, defined by
symmetrizing p, a ~, b if and only if apb and bpa, is an equivalence relation
and p is compatible with ~,. A family &/ C Z(N) is almost disjoint if every two
elements of o7 are almost disjoint.

Proposition 9.2.2 There exists an almost disjoint family </ in & (N) of cardinal-
ity ¢. One can choose this family to be dense in the Cantor-set topology on & (N).

Proof It suffices to find an almost disjoint family in #(Q)/Fing (where Fing
denotes the ideal of finite subsets of Q) indexed by the irrationals. For every
irrational x let (as usual [¢] := max{m € Z : m < q})

A, := {[10"x]10™" : n € N}.

SIn the sense that every infinite X C N has an infinite subset in the ideal.
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Then A, is infinite for every x with an infinite decimal expansion, and A, N A, is
finite whenever x # y. Since the space & (N) is second-countable, by making finite
modifications to some ¥y elements of this family we can obtain an uncountable
almost disjoint family dense in & (N). O

Definition 9.2.3 A family & C Z(X) is independent if (| F \ | J G is nonempty
for all nonempty F € o7 and all G € &7 \ F.

Lemma 9.2.4 An infinite family </ is independent if and only if for all disjoint
F € o and G € o such that F is nonempty the intersection (| F\|J G is infinite.

Proof In order to prove the nontrivial implication, suppose that (] F'\ (] G is finite
for some F and G as in the statement. Choose F and G so thatn = |[| F \ [ G|
is minimal possible. Since .« is infinite, there exists Y € &/ \ (F U G). Then at
least one of (J(FUY)\ UG or (| F \ UJ(G UY) has cardinality smaller than n;
contradiction. ]

Proposition 9.2.5 There exists an independent family of subsets of N of cardinal-
ity ¢. One can choose this family to be dense in the Cantor-set topology on & (N).

Proof Our family will consist of subsets of the (countable) set
Z:={F c {0, 1}=N : F is finite}.

An initial segment of length m of f € {0, 1}N is denoted f | m, and the length of
s € {0, 1}<N is denoted |s|. For f € {0, 1} let

Xy :={T €Z: Am)|s| =mforalls € Tand f [ m € T}.

Assume f(0), ... f(n — 1) are distinct elements of {0, I}N and F C n is nonempty.
Fix k large enough so that (i) [ k # f(j) | k for all distinct i and j. Then

s:={f@) [k:i€eF}

belongs to U;cr Xr) \ Uj=ms1 Xr(j)- Since n, f(0), ..., f(n — 1), and F were
arbitrary, {Xr : f € {0, 13N} is an independent family.

Since Z(N) is second-countable, by making finite modifications to some Ro
elements of this family we obtain a family {X I f € {0, 1}N} dense in Z2(N). Any
of the finite Boolean combinations (7] ; X/f \ U, X, is clearly still infinite. O

The remainder of this section, and Lemma 9.2.8 in particular, will be used to
construct Rudin—Keisler incomparable ultrafilters on N in Section 9.4.

Definition 9.2.6 Suppose & is a filter on N. A family o7 is independent modulo 9
if (N F \ UG) N Xis infinite for all nonempty F € <7, all G € & \ F, and all
Xe 9.
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If % is a family of subsets of a fixed set X then the filter generated by %/,
denoted (¢/), is the intersection of all filters on X that include ¢. The following
lemma is proved by parsing the definitions.

Lemma 9.2.7 If o7 is independent modulo 9 and X € o then o/ \ {X} is
independent modulo both (2 U {X}) and (2 U {N \ X}). O

Lemma 9.2.8 Suppose that <f is independent modulo a filter 2 and Y C N. Then
there exists o/ C of such that

1. The set &/ \ " is finite and
2. The family </’ is independent modulo at least one of the filters (2 U {Y}) or
(ZU{N\Y})

Proof We may assume that <7 is not independent modulo (2 U {Y}). Then there
exist finite disjoint subsets F' # ¥ and G of o/ and X € Z such that the set

(ﬂF\UG))meY

is finite. Therefore the set (| F \ |J G is, modulo 2, included in N \ Y. Applying
Lemma 9.2.7 successively to elements of F U G, we can conclude that the family
&' = \ (F UG) is independent modulo (2 U {N\ Y}). ]

9.3 Gapsin Z(N)/Fin

It is not the note you play that’s the wrong note. It is the note you play afterwards that makes
it right or wrong.
Miles Davis

In this section we study gaps in partially ordered sets, and in the quotient Boolean
algebra & (N)/ Fin in particular. We define Borel gaps and construct Hausdorff gaps
and Luzin families.®

Suppose (P, <) is a quasi-ordered set, possibly with the least element 0. On P
define the orthogonality relation _L by

a L bifandonlyif (Vc)c <anc<b—c=0.

(If P has no zero element then the right-hand side reads as —=(3c¢)(c <a Ac < b).)

SAt this point, it may not be clear what gaps have to do with anything except a curiosity
(Exercise 9.10.6) and a failed attempt to prove the Continuum Hypothesis. For now, we will leave
this gun hanging on the wall, waiting for its moment to fire.
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We have already encountered gaps in the context of Hausdorff’s 1 sets (Defini-
tion 8.2.2).7

Definition 9.3.1 A pregap in P is a pair of subsets (=7, %) of P such thata L b for
alla € A and all b € B. A pregap is separated if there exists ¢ € P such thata < ¢
foralla € & and ¢ L b for all b € . If such c exists we say that it separates the
pregap (7, %8). Some authors say that ¢ splits the pregap. A pregap is a gap if it is
not separated. The sets &7 and A are sides of the (pre)gap (<7, A). A gap (<7, B)
is linear of both of its sides are linearly ordered. A linear gap (&7, %) is a (k, A)
gap, for a pair of cardinals k and A if @7 and Z are order-isomorphic to « and X,
respectively.

Our definition of a pregap is symmetric, as (<7, %) is a pregap if and only if
(A, o) is a pregap. While it is not difficult to find an example of a poset P and a
gap (o7, %) in P such that (4, &) is not a gap, this will not be the case if P has
sufficient separation properties satisfied in all instances of interest to us.

We follow the established terminology and consider gaps in the quasi-ordered
set (Z(N), C*) instead of gaps in the partially ordered set (%?(N)/Fin, C). Thus
pregaps and gaps in & (N)/Fin are pairs of subsets of &?(N) and not pairs of
subsets of Z2(N)/ Fin. The orthogonal complement of of C P (N) is

gt :={Be PN):BLAforall A e ).

As before, 7: Z(N) - £ (N)/ Fin denotes the quotient map.
Lemma 9.3.2 Suppose o/ < Z(N).

1. The family <7+ is directed in both (#(N), C) and (Z(N), C*).
2. The pair (o, /1) is a gap if and only if (o7, C*) does not have a maximal
element. O

Our main interest is in gaps both of whose sides are directed. A pregap (<%, Bo)
is cofinal in a pregap (<], %) if o is a cofinal subset of 27| and A is a cofinal
subset of A. If a gap is linear then it has a cofinal (k, A)-subgap, where « is the
cofinality of .2/ and A is the cofinality of 4.

Lemma 9.3.3 If .¥ is an ideal on N such that Fin C ¥ then there are no (R, Ro)-
gapsin (N)/.7.

Proof Suppose A,, B,, forn € N, are sets in &#(N) that form two sides of a pregap
in (N). Let A, := A, \U,_, Bjand C := |, A}. Then A, \C c ANJ,_, B;
is finite for all n and B; N C € B; N U, < ; An is finite for all j. Therefore C splits
the pregap. O

TThis encounter was only implicit since we have not used the terminology. It was also a “non-
encounter” since the 7 sets were defined by postulating the absence of small gaps, small limits,
and endpoints or “jumps”.
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The case of Lemma 9.3.3 when .# = Fin is an instance of the countable
saturation of #(N)/ Fin, a property that will play an important role in subsequent
chapters. It can be given an apparently (but only apparently) different proof: Use
the Gelfand—Naimark duality (Theorem 1.3.1) and apply results from Section 15.1
to the countably degree-1 saturated C*-algebra C(S8N \ N).

Given a pregap (&7, #) in #(N), the assertion that it is a gap is a second-
order statement, since it requires quantification over & (N) (see Appendix D). Using
forcing, one can generically add subsets of N (see [165]). These “new” subsets of
N may split gaps and the assertion that a given pregap is a gap is not necessarily
absolute between models of ZFC. We will introduce a first-order condition that can
be imposed on a pregap (<, ) which implies that it is a gap whenever </ and &
are uncountable.

The proximity of a countable subset Z of Z(N) is the set

prox(#) := {A € #* : (B e % : ANB C s} is finite for all s € Fin}.

Lemma 9.3.4 Suppose 8 C Z(N).

1. If BB is finite then prox(%) = %+

2.If# ={B, :n € N} and B, \
C-cofinal subset of B*.

3. If A € prox(#), C e P, and A C* C, then C € prox(4A).

Bj is infinite for all n then prox(%) is a

j<n

Proof Only (2) may require a proof. Fix C € B and for n € N choose m(n) in
(B,,\Uj<n Bj)\nandlet C' := CU{m(n) : n € N}. Then C'NB; C [0, n) implies
j < n, and therefore C’ € prox(Z). Since C € B was arbitrary, this completes
the proof. O

The analysis of gaps in &?(N)/ Fin relies on the tension between the separability
of Z(N) and the uncountability of 8. The following is a textbook example of this
phenomenon.

Lemma 9.3.5 Suppose Ay, By, for o < Ry, are subsets of Z(N) such that for
some n € N the following conditions hold.

1. The families &/ == {Ay : @ < X1} and B .= {B, : @ < R} form a pregap.
2. A, NBy C n forall a.

3. For every y < R the set Ay is in the proximity of {Bg : B < v} for all but
countably many o < .

Then (<7, B) is a gap in &?(N)/ Fin.

Proof Suppose otherwise and fix C that separates <7 from . For each & < N
there exists m(a) € N such that A, \C € m(a) and B,NC C m(a).Fixm >n e N
such that X := {& : m(«a) < m} is uncountable. Then for all « and 8 in X we have

Ay NBg = ((Ay NBg) \C)U (A, NBgNC) C (A, \C)U(BgNC) Cm.
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For o € X we have {8 < « : Bg N A, € m} 2 XN a. Since X is uncountable,
XNy is infinite for some y < V. Fix ¢ € X\ y such that A, is in the proximity of
{Bg: B < y).But{Bg: g € XNy} isinfinite and A, N Bg C m forall B € XNy;
contradiction. m|

A construction of an (X1, 81) gap using the Continuum Hypothesis is a straight-
forward exercise in bookkeeping (Exercise 9.10.5). Notably, proofs of the following
two theorems do not require any additional set-theoretic axioms.

Theorem 9.3.6 There exists an almost disjoint family < in 2 (N) of cardinality R
such that every pair of disjoint uncountable subsets of < forms a gap.

Proof We will construct an almost disjoint family &/ := {A, : @ < N1} such
that for every o < N7 the set A, is in the proximity of {Ag : B < «}. Since
this requirement is vacuous for finite o, we start by letting A,, for n < w, be any
partition of N into infinite sets.

The sets Ay, for w < a < Ry, are chosen by recursion. Suppose « is a countable
ordinal and <7, := {Ag : B < «} has already been chosen. Since « is countable,
we can re-enumerate <7, as B, for n € N. The sets B, \ | j<n B, are infinite and
disjoint. Let A, be such that the set A, N (B, \ | j<n Bj) 18 nonempty and finite
for all n. Then A, belongs to the proximity of .<7,. This describes the recursive
construction of the family .o/

To prove that every pair of disjoint uncountable subsets of </ forms a gap,
suppose X and Y are two disjoint uncountable subsets of 8j. Let f: X — Y be
a bijection. If my = max(Ay N Ap()) for o € X, then there exist m such that
X' :={a € X : myg = m} is uncountable. Then {A, : « € X'} and {As«) : @ € X}
satisfy the assumptions of Lemma 9.3.5 and therefore cannot be separated. O

A family as in the conclusion of Theorem 9.3.6 is known as a Luzin family.
Theorem 9.3.7 There exists an (X1, R) gap in & (N)/ Fin.

Proof We construct two C*-strictly increasing chains o/ := {A, : « < ¥} and
B = {By : a < R} in Z(N) such that for all « the following conditions hold.

1. The set N\ (A, U B,) is infinite,
2. The intersection Ay N By is empty, and
3. The set A, is in the proximity of {Bg : B < a}.

All A,, and B,, for n € N are chosen simultaneously as follows.

Let N = J,, X, be a partition of N into infinite sets and let A, := (,, -, Xom
and B, := J,, -, Xom+1. Then the above requirements are satisfied ((3) is vacuous
since A, is defined only for finite o).

Suppose o < Ry is such that Ag, Bg that satisfy the requirements have been
defined for all 8 < «. Suppose for a moment that « = S + 1 for some B. Partition
N\ (Ag U Bp) into three infinite sets X;, for j < 3, and let A, := Ag U Xp and
By := Bg U Xj. Then A, N By, is finite and it includes Ag N B, forevery y < a,
hence the inductive hypotheses are satisfied.
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Now suppose « is a limit ordinal. Since it is countable, we can choose an
increasing sequence of ordinals a(n), for n € N, with supremum «. Let

C:=U,Auam \ Uj<n Ba()))-

As in the proof of Lemma 9.3.3, we have A, C* Cand B, L Cforall y < a.
For k € N let

Fr:={8<a:CnNBg Ck}

Clearly k < [ implies Fx C F;. Since Ay) S* C, the set C is in the proximity of
{Bg : B < a(n)} for every n. Therefore F; N «(n) is finite for all / and n.

Assume for a moment that Fy is finite for all k. Then C belongs to the proximity
of {Bg : B < a}. Let Ay := C and choose any B, € N\ A, such that By(,) € Bg
for all n and N\ (A, U By) is infinite.

Now assume Fy, is infinite for some k. Since F; N« (n) is finite for all / and 7, the
set F; has order type w and supremum « for all [ > k. This implies that

Fi= U (Fi \ (k)

has order type w. Let B(n), for n € N, be the increasing enumeration of F. The sets
Bgn+1) \ Bgm) for n € N are infinite, pairwise almost disjoint, and almost disjoint
with C. Choose distinct k(1) € (Bg(u+1) \ Bg)) \ C for all n and let

A, =CU{k(n) :n eN}.

Then A, N Bgy) is finite for all n, hence A, N Bg is finite for all B < «. Fix k € N.
Then the intersection of {8 : Bg N A, C k} with F is finite, and so is its intersection
with F; for every /. Therefore A, is in the proximity of {Bg : B < «}. Let

Be := U, Bat) \ Uj < Ac(i)) \ Aa.

This completes the description of the recursive construction of the pregap (<7, %).
By Lemma 9.3.5, it is a gap. O

The gap constructed in the proof of Theorem 9.3.7 is sometimes called Hausdorff
gap. The reader should be warned that there is no consensus on the meaning of this
term. For some authors, every (81, 81) gap is Hausdorff.

A subset of a Polish space is analytic if it is a continuous image of a Borel subset
of a Polish space.

Definition 9.3.8 A gap in Z?(N) is analytic if both of its sides are analytic subsets
of #(N) considered with its compact metrizable topology. It is Borel if both of its
sides are Borel subsets of &2 (N).
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Example 9.3.9 To define a Borel gap in Z(N?)/ Fin consider the F, set
o = {A: @m)(Ym > n)(Vk)(m, k) ¢ A}

Then &7+ = {B : (Vm)(3n)(Vk > n)(m, k) ¢ A} is an F,; set. Since &/ has no
maximal element, the pair (<7, o/1) is a gap in Z2(N?)/Fin. It is an easy exercise
to prove that, up to a permutation of N, every gap in &#(N)/ Fin one of whose sides
is countably generated is of this form. See also Proposition 12.2.2.

Hausdorff’s and Luzin’s gaps are constructed by transfinite recursion and are
therefore unlikely to be Borel or analytic.

Theorem 9.3.10 Suppose that  C 2 (N) is o-directed under C*, o C P (N) is
analytic, and o/ 1. B. Then of and P are separated by some X C N.

Proof By removing a countable subset of 27, we may assume that all sets in o7 are
infinite. By Theorem B.2.9, &7 = p[T] for some tree T on {0, 1} x N. Thus A € &/ if
and only if there exists f € NN such that (writing ya for the characteristic function
of A):

(xaln, flin)eT 9.1

for all n € N. For A € o7 let f(A) be the lexicographically minimal element of N
such that (9.1) holds for all n. For (s, 1) € T let (with n := |s| = |t])

D ={AeplTl:xaln=s,f(A)[n=t}
(for definiteness let o5 ;) = @ if (s, 1) ¢ T). Let
T1:={(s.t) € T: o, cannot be separated from Z}.

By our assumption, the root of T belongs to Ty, and clearly T; is a (downwards
closed) subtree of T. Since & is o-directed, essentially by Lemma 9.5.2 we can
conclude that & is separated from a countable union of subsets of & (N) if and
only if it is separated from each one of them. Since o7, = |J
for all (s, t) € Ty, this implies that T; has no terminal nodes.

For (s,1) € Ty let C,p) := | “s.r). This set does not separate <7 ;) from %
and therefore there exists By ;) € Z whose intersection with Cs ;) is infinite. Since
(%, <¥) is o-directed we can find B € % such that B(s ;) * B forall (s,¢) € T;.

Recursively choose (s(n), t(n)) € T} such that the following holds for all n:

. (s(0), £(0)) is the root of Ty,

.sm)Csn+1andt(n) Tt(n+1),

. |s(m)| = |t (n)| = l(n)| for some l(n), and

. there exists j(n) € [I(n), l(n—|—1))00(5(,1),,(,,))ﬂB(s(n))t(n)) such that s(n) (j)=1.

JZ{(sﬁm,zﬁn)

m,neN

O
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Since T; has no terminal nodes, every (s(n), (n)) has an extension in T;. Since
all sets in ./ are infinite, we can choose this extension so that the condition (4) is
satisfied. The sequence (s(n), ¢ (n)) defines a branch of the form (xa, f) of Ty, and
A € /. But j(n) € AN B for all n, hence this set is infinite; contradiction. O

The proof of Theorem 9.3.10 gives a slightly more general result, but the fun of
discovering it is left to the reader (Exercise 9.10.7).

9.4 Ultrafilters and the Rudin—Keisler Ordering

It is a lamentable habit, but operator algebraists tend to use the symbol w for an ultrafilter
on N.
N.P. Brown and N. Ozawa, C*-algebras and finite-dimensional approximations

In this section we study ultrafilters on N and the Rudin—Keisler ordering, <gx,
and construct a pair of <gg-incompatible ultrafilters.

Proposition 9.4.1 Suppose % is a filter on some set X. The following are equiva-
lent.

1. The filter % is a maximal proper filter under the inclusion.

2. ForeveryY C Xwe haveY € % or X\Y e %.

3. For every compact Hausdorff space Z and f: X — Z there is a unique
7 € X such that f~Y(U) € % for every open neighbourhood of z. We write

Z= limj—ﬂ// f(])

Proof The equivalence of (1) and (2) is obvious. To see that (3) implies (1), take
Z = BXand f = idy.

Finally assume (1) and fix f: X — Z. The sets m, for Y € 7%, have the finite
intersection property and by compactness their intersection is nonempty. Since Z is
Hausdorff, this intersection has exactly one point, lim,_. 4 f(x). O

A filter that satisfies either of the equivalent conditions in Proposition 9.4.1 is
called an ultrafilter. Using (1) one sees that the Axiom of Choice (in the form of
Zorn’s Lemma) implies that every filter on any set can be extended to an ultrafilter.

The elements of the Cech—Stone compactification of N, BN, are in natural
bijective correspondence with the set of ultrafilters on N (see Example 1.3.7).

If # isafilteronaset Xand g: Y — X then

g(F)={AcCX: g7 e F)

is a filter on Y. If 7/ is an ultrafilter, then g(%) = (Bg)(% ), where Bg is the unique
continuous extension of g to a function from SN to SN.

Definition 9.4.2 If % and ¥ are filters such that g(#) = ¢ for some function g,
then we say that ¢ is Rudin—Keisler reducible to ¥ and write 4 <gk #. (Some
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authors say that ¢ is Rudin—Keisler below %) Filters .% and & are Rudin—Keisler
isomorphic, F =gk ¥, if there are A € #, B € ¥, and a bijection f: A — B
such that C € .% if and only if f[C] € ¢ for all C C X. Such function f is called a
Rudin—Keisler isomorphism between % and ¢.

Example 9.4.3 Selective ultrafilters (Definition 8.5.4) are minimal among the
nonprincipal ultrafilters in the Rudin—Keisler ordering. Suppose % is a selective
ultrafilter and ¥ <pg Z.If f: N — Nis such that ¥ = f(%), then f is either
one-to-one on a set in %/ and we have ¥ =rg %, or f is constant on a set in %
and 7 is a principal ultrafilter.

We have a variant of the Cantor—Schroder-Bernstein Theorem for the Rudin—
Keisler ordering on the ultrafilters (cf. Exercise 9.10.10).

Proposition 9.4.4 If % is an ultrafilter and % <gg V', then ¥V is an ultrafilter. If
in addition V' <gx U, then U =g V.

The proof of Proposition 9.4.4 requires a combinatorial lemma.

Lemma 9.4.5 If a function f: N — N has no fixed points then there is a partition
N =|];.6X; such that f[X;1NX; =0 forall j <6.

Proof The k-th iterate of f is denoted f*.LetY := {n: f(n) < n}andforn € Y
let k, := min{k : f*¥(n) ¢ Y} (note that k, < n). The sets

Xo:={neY: :k,iseven} and X;:={neY :k,isodd}

satisfy f[X1] € Xg and f[Xo] N Xg = @. Forn € N\ Y we have f(n) > n and we
let (with min @ = 00) ,, := min{l : f(n) € Y}. The sets

Xo:={neN\Y:[,iseven} and X;3:={neN\Y:l,isodd}

satisfy f[X2] € Xz and f[X3] € Xa. Fixn € N\{J;_4 X; and let (with £Od) :==d)

j<4
d, :=min{d : @Am) " (d) = n}.

Fix m,, such that f" (d,) = n. Such m, is unique because f/(n) ¢ Y for all j.
The sets X4 := {n : m, is even} and X5 := {n : m, is odd} satisfy f[X4] € Xs
and f[Xs] C X4, and the sets X}, for j < 6, form a partition of N with the required
property. O

Proof (Proposition 9.4.4) Suppose that 7 <gg ¥ and ¥ <prx % .Fix f: N —-> N
such that f~![A] € # if and only if A € % and g~ ![B] € % if and only if B € 7.
Therefore the function 4 := f o g satisfies h~'[B] € ¥ if and only if B € 7.

By Lemma 9.4.5, the complement of X := {n : h(n) = n} can be partitioned into
finitely many sets none of which can belong to #". Therefore X € 7. The restriction
of g to X is a bijection between X and a set in %/, and therefore % =grx 7. |



9.4 Ultrafilters and the Rudin—Keisler Ordering 255

Theorem 9.4.6 below has no known direct applications to C*-algebras. Its proof is
included for three reasons. First, it demonstrates that the intuition “all nonprincipal
ultrafilters on N are alike” is wrong. Second, it showcases a use of transfinite
diagonalization of length ¢ in ZFC. Third, it is a warm-up for the (omitted) proof of
Theorem 16.7.7.

Theorem 9.4.6 There are Rudin—Keisler incomparable ultrafilters % and ¥ on N.

Proof Let f;, for £ < c, be an enumeration of NN, We will recursively construct
filters Z¢ and F, as well as independent families 2%, for & < ¢, that satisty the
following conditions for all § < «.

. The family 27 is an independent family of cardinality c.

. Each of 2 and % is equal to the Fréchet filter.

. Bach Z; is a proper filter and if £ < n then ¢ C 2,

. Each . is a proper filter and if & < 5 then % C .%,,.

. The set &% \ o1 is finite.

. If & isalimitordinal then Z¢ = U, ;s 2, s = U, ¢ Fpand o =, s 7.
. The family 7% is independent modulo both Z¢ and .Z.

. There is X € N such that Z¢ 1 2 (Ze U{X}) and Fr 1 D (F¢ U{Nufé X1h.

. There is X C N such that F#¢ 1 D (F U{X}) and Ze41 2 (P U{Nufg [X1}).

O 00 IO\ W AW

Suppose for a moment that such families have been constructed. Then | _ . Z¢
is, being equal to an increasing union of proper filters, a proper filter. We can
therefore extend it to an ultrafilter, %7 . Similarly, we can extend the family U§< . Fe
to an ultrafilter, ¥

Fix f € NN andlet§ < cbesuchthat f = fz. By (8) there exists X € Zk1 such
thatN\f [X] € Feyq1. Therefore X € % andN\fs 'Xjev, and f(%) # V.
Snmlarly, (9) implies that f(¥) # % .

Since f was arbitrary, we conclude that %/ and ¥ are <grg-incomparable. It will
therefore suffice to construct filters 7 and % for & < ¢, with the above properties.
(The families 27 are auxiliary objects fostering the recursive construction.)

Before plunging into the recursive construction, observe that (6) and (5) together
imply | \ #| < |€|Rg < cforall £ < c, and therefore |.%%| = c.

Choose % by Proposition 9.2.5. and choose each 2y and % to obey (2).
Suppose that & < ¢ and that &,, .%,, and 4, as required were constructed for
alln < &.

If £ is a limit ordinal then %%, %, and 7/ are uniquely determined by (6) and
all conditions are still satisfied.

Now suppose & = n + 1 is a successor ordinal. Fix A € 7,. By Lemma 9.2.8
there exists F € %, such that o7, \ F is independent modulo one of the filters

(Fy UL ALY or (7, UIN N £ TAT).
If &7 \ F is independent modulo (%, U {N\ fg_1 [A]}), let

oy =y \ (FU{A), 2y =(2,U{A}), F;=(FUN\ fA]}).
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If o/ \ F is independent modulo (%, U { f{l[A]}), then let
A =y \ (FU{A)), 2} =(ZyU{N\A}Y), F,=(FU{f'[A]}).

In each of these cases, Lemma 9.2.7 implies that ,Qf;;, 9,’;, and 357; satisfy all
requirements except possibly (9). In order to satisfy (9), fix B € ﬁ,; An application

of Lemma 9.2.7 to fn_l[B] analogous to the above produces a finite G C ;27,7/ such
that 41 1= )\ G, Fyq1 := F; \ {B}, and Z41 C %, are as required.
This describes the recursive construction and completes the proof. O

9.5 The Poset (NN, <*)

In this section we study the poset (NN, <*), prove that the bounding number b is
uncountable and that OCAT implies b = R5.

A poset is directed if every finite subset has an upper bound. By induction
this is equivalent to the assertion that every pair of elements has an upper bound.
A directed set is o-directed if every countable subset has an upper bound. Some
authors call o-directed posets 81-directed. This terminology readily generalizes to
higher cardinals: A poset is «-directed if every subset of cardinality smaller than «
has an upper bound.

Example 9.5.1 Every directed, o-complete poset (Definition 6.2.3) is o-directed,
but not vice versa. Take for example (NTN , <), or ((AJ-)+,1, <) for a separable
non-unital C*-subalgebra A of the Calkin algebra (see Proposition 12.2.2). Each
one of these posets is o -directed and not o -complete.

Here is an analog of Lemma 8.5.6.

Lemma 9.5.2 If a o-directed poset is partitioned into countably many pieces, then
at least one of them is cofinal.

Proof Suppose P = |,y X» and no X, is cofinal. For each n pick p, € P with
no upper bound in X,,. An upper bound for {p; : j € N} cannot belong to any X,,
and P is not o -directed. |

Let NN denote the space of all functions f: N — N. It is quasi-ordered by
f <* gifand only if (V*°n) f(n) < g(n).
By a standard abuse of terminology, the quasi-ordering (NN, <*) is routinely

identified with the corresponding quotient partial ordering (similarly to the situation
with (Z(N), €*) vs. Z(N)/ Fin).
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Definition 9.5.3 Suppose that P is a directed quasi-ordered set. The bounding
number of PP, bp, is the minimal cardinality of an unbounded subset of P. The
bounding number, b, is the bounding number of (NN, <*).

The dominating number (or cofinality) of P, dp, is the minimal cardinality of a
cofinal subset of P. The dominating number, 0, is the dominating number of NN,

Example 9.5.4

1. Clearly bp < 0p for every P, and in particular b < 0.

2. We have bp > R if and only if P is o-directed.

3. If « is a cardinal, then b <) = cof(x) and 0, <) = «. As a matter of fact, every
subset of cardinality « is cofinal.

4. Every countable directed set [P with no maximal element satisfies bp = 0p = Ny.
For larger directed sets these two cardinals can differ. Take P := Ry x K| with
the coordinatewise ordering. It satisfies bp = KXo and 0p = R;.

5. Suppose « is an infinite cardinal. The poset [k]<N0 of all finite subsets of «
ordered by inclusion has dominating number « and bounding number Ry. It is
an exercise to check that each one of its infinite subsets is unbounded.

Lemma 9.5.5 The poset (NN, <*) is o-directed, and therefore ] < b.

Proof Fix f, € NN, for n € N, in NN, Then g(k) = max,<¢ fu(k) defines a
function in NV such that f,, <* g for all n. ]

For the notation [s] and s~ n see Definition B.1.2.

Lemma 9.5.6 Suppose X is unbounded in (NN, <*). Then for infinitely many m
there exists s € N such that Z(s, X) := {k : [s"k] N X is unbounded in NV} is
infinite.

Proof Clearly T := {s € N<N : [s] N X is unbounded in NV} is a nonempty
subtree of N<N. By Lemma 9.5.2, T has no terminal nodes. It suffices to prove that
every t € T has an extension s € T such that Z(s, X) is infinite. Otherwise, fix an
offender ¢. Let

g(m) := 1 + max U{Z(r, X):sCr|r| =m}

form > |t| and g(m) := t(m) form < |¢t|. If f € [T]N X then f(k) < g(k) for
allk. Let Y := [, ¢-|-[s] NX. This is a countable union of bounded sets, and therefore
bounded by some g; by Lemma 9.5.5. The pointwise maximum of g and g; is
a <*-bound for [¢] N X; contradiction. |

The following is much more than a proof that OCAt and CH are incompatible
(that was Corollary 8.6.4). See also Exercise 9.10.9.

Proposition 9.5.7 OCAT implies b = R».

Proof We will prove only what we will need later on, that b > R;. A proof that
b < R,, with a hint, is Exercise 9.10.9. Assume b = R;. By Lemma 9.5.5 we can
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recursively build a <*-increasing unbounded chain X of cardinality 8. We may also
assume that all functions in X are nondecreasing. Define a partition [X]?> = LoU L
by {f, g} € L; if and only if f(m) < g(m) for all m or g(m) < f(m) for all m.
Then L is closed when X is taken with the subspace topology inherited from the
Baire space.

If Y € X is uncountable and Lp-homogeneous, it is then cofinal in X, and
therefore unbounded. Fix a countable dense Yo € Y. By Lemma 9.5.5 there is
f € Y such that g <* f forall g € Yo. Lemma 9.5.2 implies that

Yi:={geY:(¥Vn=mg)f(n) < g}

is cofinal in Y for some mg, and by Lemma 9.5.6 there exists s € N<IN such that
Z(s, Yy) is infinite. Choose g € [s] N Yo. Let m > mq be such that f(n) > g(n)
for all n > m. Fix k > f(m) such that [s"k] N Y is unbounded and choose % in
[s7kl N Y;. Then h(j) > g(j) for j < m, and h(j) = f(j) = g(j) for j = m.
Therefore {h, g} € L1; contradiction.

Therefore X has no unbounded, uncountable, Lg-homogeneous subsets. OCAT
implies that X can be covered by countably many L-homogeneous sets. By Lem-
ma 9.5.2, at least one of these L-homogeneous subsets, denoted Y, is unbounded
in X. It is therefore unbounded in NN, Use Lemma 9.5.6 to find s T  such that both
Z(s,Y) and Z(t, Y) are unbounded. Fix f € [s]NY such that f(|s]) > ¢(|s|). With
g € [t]NY suchthat g(J¢t|+1) > f(Jt|+1) we have { f, g} € Lo; contradiction. O

9.6 Cofinal Equivalence and Cardinal Invariants

In this section we introduce the Tukey ordering and cofinal equivalence of directed
sets. We also study the bounding and dominating numbers of directed sets and give
a proof of Tukey’s characterization of cofinal equivalence.

The Tukey ordering is a rather coarse quasi-ordering on the category of directed
sets, originally introduced to study the Moore—Smith convergence in topology.

We proceed to define two classes of functions between directed sets.

Definition 9.6.1 A function f: P — S between directed sets is a Tukey function if
for each s € S there exists p € P such that f(g) < s implies ¢ < p forall ¢ € P.

In other words, f is Tukey if for every s € S the set {g : f(g) < s} is bounded
in P. This observation proves the following lemma.

Lemma 9.6.2 A function f: P — S is Tukey if and only if the f-image of
every unbounded subset of P is unbounded in S. Therefore a composition of Tukey
functions is a Tukey function. m|

Definition 9.6.3 A function g: S — P is convergent if for each p € P there is
s € S such that > s implies g(¢r) > p forallz € S.
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In other words, g is convergent if for every p € P the set {t : g(t) # p} is not
cofinal in S. This observation proves the following lemma.

Lemma 9.6.4 A function g: S — P is convergent if and only if the g-image of every
cofinal subset of S is cofinal in P. Therefore a composition of convergent functions
is convergent. |

It needs to be emphasized that neither Tukey functions nor convergent functions
are required to be monotonic or to posses any regularity properties other than those
stated in the previous paragraphs. These concepts are therefore more general than
the Galois correspondence in which f and g are required to be monotonic.

A progression of intuition-boosting examples is in order.

Example 9.6.5 The identity map on a set P is denoted idp.

1. If P is a cofinal subset of a directed set S, then idp is both Tukey and convergent.

2. If Pis a subset of a directed set S then idp is Tukey if and only if every unbounded
subset of P is unbounded in S.

3. Suppose that < and < are orderings on a set IP such that both (P, <) and (P, <)
are directed, and p < g implies p < g for all p and g in P.

Then idp: (P, <) — (P, <) is Tukey and idp: (P, <) — (P, <) is
convergent.

4. Suppose A and k are cardinals and consider ¥ x A with respect to the coordinate-
wise ordering. Then g: k x A — « defined by g(&, n) = £ is convergent, and
f: Kk — k x Adefined by f(§) = (&, 0) is Tukey.

5. Suppose that P is any directed set, « is a cardinal, and #: k — P is a surjection.
If f: [k]<™ — Pis such that f(s) is an upper bound for {h(£) : & € s} for all
s € [k]=0, then f is convergent.

6. Suppose that P is a countable directed set with no maximal element. By recursion
one can construct an increasing cofinal subset {p; : j € N} of P. Define
f:N — Pby f(j) = pj for all j. Then f is both Tukey and convergent
(see also Exercise 9.10.19).

A sequence of lemmas, culminating in Tukey’s characterization of cofinal
equivalence (Theorem 9.6.10), follows.

Lemma 9.6.6 Suppose P and S are directed setsand f: P — Sand g: S — P are
such that f(p) < s implies p < g(s) forall p € Pand all s € S. Then f is Tukey
and g is convergent.

Proof Fix X € Pand s € S. If f(p) < s forall p € X, then g(s) > p for all
p € X; therefore if f[X] is bounded by s then X is bounded by g(s). Since X and s
were arbitrary, f is Tukey.

Now fix Y C S. Forevery p € P,if p £ g(¢) forall t € Y then f(p) £ ¢ for all
t € Y. Therefore if g[Y] is not cofinal in IP then Y is not cofinal in S. Since Y was
arbitrary, g is convergent. O
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Lemma 9.6.7 Suppose P and S are directed sets. The following are equivalent.

1. There exists a Tukey function f: P — S.

2. There exists a convergent function g: S — P.

3. There exist f: P — Sand g: S — P such that f(p) < s implies p < g(s) for
all p e Pandalls € S.

Proof By Lemma 9.6.6, condition (3) implies the other two conditions. Fix a well-
ordering <, of PUS.

To prove that (1) implies (3), suppose f: P — S is a Tukey function. For s € S
let g(s) = p where p is the <,,-minimal element of P such that f(g) < s implies
qg < pforallg € P. Then f(p) < s implies p < g(s) and (3) follows.

To prove that (2) implies (3), suppose g: S — P is a convergent function. For
p € Plet f(p) = s where s is the <,,-minimal bound of {r € S : g(¢) < p}. Then
f(p) < s implies p < g(s) and (3) follows. |

Definition 9.6.8 Suppose IP and S are directed sets. We write P <7 S if either of
the equivalent conditions in Lemma 9.6.7 holds. If P <7 Sand S <7 P we write
P =7 S and say that P and S are cofinally equivalent.

Some authors call cofinal equivalence Tukey equivalence. The term ‘“cofinal
equivalence” will be justified by Theorem 9.6.10.

Proposition 9.6.9 IfP <t S then bp > bg and 0p < 0s.

Proof Suppose P <1 S and fix a Tukey function f: P — S. Fix an unbounded
X C P of the minimal cardinality. Then f[X] is unbounded in S and its cardinality
is no larger than the cardinality of X; therefore bp > bg. The inequality 0p < 0g is
proved analogously, using a convergent function g: S — P. O

Theorem 9.6.10 IfP and S are directed sets then P =1 S if and only if there exists
a directed set X such that each one of P and S is isomorphic to cofinal subsets of X.

Proof Only the direct implication requires a proof. If P =7 S, by Lemma 9.6.7
there are f;: P — Sand g;: S — P for j < 2 such that fy(p) < s implies
p < go(s)and g1(s) < pimpliess < f1(p). Fix a well-ordering <,, of X := PUS.
For p € Plet f(p) € S be the <,,-minimal upper bound for fy(p) and fi(p).
Similarly, for s € S let g(s) € P be the <,,-minimal upper bound for go(s) and
g1(s). Then for all p € P and all s € S the following holds.

1. f(p) < simplies p < g(s), and g(s) < p implies s < f(p).

On X define a relation <q as follows. The restriction of <( to P agrees with the
ordering on P, and the restriction of <q to S agrees with the orderingon S. If x € P
and y € S, then

x<pyif(F3zeP)x <zand f(z) <y
y<oxif(3z € S)y <zand g(z) < x.
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A verification that the following holds for all x and y in X is left to the reader:

2. The relation < is transitive.
3.Ifx <gy,y <o x,and x # y,then x € Pifand only if y € S.

Let ~¢ denote the symmetrization of <q and let (X, <) denote the corresponding
quotient of (Xp, <). By (3), x ~¢ y implies that either x = y or {x, y} intersects
both P and S nontrivially. Therefore P and S are naturally isomorphic to cofinal
subsets of X. |

Recall that for o7 € 22 (N) we write &/ := {B € N : BN A is finite for all A in
7'}. The following proposition is related to a statement about o -unital subalgebras
of the Calkin algebra (Proposition 12.2.2).

Proposition 9.6.11

1. If o/ is a countable family in 2 (N) directed under C* with no maximal element
then (o7, C*) is cofinally equivalent to (NN, <*).

2. The bounding number b is equal to the minimal « such that there exists an
(Ro, k)-gap in Z(N)/ Fin.

Proof (1) By fixing a bijection #: N — N2, we may assume .27 consists of 7 x N for
n € N and therefore &7+ = (B € N? : (Vm)(Y*®n)(m, n) ¢ B}. Define a function
F: o/t — NN by F(B)(m) := max{n : (m,n) € B}. This is a strictly increasing
function from (.7 -, Q) into (NN, <) where < denotes the pointwise ordering. Also,
if B =* C, then for all but finitely many m we have F(B)(m) = F(C)(m) and
F(B) =* F(C). This implies that F lifts a monotonic function from (7, C*) into
(NN, <*). The range of this function is cofinal, since the set {(m,n) : n < f(m)}
belongs to o7/ for every f € NN, Therefore (<7, C*) and (NN, <*) are cofinally
equivalent.

(2) Theorem 9.6.9 and (1) together imply that b is equal to the bounding number
of (&7+, *) for any countable & € Z?(N)/Fin with no maximal element. A
moment of reflection shows that this is the minimal cardinal « such that an (N, «)-
gap exists in Z(N)/ Fin, and (2) follows. |

9.7 The Posets Party and NV

In this section we study the o-directed poset (N™, <*) and its relative Party. The
elements of Party are partitions of cofinal subsets of N into finite intervals. This
poset is taken with an appropriate (albeit not the most obvious) ordering. The posets
NN and Party are proved to be Tukey equivalent.

Decompositions of ¢ (N) into a direct sum of finite-dimensional subspaces will
play a significant role in our analysis of the Calkin algebra. Such decompositions
compatible with a fixed basis of £, (N) are coded by elements of Party, the set of all
partitions of a cofinal subset of N into finite intervals. The elements of Party have
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the form E = (E; : j € N) where E; = [n(j),n(j + 1)) (an interval in N) and
n(j), for j € N, is a strictly increasing sequence in N.

Lemma 9.7.1 For E and F in Party the following are equivalent.

1. (VCiEJHE VEi 1 CFjUFjq.
2. (V*°m)(3n)E, C F,.

Proof (1) = (2): Let m be such that E,, is disjoint from every set of the form
E; U E; 1 notincluded in F; U Fj for any j. Let k be such that min F,, € E. If
Er C F,,letn = k. Otherwise, Ex N Fyq1 # @ and Ex U Exy 1 C Fyp—1 U Fy,.
Clearly Ex41 N F—1 =@, and n = k + 1 is as required.

(2) = (1): Fix m for which Ej,;, U Ej, 4 is disjoint from every F; such that no
E; is included in F;. We need n such that E,,, U Ej; 1 € F, U Fj,11. Suppose
for a moment that max E,, = max F,, for some n. There is [ such that E; C F,,;
clearly I < m and we necessarily have E,, € F,. Similarly, E,,+1 € F,4+1 and n
is as required. We may therefore assume that Fj such that max E,, € Fj intersects
E,,+1 nontrivially. By considering E; such that E; C Fj, we see that at least one of
E, C Fyor Eyq1 € Fr must hold.

If E,, € Fg, then [ such that E; C Fj satisfies [ > m + 1 and we must have
En+1 € Fiyq; therefore n = k is as required. Otherwise, E;,+1 € Fi and an
analogous argument shows that E,, C Fy_1, thus n = k — 1 is as required. O

Definition 9.7.2 The order on Party is defined by E <* F if either one of the
equivalent conditions in Lemma 9.7.1 holds. The symmetrization of <* on the quasi-
ordered set (Party, <*) is denoted =*.

Example 9.7.3 An ordering more obvious than <*, defined by letting £ C°* F if
(Y*°i)(3j)E; C F;, has the disadvantage of not being directed.

Let EY :=[2j,2j +2) and E := [2j +1,2j +3) for j > 1. Then E° and E!
have no C*-upper bound.

9.7.1 Von Neumann Algebras of the Form Z[E]

For E € Party define two coarser partitions, E*'*" and Eodd, by (with E_ := ()

E}" := Ey U Epyy,

E;;dd = Ey, 1 U Eyy,.
Lemma 9.7.4 For all E and F we have E <* F if and only if all but finitely many
intervals in E*" UE®Y are included in an interval in FE'" U F°4, O

Definition 9.7.5 Consider a Hilbert space H with an orthonormal basis &,, for n €
N. For E € Party and X € Nlet p)]% "= PrOjspanié;-iel J, .y En}> @nd let (see Figure 9.1)

neX
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Fig. 9.1 With
Ej = [n(j).n(j + 1)), the ot
elements of Z2[E®'*"] have

their supports (i.e., the sets
{{m, n} : (aemlen) # 0})
included in the solid line n(4)

I

I

I
square regions while the !
elements of Z[E°%] have n(5) S I .; [ I
their supports included in the
dashed line square regions

D|E] :={a € B(H) : Ym)(¥n)((aenle,) # 0 implies (3j){m, n} C E})},
/[E] := W*{p% : X C N}

These C*-algebras are clearly WOT-closed, and therefore von Neumann alge-
bras. The algebra Z[E] consists of “E-block-diagonal operators” and if m(j) :=
|E;| then Z[E] = ]_[j M,,(j)(C). We clearly have Z[E] = </[E] and &/[E] =
Y|[E] . Since «/[E] = Z[E] N Z[E], it is the center of Z[E]. Our interest in Party
is largely derived from Lemma 9.7.6 below. This lemma provides a “stratification”
of the Calkin algebra 2(H) by a directed set of finite (in the operator-algebraic
sense) subalgebras (see also the related Lemma 9.8.6).

Lemma 9.7.6 Let H be a Hilbert space with an orthonormal basis &,, forn € N.
For a sequence ay, forn € N in %(H) there are E € Party, ag € P[E®"] and
al € Z[E°Y] such that a,, — a® — a} is compact for each n.

Proof Form € N we write r, := projw{sj:j<m}. Fix m € N and ¢ > 0. For every
a € #(H) the operator ary, is compact and we can find n > m depending on a, m,
and ¢, large enough so that || (1 — r)ar,|| < € and ||(1 — ry)a*ry, |l < €. This also
implies |[rpa(l — ry)| < € and ||rpa*(1 — rp)|l < &. Recursively find a strictly
increasing f: N — N such that for all m < n and all i < n we have

max(|(1 = 7 ra)air o)l 17 pomyai (1 = rpp) ) < 277
We claim E := ([f(n), f(n + 1)) : n € N) is as required. Let g, := r[f@u—1), f(n))
(with f(—1) = 0). For a = a; define

a® =30 (@20 aqon + G2naqon+1 + Qon+1aG2n)

1. 00
a =Y 201092041 + Q2011092042 + G2042aG2041)-

Then a® € Z[E*"] and a! € Z[E°Y]. Let ¢ := a — a® — a'. For every n we have
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1A =rraell < |2, =rrapara-n | + [ 252,41 0 = ra = rpis)||

< 2—n+2 + 2—1’[-‘1—1,

and therefore ¢ is compact. O

Definition 9.7.7 Consider
J\ L {f e NN . f is increasing and f(0) > 0}
with the pointwise ordering. For f € NM™ recursively define f+ e N™ by

FT(0) := £(0)and £+ + 1) := f(f+(@)) fori > 0.

Theorem 9.7.8 The directed sets (NN, <*), (NTN, <*), and Party are cofinally
equivalent.

Proof As N™Wisa <*-cofinal subset of NV, it suffices to prove that (NTN, <*)and
Party are cofinally equivalent. Define @ : Party — N™Y and ¥ : N™Y — Party as
follows. If E € Party, define g = @ (E) by

g(m) :=min E;;, if m € E;.
If h € NN, define F = W (h) by Fy := {0} and Fy := [ng, ng4+1) for k > 1, with
Ng+2 = max h[Uigk Fi].

Since h(i) > i for all i, F € Party.

Claim If¥(h) <* Ethen h <* ®(E).

Proof LetF := ¥ (h) and g := @ (E), and let m be such that F,, C E,, for some n.
Ifi € E;;—1 then g(i) = min E,;,41. Since i < max F,_1, we have

h(i) <min F, 1 < min E;,4q = g(@0).

Since this is true for an arbitrarily large m, h <* g. O
Claim If ®(E) <* hthen E <* ¥ (h).

Proof AgainletF := W (h) and g := @ (E). Writing Fy = [ng, ng+1), suppose k is
large enough to have g(ny) < h(ng).If j is such that ny € E; 1, then

min £y < g(ng) < h(ng) = ngy1.

Therefore E; C Fy. Since this argument applies to any large enough k, E <* F. O

The two claims prove that each of @ and ¥ is both Tukey and convergent, and
therefore N™ and Party are cofinally equivalent. O
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For s = (Fp, ..., Fr—1) let |s| = k and [s] := {E € Party : E; = F; for
Jj < k}. In Section 17.8 we will need the following “twin” of Lemma 9.5.6. Its
proof is omitted, being analogous to the proof of the latter.

Lemma 9.7.9 Suppose that X C Party is <*-unbounded. Then for every k there is
s with |s| = k such that the set Z(s,Y) := | J{Ex : E € [s] N Y} is infinite. O

9.8 The Poset Party,

In this section we study a o-directed poset Party,, closely related to the poset
Party introduced in Section 9.7 and cofinally equivalent to it. Its elements are
decompositions of a subspace of ¢, of co-finite dimension into a sequence of finite-
dimensional orthogonal subspaces. The posets Party and Part,, will be used to
construct non-diagonalizable pure states of Z(H) in Section 12.5.

Two technical issues need to be resolved before the ordering on Part, is defined.
The more obvious one is that we will have to work with approximate relations. For
e > 0 and projections p and ¢ let p Z, ¢ if

A =aq)pll < e.

Then p < g if and only if p Zo g, but for & > 0 this is not a transitive relation. The
following weakening of transitivity will do.

Lemma 9.8.1 Suppose p, q, and r are projections, ¢ > 0,8 > 0, p Z¢ q, and
q ZSsr.-Then p Zoeqsr.

Proof We have

IA=r)pl=lp—rpl <llp—qpll+llgp —rqpl + lirgp — rpll
== pl+ 1A =r)gpll+lrig —Dpll <2e+34,

as required. O

The second issue is more subtle, but we have already encountered it in
Lemma 9.7.1. For E and F in Party the conditions (Y*°i)(3j)E;UE;+1 € F;UF;41
and (V*®°m)(An)E, < F, are equivalent. The analogous equivalence does not
necessarily hold for partitions of £, into finite-dimensional subspaces. To wit, N
is equipped with a canonical well-ordering, and ¢, is not. We therefore cannot
distinguish between finite-dimensional subspaces of ¢ that are “intervals” and
those that are just “finite subsets”. We will therefore impose both conditions by
definition.

Definition 9.8.2 Let Party, denote the set of all decompositions of a closed
subspace of H = ¢,(N) of finite co-dimension into an orthogonal sum of finite-
dimensional subspaces. The elements of Party, have the form K = (K; : j € N),
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where K is a nonzero finite-dimensional nonzero subspace of H, K; and K; are
orthogonal for i # j, and (6P iK j)l N H is finite-dimensional.

For K € Party, and X C N, we write®

K._ :

Px *=POg, y k; -
The ordering is defined by K <* L if there are f: N — Nand g: N — N such
that
L 2nen 1Py (1 = Pl < 00, and
2. Y en 1P ey (1 = Pf; ) < oo.

neN 1P n+1 Plgm).gm+1)

Lemma 9.8.3 The structure (Part,,, <*) is a poset.

Proof Only the transitivity of <* is not obvious. Suppose K(0), K(1), and K(2) in

Part, satisfy K(0) <* K(1) and K(1) <* K(2). Let f; and g; fori < 2 be such that
K(i) K(i+1) K@) K(@i+1)
ZmeN ||P{fl.l(m)}(1 - p{m; )|l < oo and ZHEN | P l (11— P{gl’(n) gi(m)+1} )” < Q.

Let f := fo o f1. Form € N Lemma 9.8.1 implies

K(0) @ KO K(1) KQ)
12 Sy (= P = 20257 6y (1= P o)+ 12 oy (= P

Since all terms in all three series are nonnegative, by rearrangement we obtain
K(0) KQ) K(0) K(1)
2omen 1Py (1= Pan I =2 2 men 1Py (1= Pz )l
K(1) K(2)
+ 2men 1P 6my) (1= Py Dl < 00

An analogous argument shows that g := g1 o gp satisfies

K(0) K(2) K(0) K(1)
2 neN 1P g1y (1= Pigy. 1Pl = 2 2nen 1Pty (1 = Pigony.gom+1p) |

KQ)
+ 2nen ||p{go(n>,go<n)+1}(1 Pigmy.sm+ 1)l

These sums are finite and therefore K(0) <* K(2). O
The remainder of the present section is devoted to the proof of the following.

Theorem 9.8.4 The directed sets (NN, <*), (NN <*) (N™, <) Party, and
Party, are cofinally equivalent.

Lemma 9.8.5 Suppose H is a separable Hilbert space with an orthonormal basis
&y, forn € N. Define ¥ . Party — Party, as follows. For E € Party and for j € N
let Kj :=span{; :i € E;} and let W (E) := K. Then ¥ is an order-isomorphism.

Proof Since |p(g — 1)| € {0, 1} for commuting projections p and g, this follows
from the definitions of <* in Party and Party, . |

8Following von Neumann’s convention that j = {0, ..., j — 1}, one could write plf for pfé i
however this notation is avoided as p}( could easily be confused with pﬁ).
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The following lemma gives an asymptotic comparison of the elements of Party,.
It is a “noncommutative” variant of a simple and useful fact (Exercise 9.10.26; also
compare Lemma 9.7.6).

Lemma 9.8.6 Suppose that K and L belong to Party,. There are g and f in N W
such that for every j € N the following holds.

1.g(j+1D—g()=2
2 Plo.g(jy B2 Plo, sy
3 Plo, i 2 Plo g(jy @nd
- PL7G), p oy 201 Plgpy gtk Jorallk = 1.
Proof The sequences g(j) and f(j), for j € N, are chosen recursively. Suppose
g(@) and f (i) as required have been chosen for i < j. Since pf(()’k), fork € N, is
an approximate unit for JZ (H), p%f)’f(j)) So-i pfé’g(jﬂ)) holds if g(j + 1) is large
enough. Similarly, since pf(), k) for k € N is an approximate unit for J# (H) we can
choos.e f(j + 1) large enough s0 that p[l(()’g(H])) .ézfj P{f),f(jfl)).

This completes the description of the recursive construction. The first three
conditions are clearly satisfied.

(4) Fix j and let 8 = 27/. For k > 1 we have pfayf(Hk)) s p[%,g(j+k+]))’ and
therefore pfy ;) 14k B8 Pl0g(j 4441y On the other hand, p(G . ;) s Plo 1))

. . L K . . . L K
is equivalent t0 pp ;) o) 35 Pg(j).o0) Which implies pii iy 1 iay) 26 Plg(jy.oo)
This implies

L = K K _ K
Pl fi+k)) =28 Plg(j).00) Pl0,g(j+k+1) = Plg(j).g(j+k+1))°
as required. O

We say that an M € Party, is a coarsening of L € Party, if there exists h € N N

such that for all j we have M; = @f’th(r/]; L

Lemma 9.8.7 Suppose K and L are in Party,.

1. If M is a coarsening of K then K <* M
2. There exists a coarsening M of K such that L <* M.

Proof The first statement is trivial. For the second, let f and g be as in the
conclusion of Lemma 9.8.6. Consider the coarsening M of K given by & := g.
Then p?f(n)} o p?,/l[} for all n. Define g; € N™ by g{(j) := k, where k is such

that h(k) < j < h(k + 1). Then pb“l} S p?;[l(j)’gl(j)_i_l}. Therefore L <* M

is witnessed by f and g;. O
Proof (Theorem 9.8.4) By Theorem 9.7.8 it suffices to prove that Party and Part,,
are cofinally equivalent. We shall prove a stronger form of this fact, that Party, has
a cofinal subset order-isomorphic to Party.

Let Y : Partyy — Party, be as defined in Lemma 9.8.5. Clearly ¥ [Party] is closed
under coarsenings, and Lemma 9.8.7 implies that it is <*-cofinal in Part,,. O
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9.9 Meagre Subsets of Product Spaces

In this section we provide a characterization of meagre subsets of products of finite
sets. This result will be used in Section 17.4 to handle Baire-measurable functions
on discretizations.

Suppose Dy, for n € N, are finite sets and for X € N let Dx := [],cx Da.
Then Dy is compact with respect to the metric d(a, b) = 1/(min{n : a,, # b,}+1).
The basic open subsets of Dy have the form [/, 7] := {a : a | I = r} for some
I @ Nand r € D;. Two simple properties of such basic open sets will be used
tacitly. First, if I N J = @ then [I,r] N [J,s] = [I U J, rs] where rs € Dyyy is
defined as (rs)(i) = r(i) ifi € I and (rs)(i) = s(i) if i € J. In particular, in this
case we have [I,r] N [J, s] # @. Second, [I,r] 2 [J,s]if and only if I C J and
sNI=r.

Theorem 9.9.1 Some of < Dy is relatively comeagre in Dy if and only
if there are disjoint I(n) € N, forn € N, and s(n) € Dy such that
i UpsmlI (), s(n)] € .

Proof For the converse implication, suppose I(n) and s(n) are as stated. Since
every basic open set has the form [/, s], the open set Uy, := |, »,,[1(n), s(n)] is
dense. Therefore (), Uy is, by the Baire Category Theorem, comeagre.

For the direct implication, assume <7 is comeagre and for n € N fix dense open
Un < Dy such that (), Uy € . By replacing U, with (), _, U;, we may assume
that U, 2 U,y for all n. We will choose I (n) and s(n) € Dy, such that I(n)
are pairwise disjoint and [/ (n), s(n)] C U, for all n by recursion. Fix a basic open
[1(0), s(0)] € Uo.

Suppose that I (j) and s(j) have been chosen for j < n.Let [ := Uj<n I(n) and
enumerate ]_[jel D; as t(i), for i < k. We will choose J(j) and r(j) € Dy;) for
Jj < k such that J(j) are pairwise disjoint and [/, ¢(i)] N ﬂjsi[J(j), r(j)] € U,.

Assume i < k that J(j) and r(j) as required have been chosen for j < i. Then
W . =1[ItG@)]N ﬂj<i[.l(j), r(j)] is a basic open set. Since U, is dense open, W
has a further basic open subset included in U,,. It is of the form W N [K, r] for K
disjoint from 7 U Uj<l- J(j). Then J(i) := K and r(i) := r are as required. Once
J(i) and r (i) for i < k have been chosen, let [ (n), s(n)] := [); ., [J (@), r(D)].

This describes the construction of the sequence I (n), s(n). If a | I(n) = s(n)
for infinitely many n, then a € U, for infinitely many n. Since the sets U, are
decreasing, a € ﬂn U, C &, as required. m]

Here is a finer analog of the standard fact that a Baire-measurable function
from a Polish space into a second-countable space is continuous on a dense Gs
set (Proposition B.2.10).

Corollary 9.9.2 If Y is a second countable space and f,: Dy — Y, forn € N,
are Baire-measurable, then there are infinite X € N and b € DN\X such that the
function g, : Dx — Y defined by g, (a) := f,(a + b) is continuous for all n € N.
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Proof Let U}, for j € N, be an enumeration of a basis for Y. For every n and j fix an
open V,, ; € Dy suchthat A, ; = f’][U 1AV, ; is meagre. Apply Theorem 9.9.1
to the complement of U i Ay, j to obtain I(n) and s(n), for n € N, such that
with X := D\ U, I(2n) and b := )", s(2n), the function g,(a) := f,(a + b) is
continuous on Dy. O

9.10 Exercises

Exercise 9.10.1

1. Prove that every automorphism @ of the Boolean algebra &(N) is lifted by a
permutation f of N, in the sense that @ (A) = f[A] for all A € Z(N). Conclude
that the Boolean algebra & (N) has only ¢ automorphisms.

2. Identify &(N) with the Boolean group [ [y Z/2Z. Prove that this group has 2°
automorphisms.

Exercise 9.10.2 An element a of a Boolean algebra B is an atom if it is a minimal
nonzero element of B. A Boolean algebra is atromic if below every nonzero element
of B there exists an atom. A Boolean algebra is complete if every subset has a
supremum.

Prove that #(N) is, up to the isomorphism, the unique complete and atomic
Boolean algebra with a countably infinite set of atoms.

Exercise 9.10.3 Given o7 C Z(N), the ideal generated by <7 is the smallest ideal
that includes .27. Suppose &7 and & are subsets of Z(N) and ., ¢ are ideals
generated by <7 and A, respectively. Prove the following.

1. (&, %) is a pregap in & (N)/Fin if and only if (&, ¢) is a pregap in
Z(N)/ Fin.
2. (o, $) is agapin Z(N)/Finif and only if (#, #)is a gap in #(N)/ Fin.

Exercise 9.10.4 A pair (7, p) is a «-limit in a poset P if & < P is order-
isomorphic to x and p = sup 7.

1. Prove that there are no 8g-limits in &#(N)/ Fin.
2. The ideal of the sets of asymptotic density zero is

={XC N:lim, [ XNn|/n =0}

If p e Z(N)/Zy and p # [d], prove there is an Rg-limit (<7, p) in Z(N)/ 2.

Exercise 9.10.5 Use the Continuum Hypothesis to give a simple construction of an
(X1, ®)-gap in Z(N)/ Fin.

Exercise 9.10.6 Prove that the real line can be partitioned into 8| G subsets.
Hint: First use a Hausdorff gap to partition the Cantor set into X1 G5 subsets
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Exercise 9.10.7 Use the proof of Theorem 9.3.10 to prove the following statement.
If & € Z(N) is analytic and Z € Z(N) is such that &/ | 2, then one of the
following applies.

1. & and A are countably separated: There are C, € Z(N), for n € N, such that
for all A € &/ and B € 4 there exists n such that A €* C,, and C,, L B.

2. There exist distinct n(s) € N, for s € N™, such that (i) {n(f | k) : k € N} is
included in an element of o7 for every f € NN and {n(s™j) : j € N} is included
in an element of Z for all s € NN,

Exercise 9.10.8 Suppose that OCAT holds, and that ¥ and A are uncountable
regular cardinals.

1. If there exists a (k, A)-gap in Z2(N)/ Fin, prove that k = A = 8.
2. On NN define the ordering by f <* g if lim,(g(n) — f(n)) = oco. Prove that
there exists a («x, A)-gap in (NN, =<*), prove that k = A = Ry.

Exercise 9.10.9 Use Exercise 9.10.8(2) to prove that OCAT implies b = R and
complete the proof of Proposition 9.5.7.

Exercise 9.10.10 Prove that there are filters .% and ¢ on N such that . % <grx ¥
and ¢4 <gpg & but F Zrk 9.

Exercise 9.10.11 Suppose that .27 is an independent family on N.

1. Prove that the union of the Fréchet filter, o7, and {N\ (X : X € [« 180} has the
finite intersection property.

2. Prove that an ultrafilter that extends the family from (1) is not generated by a set
of cardinality smaller than c.

Exercise 9.10.12 Prove that there are 2° Rudin—Keisler isomorphism classes of
ultrafilters on N.

Exercise 9.10.13 Prove that there is a family of ¢ pairwise <rg-incomparable
ultrafilters on N.

Exercise 9.10.14 A family .2# C N is independent if for every F € . and every
g: F — Ntheset{n e N: (Vf € F)g(f) = f(n)} is infinite. Prove that there
exists an independent family in NV of cardinality c.

A subset Z of a topological space X has the Property of Baire if there exists an
open set U C X such that ZAU is of the first category (i.e., meagre).

Exercise 9.10.15

1. Suppose that %/ is an ultrafilter on N that is Haar-measurable as a subset of
Z(N). Prove that it is principal.
2. Suppose that % is an ultrafilter on N that has the Property of Baire as a subset of
Z(N). Prove that it is principal.
Hint: For both questions, @ : Z(N) — £ (N) defined by @ (X) := N\ Xisa
measure-preserving homeomorphism.
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Exercise 9.10.16 Prove thatdyn oy =0 but by o) < b.

Exercise 9.10.17 Prove that 8¢ x ¥ and ([R;]<%0, C) have the same values for
bounding and dominating numbers, but are not Tukey equivalent.

Exercise 9.10.18 Prove that cov(.#) < 0.

Exercise 9.10.19 Suppose that IP is a directed set and « is a cardinal. Prove that the
following are equivalent.

1. k = bp.
2. k is the minimal cardinality of an increasing and unbounded chain in P.
3. k,=) =r P.

Exercise 9.10.20 Suppose that P is a directed set. Prove that bp = 0p if and only
if P has a cofinal subset well-ordered by <p.

Exercise 9.10.21 Prove (using, of course, the Axiom of Choice) that every partial
ordering has a cofinal well-founded subset.

Exercise 9.10.22 Suppose f: O — P is an order-preserving map between directed
sets whose range is cofinal in P. Prove that S — f[S] sends cofinal subsets of O to
cofinal subsets of IP.

Exercise 9.10.23 A subset of a topological space is o-compact if it is equal to the
union of countably many compact sets. Let %) be the ideal generated by o -compact
subsets of the Baire space NN, Prove that (4, ) is Tukey—equivalent to (NN, <).

Exercise 9.10.24 Prove that b is equal to the cardinal by defined as follows. It is

the minimal cardinal « such that there are r,"j € (0,1), forn € Nand £ < «,
satisfying

1. lim, r,f =0 forall &.
2. There is no infinite increasing sequence n (i), for i € N, of natural numbers such
that ) rj(l.) < oo forall &.

Exercise 9.10.25 Prove that b is equal to the cardinal b; defined as follows. It is
the minimal cardinal « such that there are a unital C*-algebra A of density character
k and a sequence of unitaries u,,, for n € N, in A such that the following holds.

1. The sequence u,,, for n € N, is central: lim, ||[a, u,]|| = 0 for every a € A.
2. For no subsequence u;), fori € N, with vg 1= u,1)Un(2) - - - Un(k), the sequence
of inner automorphisms Ad vg, for k € N, converges pointwise on A.

The following is a commutative version of Lemma 9.8.6.

Exercise 9.10.26 Suppose f: N — N is finite-to-one. Prove that there exists a
sequence 0 = m(0) < m(1) < m(2) < ... such that with E; := [m(j), m(j + 1))
we have f[Ej] CE; JUE;UEj and fﬁl[Ej] CE; (UE;UEj for all j.

Exercise 9.10.27 Prove the following (cf. Lemma 9.7.6). If & C ZA(H) satisfies

|Z| < b then there are E € Party, a° € Z2[E®*"] and a' € Z[E°Y] foralla € &

such that a — a® — a! is compact foralla € Z.
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Exercise 9.10.28 Prove that the following are equivalent for all E and F in Party.

I.LE<*F
2. (V°m)(3n)E, U Epy1 C Fyy and (V°n)(@m)E, € Fp U Fpyy.

Exercise 9.10.29 A subset ¢ of Z(N) is hereditaryif A C Band B € _# implies
A e 7. Suppose that # C Z(N) is hereditary and closed under making finite
changes of its elements. Modify the proof of Theorem 9.9.1 to prove that _¢Z is
meagre if and only if there are pairwise disjoint /(n) € N such that for every
A € Nwe have |, I (n) € 7 if and only if A is finite.

Exercise 9.10.30 Stare at the proofs of Lemma 9.5.6 and Theorem 9.3.10 for a few
moments. Then prove (in ZFC) the following. Suppose X is an analytic subset of
NN and [X]? = LoUL, is an open colouring. Then one of the following alternatives
applies.

1. X has an uncountable perfect Ly-homogeneous subset.
2. There are Li-homogeneous sets X,, for n € N, whose union covers X.

Exercise 9.10.31 A coherent family of functions indexed by an ideal .# on N is a
family fa: A — N, for A € ., such that {m € ANB : fa(m) # fg(m)} is finite
for all A and B. It is trivial if there exists f: N — N such that

{m e Az fa(m) # f(m)}

is finite for all A. Suppose .¥ = 7 1 where ¥ is countably generated.

1. Prove that OCAT implies every coherent family indexed by .# is trivial.
2. Use Exercise 9.10.30 to prove that if .# is a countable ideal then every analytic
coherent family indexed by .# is trivial.

Notes

Section 9.1: Remarkably, the converse to Lemma 9.1.10 is a theorem of
Solecki [230]:

Theorem 9.10.32

1. An ideal % on N is F, if and only if .# = Fin(p) for a lower semicontinuous
submeasure ¢ on N.

2. Anideal % on N is an analytic P-ideal if and only if % = Exh(¢) for a lower
semicontinuous submeasure ¢ on N. O

Section 9.3: Theorem 9.3.7 was proved by Hausdorff in 1908 (and republished in
1938 because the result was completely overlooked). Luzin proved Theorem 9.3.6
in 1942.

There is an alternative definition of pregaps and gaps. An (asymmetric) pregap
in a quasi-ordered set (P, <) is a pair (<7, %) of subsets of P such that a < b for
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alla € o/ and b € A. Some ¢ € P separates such asymmetric pregap if a < ¢ and
¢ <bforalla € o/ and b € Z. An asymmetric pregap that is not separated is an
asymmetric gap.

A quasi-ordering PP that is downward directed (an important example is
(N™, <*) studied in Section 9.5) has no symmetric gaps. Sometimes the only
difference between two types of gaps is in the vantage point. If P is a Boolean
algebra or a complemented lattice, then (&7, %) is a “symmetric” gap if and
only if (<7, {bc : b € H)) is an “asymmetric” gap, and vice versa. All gaps in
(NN, <*) (see Section 9.5) are asymmetric. Gaps in (NN, <*) play an important
role in Woodin’s consistency proof of the automatic continuity for Banach algebra
homomorphisms, see [51].

Theorem 9.3.10 and Exercise 9.10.7 were proved in [241].

Section 9.4: Theorem 9.4.6 is due to Kunen [162]. See [60] for more information
on ultrafilters and SN.

Section 9.5: Proposition 9.5.7 comes from [240].

Section 9.6: The cardinals b and 0 are two of over twenty six small uncountable
cardinals associated to the continuum, such as a, b,0,¢,f,9,b,.. .9 and so on.
Other cardinal characteristics making appearances in this book are b*, 9*, p*, and p
(Section 12.2), as well as cov(.#) (Section 8.5). Authoritative sources on cardinal
characteristics of the continuum can be found in [28] and [19]. For a sample of the
rich literature on the Tukey ordering, see [106] or [231]. The simple proof of Tukey’s
Theorem 9.6.9 was taken from [239]. Proposition 9.6.11 was proved independently
by Hausdorff and Rothberger. Exercises 9.10.25 and 9.10.24 were taken from [88,
§2]. The converse to Proposition 9.6.9 fails even in the context of Borel directed
sets; see [171, Theorem 7].

Section 9.7: The poset Party was introduced in [81] and used to “stratify” the
Calkin algebra and analyze its automorphisms (see Section 17.1). Lemma 9.7.1
connects it with the established poset denoted IP (“interval partitions”) and used
extensively in [28]. The proof of Theorem 9.7.8 is an adaptation of the proof of [28,
Theorem 2.10]. Lemma 9.7.6 appears explicitly in [81, Lemma 1.2], but its proof
(in a more general setting) is contained in the proof of [70, Theorem 3.1], as pointed
out in [71].

The definable version of OCA in Exercise 9.10.30 comes from [100].

Exercise 9.10.31 essentially comes from [64], but it was recast as a consequence
of OCA in [240].

The letter ¢ has already been taken, for 2%,



Chapter 10 ®
Constructions of Nonseparable oo
C*-algebras, I: Graph CCR Algebras

Words have very little to recommend them except as carriers of meaning. The shapes
of written words are not especially interesting to look at. Even the sounds of sentences
of spoken words are rarely engaging except when composed by those with extraordinary
poetic gifts. If a sentence refuses to issue forth a fact, a request, a question, an assertion, an
explanation, it is nonsense, a mere grammatical shell.

Neil Postman, Amusing Ourselves to Death

This chapter is devoted to a family of twisted group algebras, called graph CCR
algebras. It is richly illustrated (at least in comparison with the other chapters).
In 1960, J. Glimm introduced the UHF algebras and provided three equivalent
characterizations for separable UHF algebras: they are tensor products of full matrix
algebras, unital inductive limits of full matrix algebras, and “locally matricial” (LM)
algebras (Theorem 6.1.3). This prompted Dixmier to ask whether these three classes
of unital C*-algebras coincide in the nonseparable case. The simple graph CCR
algebras form a large class of AM algebras many of which are not UHF.

The structure of graph CCR algebras is rather simple. Every such algebra
has a Schauder basis consisting of finite products of generators (Lemma 10.2.6)
and a tracial state that vanishes on all elements of this basis except the identity
(Lemma 10.2.5). For club many separable C*-subalgebras B of a graph CCR
algebra A the relative commutant of B in A has a simple description in terms
of generators (Lemma 10.2.10). Every simple graph CCR algebra is an AM
algebra with the same K-theoretic invariant as the CAR algebra, M~. Thus all
simple and separable graph CCR algebras are isomorphic to Ms~. We prove
that nonseparable AM algebras are not necessarily UHF, and even construct 2
nonisomorphic graph CCR algebras of density character « for every uncountable
cardinal ¥ (Theorem 10.3.4). An uncountable independent family in &?(N) is used
to define a simple graph CCR algebra whose pure state space is not homogeneous
in Section 10.4. This algebra even has irreducible representations on Hilbert spaces
of different density characters.

© Springer Nature Switzerland AG 2019 275
1. Farah, Combinatorial Set Theory of C*-algebras, Springer Monographs
in Mathematics, https://doi.org/10.1007/978-3-030-27093-3_10
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10.1 Graph CCR Algebras

One and one and one is three.
The Beatles, Come Together

In this section we introduce and study a class of C*-algebras associated with
graphs, called graph CCR algebras. In Section 10.3 these algebras will be used to
clarify the relation between UHF algebras and unital AM (approximately matricial)
algebras.

Graph algebras are a well-studied generalization of Cuntz algebras (Sec-
tion 2.3.10) and a source of attractive examples of separable C*-algebras, but they
are not what this section is about. We will introduce a different way of associating
C*-algebra to a graph, called graph CCR algebra.

Although there are only countably many examples of nonisomorphic separable
graph CCR algebras (none of them novel) nonseparable algebras in this class
provide a rich source of counterexamples.

A graph CCR algebra is a universal C*-algebra given by generators and relations
(see Section 2.3). This is a variant of the reduced group C*-algebra modified by a
cocycle coded by a graph. We use Boolean groups, i.e., the groups that satisfy the
equation

I+1+1=1

For the set of unordered pairs [ X 1? and the notation {x, vy}« see Definition 8.6.1.

We consider graphs of the form G = (V, E), where V is the set of vertices of G
and E C [V]? is the set of edges of G. A graph represented in this way has no loops
or multiple edges. A graph with no loops and no multiple edges is said to be simple.
Vertices connected by an edge are said to be adjacent to one another. There is no
distinction between {x, y} and {y, x}, hence G is also undirected.

The unitaries
10 01
V= (O _1> and W= (1 O) (10.1)

in M>(C) are self-adjoint and anticommuting (i.e., vW = —wv). They also generate
M5 (C), and M;(C) is the universal C*-algebra generated by such pair of unitaries
(Example 2.3.6). Pairs of self-adjoint anticommuting unitaries are the building
blocks of graph CCR algebras.

A proof of the following lemma is left to the reader.

Lemma 10.1.1 For n > 1 we have M» (C) = Q),, M>(C). Unitaries of the form
Q) i, withu; € {1,V, W, VW}, form a vector space basis for Mo (C). The unique
trace T on Mo (C) satisfies T(Q); _, u;) = O unless u; = 1 foralli < n. |

i<n

Definition 10.1.2 Suppose G = (V, E) is a simple, undirected graph. Let Z(G)
be the following set of relations in the generators ¥4 (G) := {uy : x € V}.
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winy =uyuy =1 and wuy = u} for all x,
UyxUy = Uylly if {x,y} ¢ E,
UyUy = —Uylly if {x,y} € E.

Proposition 10.1.3 Suppose G is a graph.

1. The universal C*-algebra C*(4(G)|%(G)) exists.

2. If G is finite, then C*(9(G)|%(G)) is 2"-dimensional where n = |V |.

3. The algebra C*(¥(G)|%(G)) has a faithful tracial state T such that t(uy) = 0
forallx € V and t(v) = 0 whenever v is a product of generators distinct from 1.

Proof (1) Suppose first that G = (V, E) is a finite graph. We may assume V = n
for some n € N.! For each pair {i, j} - in [1]? fix a two-dimensional complex Hilbert
space, denoted H;;. Then %(H;;) can be identified with M>(C) for all i < j. We
will find a representation of Z(G) on H = ®1§i < j<n Hij. Before continuing, note

that Z(H) is isomorphic to M, (C) with k = n(n + 1)/2. Let v and W be the
generating unitaries of M (C) as in (10.1). Fork < n and {i, j}< € [n]? let

1, ifi # j,k ¢ {i, j}orifiisnotadjacent to j
v ifi # j,k=1iandi is adjacent to j,

w ifi # j, k = j and i is adjacent to j, and
v ifi=j.

Claim For all i, j, k, and [ the following are equivalent.

1. The unitaries u; j ; and u; j; do not commute.
2. One has i # j, i and j are adjacent, and {i, j} = {k,[}.

Proof For the converse implication, note that the assumption implies that one of
u;, j  is equal to v and the other one is equal to w. For the direct implication, assume
that u; j x and u; j; do not commute. Then one of them is equal to w and the other
is equal to v. This can happen only if i # j and {k, [} = {i, j}. O

For k < n, let u; := ®1§i<j§n u;, j k. This is a self-adjoint unitary in Z(H).
Fix distinct k£ and /. By the Claim, u; j and u; j; commute for all values of i, j
except possibly when {i, j} = {k, [}. Hence u; and u; commute if and only if uy ; x
and uy ;; commute. Therefore u; and u; commute if & is not adjacent to / and they
anticommute otherwise, and the generators u;, fori < n, satisfy Z(G).

Lemma 2.3.11 implies that Z(G) is satisfiable for any graph G, and the universal
C*-algebra C*(¥(G)|%(G)) exists.

(2) As in (1), assume V = n. Since v; = land v;v; = Fv;v; forall i and j,
every word in V is equivalent to a word in which each generator appears at most

10f course, n = {0, 1, ... ., n—1}.
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once and the generators appear in the original order. Therefore, C*(4(G)|%(G))
is the linear span of vg := [[;cgvi, for § S n (with [[;c4vi = 1). In the
representation of C*(¢4(G)|Z(G)) constructed in the proof of (1) the interpretations
of the unitaries vg for § < n are linearly independent. The universality of
C*(9(G)|Z(G)) implies that

C*"(¥(G)|%(G)) = spanfvs : S < n}

is 2"-dimensional.

(3) Suppose for a moment that G is finite. The algebra Ag := C*(4(G)|Z(Go))
constructed in the proof of (2) is a subalgebra of M, (C) for an appropriate k.
Let 7 be the restriction of the unique trace of M,«(C) to Ag. Every product of the
generators of Ag is a unitary of the form v = ); _ u;, where u; € {1, v, w, vw}.
By Lemma 10.1.1, tg(v) = O unless v = 1, and t is as required. Since such
unitaries span Ag, these equalities determine tg uniquely. We have

16 (0 hiwi)* (X hiui)) = Y Midjt wiug) =3 [hil?,

and therefore 7 is faithful.

If G is infinite, then the algebra C*(¥4(G)|%(G)) is an inductive limit of finite-
dimensional C*-subalgebras Ak that correspond to finite induced subgraphs K
of G. Each of these C*-subalgebras has a trace tx as required. Being unique, these
traces commute with the connecting maps in the inductive system. Let t denote the
limit trace. Then J := {a : 1(a*a) = 0} is a two-sided, norm-closed ideal. Its
intersection with A for a finite set of generators G is trivial, and Proposition 2.5.3
implies that J is the inductive limit of J N Ag, for finite G. Therefore J = {0} and t
is faithful. |

Definition 10.1.4 Given a graph G let CCR(G) := C*(¥(G)|Z(G)). The tra-
cial state v as guaranteed by Proposition 10.1.3(3) is the standard tracial state
of CCR(G).

If G = (V,E) and X C V is nonempty, then G[X] := (X, E N [X]?) is the
induced subgraph of G with the set of vertices X. A connected component of a
vertex w in G is the induced subgraph G[X] where X is the set of all v € V that are
connected to w by a path.

Lemma 10.1.5 Suppose G = (V, E) is a graph.

1. The algebra CCR(G) is AE.
2. Suppose V.= VU V| is a partition into nonempty sets such that for any vy € Vy
and vy € V1, the vertices vy and vy are not adjacent. Then

CCR(G) = CCR(G[Vo]) ® CCR(G[V1]).

Proof Since CCR(G) is an inductive limit of CCR(G’), where G’ ranges over finite
induced subgraphs of G, (1) is a consequence of Proposition 10.1.3(2).
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(Ovl). (171). (271). .(&071) (avl)

° ° ° ° ° a<KkK
(0,0) (170) (270) (&070) ((X,O)

Fig. 10.1 An M»-«-graph for some x > Rg

(2) Clearly the algebra CCR(G) is generated by commuting copies
of CCR(G[W]) and CCR(G[Vi]), and by the universality CCR(G) =
CCR(G[W]) ®y CCR(G[V1]) for some tensor product ®,. Since AF algebras
are nuclear (Lemma 2.4.3), ®¢ is the minimal tensor product. O

Before delving deeper into the structure of graph CCR algebras in the following
section, we conclude the present section with basic examples.

Example 10.1.6 Let us consider CCR(G) for small finite graphs G = (V, E).

1. If |[V]| = n and E = @, then CCR(G) is the universal algebra generated by n
commuting self-adjoint unitaries, u;, for i < n. Each p; := (I —u;)/2is a
projection, and the universality implies that, with pc :=1— pand p- := p, for
every s € {_,C}" the projection [T, _, pf(i) is nonzero. Therefore, CCR(G) is
isomorphic to = C?".

[ ]

[
2. If G is® e, then CCR(G) is the universal C*-algebra generated by two anticom-
muting self-adjoint unitaries. It is isomorphic to M, (C) (Example 2.3.6).

Example 10.1.7 Suppose « is a cardinal, finite or infinite. The M»-k-graph G, is
defined as follows. Its vertex-setis x x {0, 1} and E = {{(§,0), (§, 1)} : £ < «} (see
Figure 10.1). Each connected component of G produces a copy of M>(C) and these
copies are commuting. As in Lemma 10.1.5, this implies CCR(G,) = &), M2(C).
Hence CCR(G,) = M>:(C) and CCR(Gy,) = M.

10.2 Structure Theory for Graph CCR Algebras

In this section we prove that every maximal independent set of vertices in a
graph G=™0 corresponds to a subalgebra of CCR(G) which is a masa with the
independence property. Products of the generating unitaries form a Schauder basis
of a graph CCR algebra, and a graph CCR algebra is simple if and only if it is
approximately matricial, if and only if it has a unique trace. We also construe these
algebras as “twisted” versions of group C*-algebras associated with groups that are
direct sums of copies of Z/27Z.

2This is known as the line graph L, but this book is too small for three L;’s.
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Definition 10.2.1 To a graph G = (V, E) associate the graph G<%0 defined as
follows. The set of vertices of G=<X0 is the set [V]<N0 of all finite subsets of V
(including the empty set). For s and t in [V]<™0 let {s,t} € E’ if and only if the
cardinality of the set {(x,y) : x € S,y € t,{x,y} € E}is odd. We fix a linear
ordering <y on V, and for s € [V]=Y define (the unitaries occurring in the product
on the right-hand side are multiplied in the <y -increasing order):

Us = ers Ux,

with ug := 1. The elements of V are identified with the singletons in [V]<%0.

The adjacency relation in ([V1=80, E) was defined this way because for m € N
we have (—1)" = —1 if and only if m is odd. This, and mathematical induction, is
all one needs in order to prove the following.

Lemma 10.2.2 If's and t belong to [V1=X0, then {s,t} ¢ E' if and only if us and uy
commute and {s,t} € E' if and only if they anticommute. O

Lemma 10.2.3 If G is a graph and X C 'V, then spanfus : s € [X]<N} is a
C*-subalgebra of CCR(G). It is isomorphic to the graph CCR algebra CCR(G[X])
associated with the induced subgraph G[X].

Proof The set {fus : s € [X]<™0} is a multiplicative group and therefore its linear
span is a *-subalgebra of CCR(G). It is clearly isomorphic to CCR(G[X]). O

Because of Lemma 10.2.3, whenever Gy = G[X] is an induced subgraph of a
graph G, we identify CCR(Gg) with a subalgebra of CCR(G). We can now state
and prove the analogs of Proposition 7.2.7 and Lemma 7.4.7.

Lemma 10.2.4 IfG = (V, E) is an uncountable graph, then & (X) := CCR(G[X])
is an order-continuous order-isomorphism between [VI™ and a club in
Sep(CCR(G)).

Proof The function @ is well-defined by Lemma 10.2.3. It is clearly an order-
continuous order-isomorphism with a cofinal range, and the conclusion follows from
Lemma 7.2.4. O

Lemma 10.2.5 Suppose G = (V, E) is a graph.

1. The map x v+ {x} is an isomorphism of G with the induced subgraph G<N[V].

2. If s and t belong to G=X0, then usuy = uius if {s,t} ¢ E’' and usuy = —uiug
otherwise.

3. If CCR(G) is an AM algebra and t is its standard tracial state, then t is the
unique tracial state on CCR(G) and t(us) = 0 for every S € [V]<No \ {4}.

Proof Only (3) requires a proof. Since us = 1 if and only if S = ¥, t vanishes on
all ug for s # @ by Proposition 10.1.3. Since every full matrix algebra has a unique
tracial state, the uniqueness of t follows from Lemma 4.1.9. m]
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For the vertex-set V of a graph G consider [V]<N0 as a group with respect to
the symmetric difference, A. It is isomorphic to .y Z/27Z, via the isomorphism
that sends a nonempty 8 € [V]=N to the sum of the generators of the copies of
Z./27 indexed by the elements of s. We will see that CCR(G) is closely related to
the reduced group C*-algebra associated with this group.’

The proof of the following lemma depends on the analysis of the relation between
a C*-algebra and the GNS Hilbert space.

Lemma 10.2.6 Suppose G = (V, E) is a graph.

1. The unitaries us, for s € [V]<R°,f0rm a Schauder basis for CCR(G).
2. The density character of CCR(G) is equal to max(|V |, Ro).

Proof (1) On CCR(G) consider the 2-norm associated with the canonical tracial
state on CCR(G),

lallz,c := t(a*a)'/?.
We claim that us — Js extends to a linear isometry from CCR(G) into a subspace

of the Hilbert space £>([V1<N0) with the orthonormal basis ds, for s € [V]<X0.
We have t(uiut) = 0if s # t, every finite linear combination ) ; A;us() satisfies

1375 diusy 13 = T(OQ - Mus)) (1Y hiusi)))
i i
= Z t(XiAju:(i)us(j)) = Z Ail.
ij i

The vectors 8s, for s € [V]<N0, form a Schauder basis for £>([V]<™°) and on
CCR(G) we have || - |l2. < || - |l2. Therefore us, for s € [V]<N0, is a Schauder
basis for CCR(G).

(2) Without a loss of generality V is infinite, in which case we need to prove that
the density character of CCR(G) is |V|. As the density of an infinite-dimensional
Banach space with a Schauder basis is equal to the cardinality of this basis, the
assertion follows from (1). O

We’ll reuse the Hilbert space used in the proof of Lemma 10.2.6.
Lemma 10.2.7

1. For all K € V there exists a unique t-preserving conditional expectation
Ok: CCR(G) — CCR(GI[KD).
2. The conditional expectations 6k as in (1) form a commuting family:
IfFKC L&YV then 6k = 6k o 6.

31t is really a “twisted group algebra”—see Exercise 10.6.5.
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Proof (1) Let (ng, Hg, £g) be the GNS triplet associated with the canonical tracial
state on CCR(G). Since 7 is faithful, this is a faithful representation of CCR(G). The
norm || - ||2,7 used in the proof of Lemma 10.2.6 is exactly the norm associated with
7 by the GNS construction, and the space Hg is isomorphic to Lo([V]=N0). Since 7
is faithful, so is 7, and we can identify CCR(G) with 7, [CCR(G)].

Fix K € V and write A := CCR(G) and B := CCR(G[K]). Consider the
subspace Hyk := span{us : S C K} of Hg. It is invariant under 7w [B]. Let p denote
the orthogonal projection to Hk. Then a +— pm.(a)p is spatially equivalent to the
GNS-representation of B associated with the restriction of t to B. We identify B
with its image under this representation and define

®k(a) := pap.

This map is completely positive and contractive since p is a positive contraction.
Clearly ®k(a) = a fora € B. Also, if s € K then O (us) = 0.

Since (ug) form a Schauder basis for A by Lemma 10.2.6, ®k is uniquely
determined by its restriction to this basis and therefore Gk is t-preserving. Since
O vanishes on the generators that do not belong to B, the linearity implies that the
bimodule condition

Ok(xyz) = xOk(y)z

holds for all x, z in B and y € A. Therefore, ® is a conditional expectation.
(2) The conditional expectations Gk are uniquely determined by O (us) = ug if
s C Kand Gk (us) = 0 otherwise. This implies that they commute. |

Still considering [V]<Y0 as a group with respect to A, a nonempty X C [V]<%0
is a subgroup if and only if it is closed under taking symmetric differences of its
elements. If X and Y are subsets of [V]<0 we let (X, Y) denote the subgroup of
[V]<No generated by X and Y.

Definition 10.2.8 Suppose G = (V, E) is a graph and X C [V]<N0, Let
CCR(G, X) := span{us : s € X}.

For a general X this is a Banach subspace of CCR(G).

The straightforward proof of the following lemma (and all other proofs of this
lemma) is omitted.

Lemma 10.2.9 If G = (V, E) is a graph and X and Y are subgroups of [V]<,
then we have the following.

1. (X,Y) ={sAt:se X, te Y}

2. CCR(G, X) is a C*-subalgebra of CCR(G).
3. C*(CCR(G, X) UCCR(G,Y)) = CCR(G, (X, Y)). O
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The “relative commutant” of X C [V]<™0 is defined as
X :={s e [VI™™: (Vx € X){s, x} ¢ E'}.

It is not difficult to see that X’ is a subgroup of [V]<™0. Recall that a C*-subalgebra
B of A is complemented in A if A = C*(B, B’ N A) (Definition 7.4.1).

Lemma 10.2.10 Suppose G = (V, E) is a graph, identify [V]<™0 with the group
D, cv Z/27Z, and suppose X [V]<N is a subgroup.

1. Then CCR(G, X)) N CCR(G) = CCR(G, X").
2. The C*-subalgebra CCR(G, X) is complemented in CCR(G) if and only if for
every x € V there exist s € X andt € X' such that sAt = {x}.

Proof (1) Since us € CCR(G, X)’ N CCR(G) for every s € X/, we have
CCR(G, X)' N CCR(G) 2 CCR(G, X).

For the converse inclusion fix a € CCR(G, X)’ N CCR(G). By Lemma 10.2.6(1)
there are scalars Ag, for s € [V]<™0, such thata = ZS Asits (meaning, as usual, that
the finite partial sums of the sum on the right-hand side uniformly converge to a).
In order to prove a € CCR(G, X'), it suffices to prove that s ¢ X' implies As = 0.
Assume otherwise and fix an offender, S. Let x € X be such that {x, s} € E’. Then

auy — Uxa = 2hslgity + c,

with ¢ € Spanfut : t # sUx}. Therefore a ¢ CCR(G, X)’ NCCR(G); contradiction.

(2) By (1), CCR(G, X) is complemented in CCR(G) if and only if together
with CCR(G, X') it generates CCR(G). Lemma 10.2.9 implies that the C*-algebra
generated by CCR(G, X) and CCR(G, X) is equal to CCR({X, X})). But this is
exactly what (2) asserts. O

It is not always easy to identify the CCR algebra associated with a given graph,
or which graphs correspond to the full matrix algebras. The following lemma gives
a sufficient condition for the latter.

Lemma 10.2.11 Suppose that G = (V, E) is a graph with V. = m x {0, 1} such
that (see Figure 10.2)

1. {(k,0), (k, 1)} € E forall k < m, and
2. {(k,0), d, 1)} € E implies k <.

Then CCR(G) = Man (C).

Fig. 10.2 An example of a (0,0) (1,0 (2,0) (3,0) (4,0)
graph as in Lemma 10.2.11 ®x
with m = 5. Any of the
dashed lines may (but need
not) be an edge
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Proof By recursion on ! < m define (with [ [, oy vk := 1)

s :=={k <l:{(k,0),(, 1D} e E},
u; =uq,0), and
V= UL erm) Uk -

We claim that CCR(G) = C*(u;,v; : | < m). Since all u; and all
vy belong to CCR(G), only the direct inclusion requires a proof. Clearly
ugo € C*(ug,vp 1 1 < m). Also, ug,1y = v ers(l) v, and by induction on [
all generators of CCR(G) belong to C*(uy, v; : | < m), and our claim follows.

Since each v; is a product of commuting self-adjoint unitaries, it is a self-adjoint
unitary.

Claim For distinct/ < m and all j < m we have ujv; = —vju;.

Proof If k < [, then u, 1) commutes with u; = u( ). By induction one proves
that v; is a product of u; 1) and some of u 1y for k < j. This implies that u; and
v; commute if j < /, and that they anticommute if j = /.

For a fixed /, we prove that u;v; = v;u; for all j > [ by inductionon j > [ + 1.
If j =1+ 1, then vy = ug, HkES(H-I) vg. If {{,1 + 1} is not an edge, then all
factors of vy commute with ;. If {I,/ + 1} is an edge, then the factors of vy
that do not commute with u; are v; and u41,1). Since (—1)2 = 1, vj41 commutes
with u;. The proof of the inductive step is almost identical, as the only factors of v;
that may not commute with u; are v; and u;j ). m]

Therefore, A; := C*(u;, v;) for I < m are commuting unital copies of M;(C)
that generate CCR(G). Since M;(C) is nuclear, tensor product norm is unique and
CCR(G) = ;. M2(C). O

A subset X of the set of vertices of a graph (V, E) is independent if {x, y} ¢ E
for all pairs x, y of elements of X.

Definition 10.2.12 A C*-subalgebra D of a C*-algebra A has the extension prop-
erty if every pure state ¢ of D has a unique extension to a pure state on A.

Proposition 10.2.13 Suppose G = (V,E) is a graph and X € [V]I<N is a
maximal independent set in G<X°. Then CCR(G, X) is a masa in CCR(G), and
it has the extension property.

Proof Since X is independent, CCR(G, X) is abelian. Lemma 10.2.10 and the
maximality of X together imply CCR(G, X)) N CCR(G) = span{ug : s € X'}.
Therefore CCR(G, X) is a masa.

To prove that it has the extension property, suppose ¢ is a pure state on
CCR(G, X). Fix an extension ¥ of ¢ to a state on CCR(G). Fix t ¢ X. Since X
is maximal independent, there exists S € X such that {t,s} € E, and therefore
usut = —utus. Being a self-adjoint unitary, ug is equal to 1 — 2p for a projection
p € CCR(G, X). Since CCR(G, X) is abelian and ¢ is a pure, ¢(p) € {0, 1} and
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therefore ¢(us) € {1, —1}. In particular ¥ (us) = @(us) is an extreme point of the
convex closure of sp(us), and Proposition 1.7.8 implies

Y (us)¥ (ut) = ¥ (usup) = —v (utus) = — ¥ )y (us).

Therefore 0 = ¥ (ug) ¥ (ut) = v (ut).
Since t € [V]<No \ X was arbitrary and ut, fort € [V]<%0 is a Schauder basis of
CCR(G) (Lemma 10.2.6), ¢ has a unique state extension to CCR(G). O

10.3 Many Examples of AM Algebras That Are Not UHF

In this section we first construct an AM C*-algebra that is not UHF. Next, for every
regular uncountable cardinal ¥ we construct 2 non-isomorphic AM C*-algebras,
none of which are UHF.

The M3-k-graph G, (Example 10.1.7) will be modified in various ways to obtain
appealing and counterintuitive examples of AM algebras. Here is the simplest one.

Theorem 10.3.1 There exists a family of AM algebras B, indexed by infinite
cardinals k with the following properties.

1. The algebra B is AM, and By, is the CAR algebra.

2. The density character of By is k.

3. If Ry < A < «, then By has club many C*-subalgebras of density character A
isomorphic to B,

4. If k is uncountable, then B, is not a UHF algebra.

Proof This algebra will be associated with a graph that has the M>-k-graph G, as
an induced subgraph and a single additional vertex denoted * adjacent to “half” of
the vertices in G,.. More precisely, let G; := (V, E) where V := (k x {0, 1}) U {x}
and E := {{(§,0), (§, D}, {(§,0), x} : £ < «} (see Figure 10.3).

(1) Let B¢ := CCR(G}). For a nonempty F = (& : ] < nlo € k let
(Figure 10.4)

FTi={(,00, ¢ D} : € € F\ {&-1}} U{(Gu-1,0), %}

Fig. 10.3 The graph G} (0,1) (1,1) (2,1) (Xo,1)
when « > R T T T | T |

(0,0) 1,0) &0) // (Xo,

*
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(5071). (élal). (5271). .(§i1*271)
| | | | |
(5070) ~O) ﬁ) // (én—Z (én—l:o)
Fig. 10.4 The induced subgraph G;F[F*]
I N S Y )
| | | |

@0 @0° @0 / o)

L]
v

Fig. 10.5 The anticommutation graph associated with the new set of generators

and C(FT) := CCR(G[FT]). The family {F* : F € «} is directed and cofinal
in [V]=%0. Therefore CCR(G}') = limpe, C(FT), and it suffices to prove C(F™)
is isomorphic to Mo (C) for n = | F|. The C*-subalgebra

C:= C*({u(gl.,j) ti<n—1,j<2})

of C(F™) is isomorphic to M,.—1(C) by Example 10.1.7.
Since u(&;, 1) are commuting and self-adjoint, with v := u, Hi<n71 U 1), We
have u, = v[][,_,_; 4(,1) and therefore

C(FT) =C*"({uy :x € F™\ {x}} U {v}).

Since (—1)> = 1, v commutes with all u, for x € F7* except {(§,-1,0)}
(Figure 10.5).

Hence CCR(FT) is generated by C = M,,-1(C) and a copy of M>(C)
commuting with C. Since M,(C) is nuclear, CCR(F™) = Mo (C). This proves
that B, is AM for every infinite cardinal x. Since By, is an inductive limit of
full matrix algebras of the form M, (C) and all unital *-homomorphisms between
two fixed full matrix algebras are unitarily equivalent, it is isomorphic to the CAR
algebra.

(4) The density character of B, is k by Lemma 10.2.6(1).

(2) Assume Ro < A < k. For X € [«]* let

X* = [(X x {0, 1}) U {x}]=™0.

Then
By := CCR(G/, X*)
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is a C*-subalgebra of B, of density character A. If A = ¥y, then the induced
subgraph of G, with the vertex-set X* is isomorphic to G;“O and Bx is AM by
the proof of (1). Lemma 10.2.4 implies that

{Bx : X € [k]")

is a club in the poset of all C*-subalgebras of B, of density character A.
(4) Suppose B, is isomorphic to a UHF algebra A. By Example 7.4.2, A has club
many complemented C*-subalgebras. Lemma 7.4.4 implies that the set

{C € Sep(By) : C is complemented in B,}.

includes a club. By Lemma 10.2.4 the set {X e [«]™ : By is complemented in B, }
includes a club.

Claim Tf X € [k]%0, then
Bg( N B, = span({us : SN X* =@ and [sN (k x {0})] is even}).

Proof The reverse inclusion is clear. By Lemma 10.2.10(1) it suffices to prove that
if sNX* £ @Por|snN (k x {0} is odd then there exists x € X such that {x, s} ¢ E’.

We will go by cases. Assume first that * € S. As x is the only element of V
of infinite degree and X is infinite, there is £ € X such that {(§, 0), y} ¢ E for all
y € X*. Then {(§,0),s} € E’. Now assume * ¢ s and s N X* # . Fix (£, j) € s
with & € X. As x ¢ s, we have {(§, 1 — j), s} € E’. Finally, if s N X* is empty but
|s N (k x {0}] is odd, then {x, s} € E’. This exhausts the cases and completes the
proof. O

Fix a nonempty X € [«]™ such that By is complemented in B,. Since « is
uncountable we can find & € « \ X. Claim implies that C*(By, Bg( N B,) does not
contain u ) for any & € « \ X, and therefore By is not complemented in B,. O

We can now prove that the converse to Lemma 8.2.9 does not hold.

Corollary 10.3.2 There are nonisomorphic C*-algebras C and D of density char-
acter X1 and clubs C in Sep(C) and D in Sep(D) such that all elements of C, as
well as all elements of D, are isomorphic to the CAR algebra.

Proof Take C := ®N1 M>(C) and D := By, as in Theorem 10.3.1. By
Theorem 10.3.1(3), D has club many C*-subalgebras isomorphic to By,, and the
latter is by Theorem 10.3.1(1) isomorphic to the CAR algebra.

Also, C := {Qx M2(C) : X € [®1]1%} is naturally identified with a club in
Sep(C). All elements of C are clearly isomorphic to Q) o M2 (©). m|

By Exercise 7.5.11, there are at most 2* nonisomorphic C*-algebra in an infinite
density character «.

Theorem 10.3.3 There exist 28 nonisomorphic AM algebras Dy, for Y C Ry, of
density character R.
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(0,1) (1,1) (@,1) (0?,1)

| L |
o N o
(a).,z) (w;,z)

Fig. 10.6 The graph Gg in the case when S = {0, ®?}

Proof For a set S of countable limit ordinals we define a graph Gg = (V, E) as
follows. Its vertex-set is

V=R x {0,1}) U (S x {2}).
The induced graph on 81 x {0, 1} is the M>-R-graph Gy, . The only additional edges
are defined by letting {(£, 0), (n,2)} € E if and only if & < n (see Figure 10.6).
Claim Each Cg := CCR(Gg) is an AM algebra.

Proof As in the proof of Theorem 10.3.1, Cg is the inductive limit of algebras of
the form CCR(K) := C*(uy : x € K) for K € V and it suffices to prove that the
set

{K € V : CCR(K) is a full matrix algebra}

is cofinal in [V ]<Ro.

For F & ¥y let n;, for i < n be the increasing enumeration of F N S.
Since all n; are limit ordinals, for i < n the interval (n;_1, n;) is infinite and
¢ = max(F Nn;) + 1 liesin (n;—1, ;) (with n_; := 0, used to define ¢p). Let

Fyf =1{&.0),6,1) £ €F),
Fif = {mi,2) i <n},
F2+ ={(¢;,0):i <n}.
If FT:= F" U F" UF), then {F* : F € N} is a directed and cofinal family

of subsets of V (see Figure 10.7). Lemma 10.2.11 implies that C*(u, : x € FT) is
isomorphic to a full matrix algebra, and this completes the proof. O

With S and Gg = (V, E) suppose & is a countable ordinal. Let

Xsg={(m.j)eV:in<§ j<3}
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. T e e .
(coﬁo).\. e e (CI,O).\W .
(no.,Z) (m.l)

Fig. 10.7 The graph FT. The vertices in FJ’ UF 1+ have not been labelled for readability. In this
particular diagram we have np € FNSandn; ¢ FN S

Since the mapping § + Xg¢ is order-continuous and cofinal in [Vs]™0, the set
{Xs ¢ : & < Ry}isaclubin [V]® and the C*-subalgebras

CS,S = CCR(Gs, Xsf),

for £ < Ry, comprise a club in Sep(CCR(Gg)).

Claim If S is a set of countable limit ordinals and & is a countable limit ordinal,
then CCR(Gg, Xg ¢) = (CCR(Gs, Xs,g)/ N CCR(Gg)) if and only if & ¢ S.

Proof We suppress writing S in the subscripts and write G and Xg for Gg
and Xgg, respectively. Fix a countable limit ordinal £ and let C denote
CCR(G, X¢). By Lemma 10.2.10(1), ¢’ N CCR(G) = CCR(G,X%) and
(C'NCCR(G)) = CCR(G, Xg).

We claim that if § < w; is a limit ordinal then the following hold:

Xé ={s:8NXg =0and|{n: (y,2) € s}|is even}, (10.2)
Xé’ ={s8:5C X U{(&,2)}}. (10.3)

The reverse inclusion in (10.2) is clear.
For the direct inclusion, fix s such that s N Xg # @ or [{n : (n,2) € s}| is odd.
Let

Z:={n:(1,2) s},
So:={(n,j)es:j#2}

As in the proof of Theorem 10.3.1, we proceed by cases.

Assume for a moment that ZN & # (. Let n := max(Z N &). Since both 7;
and & are limit ordinals, there are {y € (77, &) and ¢; € (max(Z N 7), i) such that
{x, (¢;,0)} ¢ E forall x € s such that and j < 2. Then the cardinalities of Z \ &
and Z \ ¢ differ by one, and exactly one of {(¢o,0), s} € E’ and {(¢1,0),S} € E’
holds. Either way, we have s ¢ Xé

We may therefore assume ZN & = 0.

If |Z| is odd, then since & is a limit there is { < & such that {x, (£,0)} ¢ E
for all x € sp. Then |Z \ ¢| is odd and {(¢,0),s} ¢ E’. Finally, assume |Z| is
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even. If s N Xg # @, then Sgp N X¢ # ¥ and we can fix (¢, j) € Sp N Xg. Then
{(¢,1—j),s} € E',and s ¢ Xé. This completes the proof of (10.2).

For (10.3), the reverse inclusion is again clear. For the direct inclusion, fix S such
thatt := s\ (Xg U {(&, 2)}) is nonempty.

Suppose that (1, 2) € t for some 7; let n be the maximal such ordinal. Since 7 is
a limit, we can find ¢ € (&, n) such that {(¢, 0), x} ¢ E forall x € t\ {(n,2)}. Then
{(£,0),x} ¢ E forall x € s, and {x,s} € . Therefore (n,2) ¢ t for all 5. Fix
(¢,j)et. Then{(¢,1—j),x} ¢ E forallx € s\ {(¢, j)},and {(¢, 1 —j),s} € E';
contradiction. This concludes the proof of (10.3).

Lemma 10.2.9, (10.2), and (10.3) together imply that (C’ N CCR(G)) = C if
and only if (&,2) ¢ S, as promised. O

The property (A’ N C)’ = A of a separable C*-subalgebra A of a C*-algebra C
is preserved under isomorphisms (Definition 7.4.3).

Claim If S and T are subsets of & such that SAT is stationary, then Cg % CT.

Proof Towards a contradiction, suppose @ : CCR(Gg) — CCR(GT) is an isomor-
phism and SAT is nonstationary. Fix g: 8] — 8 such that D[Cse] € Crge
and ‘p*l[CT,s] C Cs g) for all &. The set of all & such that g[§] < & includes a
club (Example 6.2.8). Since SAT is stationary, there exists & € N(SAT) such that
glé] < &. Therefore @[Cs ¢] = Ct . By the previous claim, one of the statements
(C/S,s N CCR(Gs)) = Cs¢ and (C'/r,s N CCR(GT1))" = Ct is true and the other
is false. As @ is an isomorphism, this contradicts Lemma 7.4.4(3). |

Fix sets T(Y) € Ry, for Y € Ry, such that T(Y)AT(Z) is stationary whenever
Y # Z (Corollary 6.5.11). Since the limit ordinals form a club, the intersections of
these sets with the set of limit ordinals retain the latter property. Then each of the
algebras Dy := Cr(y) has density character equal to 8. These algebras are pairwise
nonisomorphic by the previous claim. O

Theorem 10.3.4 For every regular uncountable cardinal x there exist 2° noniso-
morphic AM algebras of density character k. O

Proof Corollary 6.5.11 implies that there are subsets of «, T(X), for X C «, such
that T(Y)AT(Y) is stationary whenever X # Y. For S C « define graph Gg and
C*-algebra Cg exactly as in the first paragraph of the proof of Theorem 10.3.3. Then
the proof of this theorem taken almost verbatim shows that the Ct(x), for X C «,
are nonisomorphic AM algebras. O

The conclusion of Theorem 10.3.4 is true even for singular uncountable car-
dinals, but the proof in this case uses Shelah’s non-structure theory ([224], see
also [93]) and is beyond the scope of this book.
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10.4 Nonhomogeneity of the Pure State Space, 11

In this section we study a simple graph CCR algebra A constructed from a bipartite
graph associated with an independent family of subsets of N. The pure state space
of A is nonhomogeneous in the sense that it does not satisfy the conclusion of
Theorem 5.6.1. Moreover, the algebra A has faithful irreducible representations on
Hilbert spaces of different density characters, including the separable Hilbert space.

None of the AM algebras from Section 10.1 can be represented on a separable
Hilbert space. An AM algebra that is not UHF is necessarily nonseparable, but can
it be separably represented?

Proposition 10.4.1 Suppose A;, for j € I, are noncommutative unital C*-
algebras. Then A = ®jeJ A j cannot be faithfully represented on £, (k) for k < |J|.
Proof Suppose the contrary and fix a representation 7: A — Z(£2(x)) for some
cardinal k < |J|. Without a loss of generality, we may assume « is infinite and
|J| = k™. Then |J| is an uncountable regular cardinal. We may also assume that A
is C*-subalgebra of Z (£, (k)).

In A; choose non-commuting contractions a; and b j.4 Let &; be a vector
such that a;jb;j&; # bja;&;. By the pigeonhole principle and replacing J with
a subset of the same cardinality, we may assume there exists ¢ > 0 such that
lajbj&; —bja;&;l > ¢ forall j.

Let § = ¢/7. By Lemma 6.6.5, the set of all triplets (§;,a;&;,b;&;) has a
complete accumulation point, (£, 4, 17p). By shrinking J (while keeping |J| = «™)
we may assume max(||§; — &1, lla;&; — nall, 168 — npll) < & for all j. Similarly,
find nyp and np, and shrink J so that max([|b;n, — npall, lajne — napll) < & for
all j.

Fix distinct i and j in J. Since a; and b; are contractions, we now have

Nab N5 ainp ~s aibj&; ~s a;bj§ = bja;§ ~s bja;&§ ~5 bjng X5 Npa

but |9ap — Npall > &; contradiction. O

Corollary 10.4.2 Neither @y 1 M (C) nor any of the C*-algebras constructed in
Theorems 10.3.1 and 10.3.3 have nonzero representations on a separable Hilbert
space.

Proof For Q) , M2(C), this is a special case of Proposition 10.4.1. Each of the C*-
algebras constructed in Theorems 10.3.1 and 10.3.3 contains an isomorphic copy of
R , M2(C). As all of these algebras are simple, their nonzero representations are
faithful and the conclusion follows. |

If a C*-algebra A has a faithful representation on a separable Hilbert space H,
then its density character is at most ¢, the density character of Z(H).

4By Exercise 3.10.26 we could assume ||[a;, b;]|| = 2, but this would not change the proof.
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Theorem 10.4.3 For any cardinal k such that ¥1 < k < c there exists an AM
algebra of density character k with the following properties.

1. The algebra A has an irreducible representation on a separable Hilbert space
and an irreducible representation on a Hilbert space of density character k.

2. There are pure states ¢ and ¥ of A such that ¢ o @ #  for every @ € Aut(A).

3. The algebra A has a separable masa with the extension property and a masa of
density character k with the extension property.

The proof of Theorem 10.4.3 occupies the remainder of this section. Its final
product (the algebra A) will be revisited, reused, and recycled in Proposition 10.5.5.

Definition 10.4.4 For a set Y and & C Z2(Y) consider the bipartite graph G, =
(V,E)with V := Y x {0} U.o x {1} and

E:={(»,0,X1):yeX}.

We identify 22(Y) with {0, 1} and equip it with the product topology.

Recall that a family o7 € Z2(Y) is independent if for every pair of finite disjoint
subsets F # @ and G of & the set () F'\ |J G is infinite (see Proposition 9.2.5).

Lemma 10.4.5 Suppose Y is an infinite set and o/ C P (Y) is an independent and
dense family in Z(Y). Then CCR(G o) is an AM algebra.

Proof For F € Y U &/ define F™ € Y U & as follows. First fix enumerations
FNY ={y; :i <mland FN& = {X; : m <i < m + n}. Since & is
dense, for i < m we can choose X; € 4/ so that y; € X; if and only if i = j.
Since &7 is independent, for m < i < m + n we can choose y; € Y so that y; € X;
ifand only ifi = j.Let F* :={y; :i < m+n}U{X; :i < m+ n}. The
induced graph G’ := G[F™] satisfies the assumptions of Lemma 10.2.11, and hence
CCR(G') = Mym+(C). Since F € Y U &/ was arbitrary, CCR(G ) is a unital
inductive limit of full matrix algebras. O

We will need the following definition exactly once—right now.

Definition 10.4.6 Given an infinite family Hy, for y € J, of Hilbert spaces, each
with a distinguished unit vector 7y, its tensor product ®y (Hy, ny) as the completion
of the linear span of all elementary tensors ®y ey &y where &, € Hy for all y and
&y = ny for all but finitely many y.

Lemma 10.4.7 Suppose Y is an infinite set and of C P (Y) is an independent
and dense family in 2(Y). Then CCR(G o) has an irreducible representation on a
Hilbert space of density character |Y)|.

Proof This proof is an infinitary version of the proof of Proposition 10.1.3. Since
CCR(G ) is, being AM, simple, it suffices to find an irreducible representation of
the generators on a Hilbert space of density |Y| that satisfies the relations.
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Fory e Ylet Hy := {>(2) and n, := (1,0). Let H := ®y(Hy, ny).ForFeY
the space

Hf = ®yeF Hy

is identified with the subspace HF ® ®yey\|: ny of H. As an inductive limit of |Y|
finite-dimensional Hilbert spaces, the space H has density character |Y|. The UHF
algebra ®y oy B(Hy) is, as the inductive limit of 4 (HF) for F € Y, isomorphic to
a C*-subalgebra of Z(H).

Withv ;= <(1) 01> and W := <(l) é),fory c€Yand X C Y let

1, ify#z lo ifzgX
Wy ; 1= VX 1= )
ne ) v ifzeX
In order to distinguish generators associated with vertices in two parts of the
bipartite graph G ./, we write Wy := Uy, o) for y € Y and vy := u(x 1) for X € 7.
If y € Y, then w, ; # 1, for exactly one z € Y, and therefore

Wy = @) ey Wy,

belongs to Z(H).If X € 47, then vx ;(n;) = n; for all z € Y, and therefore

Vx 1= ®Z€Y VX, z

belongs to Z(H). Clearly, each of {w,, : y € Y} and {vx : X € &7} is a commuting
family of self-adjoint unitaries. Since vx , and Wy, ; anticommute if y = zand y € X
and commute otherwise, we have wW,vx = vxw, if y ¢ X and wyvx = —vxw, if
y € X. The C*-algebra C*({wy : y € Y} U {vx : X € &}) is, by the universality
of CCR(G ), a quotient of CCR(G /). As the latter algebra is (being AM) simple,
we have defined a faithful representation 7 : CCR(G o) — H(H).

It remains to prove that 7 is irreducible. Fix F € Y. As &7 is dense in Z(Y), for
y € F we can choose X(y) € </ so that XN F = {y}. Forall y € F, both vy, and
Wy, have HF as an invariant subspace. The algebra Ay := C*(w,, VX(y) 'Y € F) is
isomorphic to M. (C), with n := |F]|.

Fix y € F. Forall z € Y \ F we have w, ; = 15 and vx(,) ; € {l2,V}. All
vectors in Hg are of the form & ® ®er\F ny for some &, and both wy, and vy
send a vector of this form to a vector of this form. Therefore, HF is an invariant
subspace for the action of Ag. The representation of Ag on Hf obtained in this
way is spatially isomorphic to the standard representation of M2 (C) on £,(2"), and
therefore transitive. Since the directed union | Jrcy HF is a dense linear subspace
of H, we conclude that 7 [CCR(G ./)] acts transitively on Hy. By Lemma 3.6.8, =
is irreducible. O
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Fix & C Z(Y).Fory € Ylet & (y) .= {X € & : y € X}. The dual of o is a
subset of Z (<) defined as

={F(y):yeY}

In the following lemma, we identify Z2(Y) with {0, 1}Y and 22 (<) with {0, 1}7.
Each of these spaces is equipped with the product topology.

Lemma 10.4.8 If o C Z(Y), then the following assertions hold.
1. The bipartite graphs G ; and G o7 are isomorphic.

2.4 =d.

3. o is dense in Z(Y) if and only if o is independent.

4. o is independent if and only lfﬂf is dense in {0, 1}".

Proof (1) Since for X € & and y € Y we have y € X if and only if X € z(y), the
function that sends y € Y to z(y) and X € &/ to itself is an isomorphism between
G o and G .

(2) is trivial.

(3) A family <7 is dense in ZZ(Y) if and only if for every two disjoint finite
subsets F and G or Y there exists X € & such that F € X and G N X = . This is
equivalent to X € ﬂyEF () '\ UyeG z(y). Since all basic open subsets of {0, 1}Y
are of this form and F and G were arbitrary, (3) follows.

(4) is a consequence (2) and (3). O

Proof (Theorem 10.4.3) By Proposition 9.2.5 there is a dense independent family
in Z(N) of cardinality ¢. Since & (N) is separable, we can choose a dense subfam-
ily &/ of cardinality «; it is clearly still independent. Then A := CCR(G ) is an
AM algebra by Lemma 10.4.5. Since |G /| = |<7| = k, A has density character «.
It has an irreducible representation on a separable Hilbert space by Lemma 10.4.7.
Since Gy = G, we have CCR(Gy) = CCR(G ;). Lemma 10.4.8 implies

that < is 1ndependent and Lemma 10.4.7 implies that CCR(G ) has an irreducible
representation on a Hilbert space of density character «. Pure states on CCR(G )
corresponding to these two irreducible representations clearly cannot be conjugate
by an automorphism.

Let Zy := [{(y,0) : y € N} and Z; = [{(X,1) : X e &}]<No.
Proposition 10.2.13 implies that D; := CCR(G ., Z;) is a masa with the extension
property for j < 2. Also |Zyg| = Ry and |Z;| = «, and therefore the density
characters of these masas are 8¢ and «, as required. O

10.5 Characters of States and Quantum Filters

In this section we prove that the graph CCR algebra constructed in Section 10.4 has
pure states of both countable and uncountable character. It also has pure states ¢ and
¥ such that whenever A is embedded into a C*-algebra B and both ¢ and i have
unique state extensions to B, these unique extensions are not equivalent.
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Definition 10.5.1 The character of an ultrafilter % on a set X, denoted x (%), is
the minimal cardinality of a set that generates it. It is equal to the minimal cardinality
of a local neighbourhood basis for % in the Cech—Stone compactification X.

The character of a quantum filter .% (Definition 5.3.3), denoted y (%), is
the minimal cardinality of a generating subset o/ of .#. (Recall that &/ < 7
generates .7 if .Z is the intersection of all quantum filters including <7.)

The character of a state ¢, denoted x (¢), is the minimal cardinality of a family
that excises ¢ (see Exercise 5.7.4), if such a family exists.

A state ¢ can be excised (Definition 5.4.2) if and only if it is pure or a
weak*-limit of pure states (by Theorem 5.2.1 and Exercise 5.7.4). Glimm’s lemma
(Theorem 5.2.7) implies that every state on a primitive C*-algebra is excised. In
particular, if A is infinite-dimensional and simple, then x (¢) is defined for every
state on A.

Lemma 10.5.2 Suppose ¢ is a state on a C*-algebra A such that x (¢) is defined.
Then every family & C Ay | that excises ¢ has a subfamily &' C F of cardinality
X (¢) which excises . Therefore, some subset of %, of cardinality x (¢) excises @.

Proof Fix a family .# that excises ¢ and has cardinality x (¢). For every m > 1
and a € %, we can find b = b(a, m) € .Z such that ||bab — b?|| < 1/m. Then
F' = {b(a,m) : a € F#,m € N} has cardinality no greater than |.%]. It also
has the property that if ¥ is a state such that ¥ (b) = 1 for all b € F#’ then by
Proposition 1.7.8 ¢ (a) = 1 for all a € .#]. Since .%] excises ¢, this implies ¥ = ¢
and therefore %" is as required. O

Proposition 10.5.3 If ¢ is a pure state on a C*-algebra A, then x (¢) = x (Fy).

Proof Suppose ¢4 C %, generates .%,. Since ¢ is pure it is excised by %, by
Theorem 5.2.1, hence X(<%p) > x(p). If 9 C A4 excises ¢, then Lemma 10.5.2
implies that there exists 4’ C .%, of cardinality < |¥| that excises ¢. Then ¥’
generates %, and x (F,) < x (). O

Proposition 10.5.4 Assume A and B are simple C*-algebras and B is a unital C*-
subalgebra of A. If {r is a pure state on B with a unique extension ¢ to a state on A,

then x () = x (V).

Proof Proposition 10.5.3 implies that %y is x (1)-generated and Lemma 5.4.3
implies that %y excises ¢ on A. Therefore x(¢) < x(¥). For the converse
inequality, if ¢ excises ¢ on A then it excises ¢ on B, and Lemma 10.5.2 implies
that there exists .# C %y of cardinality x(¢) that excises ¥ on B. Therefore

x () < x (). o

The uniqueness of the state extension of v cannot be dropped from the
assumptions of Proposition 10.5.4 (see Exercise 10.6.10).
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Proposition 10.5.5 For every cardinal 81 < k < c¢ there exists an AM algebra A
of density character k with pure states ¢ and  such that the following holds.

1. x(p) =R and x () = «.
2. If a C*-algebra B has A as a C*-subalgebra and ¢ and { have unique state
extensions ¢ and  to B, then ¢ % r o @ for every automorphism @ of B.

Proof Let A := CCR(G,) be the AM algebra of density character 81 <« <¢
constructed in Theorem 10.4.3. As in the proof of Theorem 10.4.3(3), 7 is an inde-
pendent family of cardinality «, G is the bipartite graph as in Definition 10.4.4,
Zo:=[{(y,0):y e NJ]<M,and Z; := [{(X, 1) : X € &7 }]<No.

By Theorem 10.4.3(3), Dy := CCR(G.,Zy) and D; := CCR(G.,Z;)
are masas in A with the extension property and density characters ¥y and «,
respectively.

Let ¢ be a pure state on A whose restriction to Dy is pure. Since Dy has the
extension property, .%, is generated by .%,, N Dy and therefore countably generated.
Let ¥ be a pure state on A whose restriction to Dj is pure. Since D; has the
extension property, .7y is generated by .%, N D. Since D1 has density character «,
Fy is k-generated. We claim that it is not A-generated for any A < k.

Suppose otherwise, fix A < « such that ., is A-generated. Since CCR(G v, Z1)
is the inductive limit of CCR(G ., Z) for Z € [Z;]*, ¥ is uniquely determined
by its restriction to CCR(G ., Z) for some Z € [Z;]*. The restriction of ¥ to
the abelian algebra CCR(G , Z) is a character. If w = w(x,1) for some X € Z,
then it is a unitary whose spectrum is equal to {—1, 1} and therefore ¥ (w) = 1 or
Y (w) = —1. Since +1 are extreme points of sp(w), Proposition 1.7.8 implies that
Y(aw) = Y (wa) = Y(a) foralla € A.

Since the restriction of ¥ to CCR(G ., Z) is a pure state, every projection p in
CCR(G y, 2) satisfies ¥ (p) € {0, 1}. For X € Z let

PX € {%(1 + wx, 1)), %(1 —wex,1))}

be the projection such that ¥ (px) = 1. Then ¥(a) = ¥ (apx) = ¥ (pxa) for all
a € Aand all X € Z, and %y, is generated by {px : X € Z}. Choose X € &/ \ Z»

and let p := %(l + w(x,1))- Since &7 is independent, for every F € Z we have

2 [ Ixer PxIl =11 = p) [Ixer PxIl = 1.

Therefore, the restriction of ¥ to CCR(G ., Z) can be extended to pure states g
and v such that Yo(p) = 0 and ¥1(p) = 1; contradiction. We conclude that the
character of ¥ is equal to «.

Let B be a C*-algebra having A as a unital C*-subalgebra. If the pure states ¢
and ¥ have unique state extensions to B, denoted ¢ and ¥, respectively, then by
Proposition 10.5.4 we have x(¢) = x(¢) = Rg and x(&) = x(¥) = «k and
therefore there is no automorphism @ of C such that § = v o &. O
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No separable C*-algebra satisfies Proposition 10.5.5(2). This is quite important
for the construction of a counterexample to Naimark’s problem (Proposition 11.2.1).

10.6 Exercises

Exercise 10.6.1

1. Prove that every graph CCR algebra associated with a non-null graph with
exactly three vertices is isomorphic to M»(C) ® C2.

2. Prove that there are only two nonisomorphic graph CCR algebras of the form
CCR(G) where G is a non-null graph with four vertices.

3. Classify all separable graph CCR algebras: Writing M, (C) for Mp~ and C*
for C ({0, 1}, prove that every separable graph CCR algebra is isomorphic to
Mom (C) ® C?" for some m and n in N U {Rg}.

Exercise 10.6.2 Find a representation of the CAR algebraw: A — Z(H) and an
approximately inner automorphism @ of A such that no unitary u in Z(H) satisfies
(Adu) [ n[A] = @.

Exercise 10.6.3 Prove that the graph CCR constructed in Theorems 10.3.1
and 10.3.3 are crossed products of ®x] M, (C) with Z/27Z and @Nl 7]27,
respectively.

Exercise 10.6.4 Fix n > 2 and a primitive nth root of unity y. Prove that M,,(C) is
generated by unitaries # and v such that " = v" = 1 and uv = yvu.

Graph CCR algebras are a special case of the construction described in Exer-
cise 10.6.5 when I is a direct sum of copies of Z/2Z.

Exercise 10.6.5 Suppose I is a discrete group and b: I'’> — T satisfies the
following for all f, g, and 4 in I".

L. b(f, 8) =b(g, f).
2. b(f, gh) =b(f, »)b(f, h).
3. If f* =1,then b(f, g)" = 1forall g.

Let4(I') :={u, : g € I'} and
HI,b) ={usug =upg,usug =b(f, Quguy: fel,gel}

Prove that there exists a universal C*-algebra given by ¢ (I") and Z (I, b).
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Exercise 10.6.6 Let « > R and let B, be the non-UHF AM algebra constructed in
Theorem 10.3.1. Prove that A ® B, is not UHF for any separable C*-algebra A.

Exercise 10.6.7 Prove that every graph CCR algebra A is isomorphic to its opposite
algebra A°P.

Exercise 10.6.8 Suppose Y and Z are distinct subsets of ¥; and let Dy and
Dz be nonisomorphic AM algebras of density character 8 constructed in Theo-
rem 10.3.3.

1. Prove that A ® Dy 2% A ® D7z for every separable C*-algebra A.
2. Prove that A ® Dy = A ® Dz for some AM algebra A of density character 8.

The following exercise should be compared to the fact that every unital and
separable inductive limit of copies of &, is isomorphic to &, [206, Corollary 5.1.5].

Exercise 10.6.9 Using 0> ® My~ = 0> prove that there are 28! nonisomorphic
C*-algebras of density character 8 each of which is a unital inductive limit of
separable C*-algebras isomorphic to &,.

Exercise 10.6.10 Find an example of a C*-algebra A, a C*-subalgebra B of A, a
state ¢ of B, and a state ¢ of A that extends ¥, with the property that x (¢) > x (¥).
Repeat this exercise, this time with x (¢) < x (¥).

Notes

Section 10.1: Graph CCR algebras were explicitly introduced in [79], but they
appear implicitly already in [92].

Section 10.3: Theorems 10.3.1 and 10.3.3 were proved in [92] and [93],
respectively. Group CCR algebras were introduced in [229] in the case of locally
compact groups (see Exercise 10.6.5 for a discrete version).

In addition to the algebras in Theorems 10.3.1 and 10.3.3, three other different
families of AM C*-algebra that are not UHF were constructed in [92] using classical
C*-algebraic methods. All of these C*-algebras are indistinguishable from the CAR
algebra by any of the classical C*-algebraic invariants *(such as K¢ or the Cuntz
semigroup).

The second part of Dixmier’s problem, whether every LM algebra is AM, was
resolved by a cocycle crossed product construction in [92, Sect. 6]. We omitted the
elaborate machinery used in this construction due to the lack of space and the fact
that the set-theoretic content of this proof is essentially Lemma 11.1.1.

The results of Exercise 6.7.11, Theorem 10.3.4 and the paragraph following it,
and Exercise 7.5.11 are summarized in Figure 10.8.9 It is therefore not only true that

SThis is a special case of a deep theorem of Kirchberg; see, e.g., [206, Theorem 7.1.2].
5The Generalized Continuum Hypothesis is used only to simplify the notation.
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Fig. 10.8 The number of isomorphism classes of UHF algebras, AM algebras, and all C*-algebras
in given infinite density character assuming the Generalized Continuum Hypothesis

some AM algebras are not UHF. In a sufficiently large density character, very few

AM algebras are UHF!

Section 10.4: The question whether an AM algebra that is not UHF can be
represented on a separable Hilbert space was asked by Takesaki. Proposition 10.4.1
is taken from [92, Proposition 7.6].



Chapter 11 ®
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Perhaps it is worth pointing out that in general, heroic attempts to get rid of separability
hypotheses for problems in operator algebras can force one to look carefully at the
fundamentals of set theory.

W. Arveson, discussing [6] in [17]

This chapter is short, but fully comprehensive. To start with, we have a
construction of a C*-algebra with no commutative approximate unit. The main
dishes are the construction of a counterexample to Naimark’s problem and of an
example that Glimm’s Dichotomy does not hold for nonseparable C*-algebras given
in Section 11.2. As a dessert, we prove that an uncountable free product of nontrivial
countable groups has homogeneous pure state space, only separable masas, and that
its automorphism group acts transitively on the pure state space.

11.1 A C*-algebra with No Commutative Approximate Unit

In this section we construct a C*-algebra with no commutative approximate unit.
Lemma 11.1.1 The following are equivalent for every cardinal k.

1. k> Ry,
2. Forevery f: k — [k]™0 there are £ < 1 < k suchthatn ¢ (&) and & ¢ f(n).

Proof Fix « and suppose (1) fails. (2) trivially fails if « = R¢. To show that it fails
for k = Ry, let f: 8 — [®1]% be defined by f(€§) = {n : n < &)} (since we
identify & with the set of smaller ordinals, f is really equal to the identity on R1).
Then & < n implies £ € f(n), hence (2) fails.

Now assume (1) and fix f: k — [k]Y0. If k > Ry define f/: Ry — [N]M0 by
f'€) := f(&) NR,. Tt will suffice to find § < n < 8 such that £ ¢ f/(n) and
n¢ fe.
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Since cof(R7) is uncountable, || J f/[£]] < Ro|&| for all & < R, and therefore
Cri={& <R : U Sl CSE}isaclub(Lemma6.2.2).If n € Cy, thenn ¢ f/(§)
forall £ < n.If n € Cy is in addition uncountable, then 1 \ f’(n) is nonempty and
we can choose & € n\ f'(n). Then & < n are as required. |

Theorem 11.1.2 There exists a C*-algebra A with no abelian approximate unit. It
can be chosen to be AF and of density character K».

Proof Fix k > 8. For £ < n < « define the C*-algebra Ag, to be isomorphic to
M (C) if & < n and isomorphic to C if & = 5. We will find a C*-subalgebra A of
[l¢<y<« Aen with the required properties.

If & < nlet pgn = ((1) 8) and pén = GZ ig) These are projections in

Agy such that the self-adjoint unitaries # 1= 1 — 2pgn andv =1 — Zpén satisfy
wv = —vu. Also, [[[pg,, p{,1ll = 1/2. For ¢ < « define g; € []e<, ., Agy as
follows:

la, if¢=§&=n,
pg, if¢=§&#n,
pt, ifE=n#E,
0 if ¢ # & and ¢ # 1.

qc (é’ 77) =

Clearly, g is a projection. For X C « let Ax := C*(g; : { € F) and let A := A,.
Claim If F € k, then AFf is finite-dimensional.

Proof Let rp := Z{E,n}EF la,, (we are not claiming that rg € A). Since r¢ is
a central projection in [[._,_, Agy, the C*-algebra Af is isomorphic to a C*-
subalgebra of rrAF (1 — rp) AF.

We have that re(&,n) # 0 implies {£,n} C F. Since F is finite, reAf is
isomorphic to a C*-subalgebra of a direct sum of finitely many copies of M, (C)
and C, and therefore finite-dimensional. Also, 1¢,g; # 0if and only if ¢ € {§, n}.
Therefore, rpg; # 0implies ¢ € F, and (1—rF) Af is isomorphic to a C*-subalgebra
of C* for k = |F|. This proves that Af is finite-dimensional. O

Since A = limpg, AF, A is approximately finite.

We claim that A does not have an abelian approximate unit. Suppose otherwise,
and let D be the algebra generated by an abelian approximate unit of A. For all
& <k andn < k define Pg,: If § < n, then P¢;: A — Agy and D¢y (a) :=a(&, n).
If n < &,then @¢y: A — Aye and @g,(a) :=a(n, §).

For a < « we have ®@¢,(g,) # 0if and only if ¢ € {&, n}, and if @ # B, then
Dep(qaqp) # 0 if and only if {«, B} = {&, n}. Since mé,n ker(®g,) = {0}, the
product of any three distinct generators gy ggq, is equal to 0.

Fix 0 < ¢ < 1/8. Since P¢£(q;) = ¢ and D contains an approximate unit
for A, there is ag € D4 such that ||@gg (ag) — 1|| < . Then bg := ag — g satisfies
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|Pee (be)ll < e. Let X(§) e [k1™ be such that bg € Ax(). Then bg is the sum
of a series with entries zgy and zgngp for z € C and o, B € X(§) U {£}. Suppose
n ¢ X(&) U {£}. Then ®¢, and ®,¢ (whichever is defined) send all such entries
except zgg to 0.

By Lemma 11.1.1, there are £ < n < «k such that § ¢ X(n) and n ¢ X(&). Then
Py (be) |l < € and || Pgy(by)ll < €. Therefore, @gy(ag) ~e Peyl(ge) = pgn and
@ey(ay) X Diy(qn) = pi, This implies [|[ag, aylll > ||[pgn,pgn]|| —4e > 0;
contradiction. m|

11.2 Consistency of a Counterexample to Naimark’s Problem

In this section, we construct a counterexample to Naimark’s problem using <y, .
We also prove that &y, implies the failure of Glimm’s Dichotomy for simple C*-
algebras of density character R;.

In addition to <, (Sections 8.3 and 8.4), the proofs in this section use the
Kishimoto—Ozawa—Sakai theorem (Theorem 5.6.1) and the analysis of pure states
in crossed products from Section 5.4.

A counterexample to Naimark’s problem (Problem 5.5.2) is a C*-algebra all of
whose pure states are unitarily equivalent but it is not isomorphic to the algebra
of compact operators on any Hilbert space. It will be constructed as an inductive
limit of a continuous increasing family of separable C*-algebras A, for a < Rj.
The key to many a <>-construction is in devising the single step: the construction
of Ay+1 from A, . This one is no exception, and the construction is propelled by the
following proposition.

Proposition 11.2.1 Assume A is a separable, simple, unital, non-type I C*-algebra.
Also assume X UY is a countable set of inequivalent pure states on A and E is
an equivalence relation on X. Then there is an asymptotically inner automorphism
@ of A such that the reduced crossed product B = A X¢ Z has the following
properties:

1. Every ¢ € X has a unique extension ¢ to B.

2. For all ¢ and v in X we have ¢ ~  if and only if 9 E.
3. Every ¢ € Y has multiple state extensions to B.

Proof Since A is non-type I and separable, by Proposition 5.5.6 it has continuum
many inequivalent pure states and therefore we may assume that both X and Y are
infinite, that every E-equivalence class is infinite, and that there are infinitely many
E-equivalence classes. Let 6, j, for j € Z, be an enumeration of Y and let 641, s
for j € Z, be an enumeration of the i-th E-equivalence class.

We re-enumerate {6; ;} as ¢, and ¥, for m € Z, as follows. Every m € N is
equal to 2'(2j + 1) foraunique i € Nand j € Z. Fori > 1let 5511 = b6i,j,
Voi2j+1) = Ui j+1. and let @11 == 6o, j and Y41 1= 0y, ;.
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Since no two pure states in XU'Y are equivalent, Theorem 5.6.1 applies and there
is an automorphism @ of A such that ¢; ~ ¥; o @ forall j.

This means that for i > 1 we have 6; ; o ok ~ 0i,j+k for all j and k. Therefore,
the @-orbit of a pure state ¢ € X is exactly its E-equivalence class. Hence, any
two pure states ¢ and v in X satisfy ¢ ~ ¥ o @" for some n € Z if and only if
@Ey. Also, if ¢ € X, then ¢ o @" € X for all n € Z. Since all states in X are
inequivalent, this implies that for every ¢ € X we have ¢ ~ ¢ o @" if and only if
n = 0. Proposition 5.4.7 implies that every ¢ € X has a unique extension ¢ to a
pure state on B = A X ¢ Z. Since @11 = Y241 forall j, we have ¢ = ¢ o @ for
all ¢ € Y. By Proposition 5.4.7, every ¢ € Y has multiple state extensions to B.

It remains to prove (2). Theorem 5.4.8 implies that ¢ and v in X have equivalent
pure state extensions to B if and only if there exists n € Z such that ¢ ~ ¢ o @",
and (2) follows. O

By Proposition 10.5.5(2), the conclusion of Proposition 11.2.1 does not neces-
sarily hold if the separability assumption on A is dropped.

Theorem 11.2.2 Suppose <y, holds. If 1 < n < R, then there exists a simple C*-
algebra A of density character ¢ which is not isomorphic to the algebra of compact
operators on any Hilbert space and which has exactly n unitarily inequivalent
irreducible representations.

Proof Let .Z be the language of C*-algebras expanded by relation symbols Ry ;,
fork <n+1and j < 2. The intended interpretations of Ry o and Ry 1 are the real
and imaginary parts of a state ¢, of the underlying C*-algebra A. Let %y denote the
reduct of .Z to the language obtained by removing R, ¢ and R, 1.

Codes for .Z-structures were described in section 7.1.2. If A is a C*-algebra
with distinguished states ¥, for j < n + 1, and it has an ordinal « as a dense
subset, then the corresponding codes for (A, ¥; : j < n + 1) in Struct(Z, ) and
for (A, ¥; : j < n) in Struct(%p, o) will be denoted 2A(; : j < n + 1) and
A(p; + j < n), respectively. If 21 is a code in Struct(%), ) and 1, is a state on
the corresponding C*-algebra (A, v/; : j < n), then 2((¢/) will denote the code in
Struct(Z, a) of the expansion (A, ¥ : j <n 4+ 1).

By Proposition 8.3.8 <y, (£) holds (Definition 8.3.7). We therefore have a
sequence Ry € Struct( %, «), for & < Ry, such that the following holds.

For every C*-algebra A of density character X with distinguished pure states ¥, for j < n,
if 2 € Struct(.Z, ¥1) is a code for (A, V), then the set {& : A | @ < Aand A | @ = Ry} is
stationary.

We construct C*-algebras A,, for « < R, and codes 2, € Struct(%, o), for
limit @ < 871, such that the following statements hold for all « < 8 < Rj.

1. The C*-algebra A, has n distinguished pure states (p‘]’.‘, for j < n.
2. The pure states go;’.‘, for j < n, are not unitarily equivalent.

3. If o < B, then go’/.s is a unique extension of go‘;.‘ forall j < n.
4. If o < B, then A, is identified with a C*-subalgebra of Ag.
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. If « is a limit ordinal, then 2, codes A, and (p‘]’.‘, for j < n.

. If B is a limit ordinal, then Ag = limy g Aq.

. If @ < B are limit ordinals, then g [ o = 2.

. If @ is a limit ordinal and 2{, (¢) = R, for some pure state ¢ of A, then ¢ has a
unique extension to a state unitarily equivalent to ¢; *Lon Ag+1-

o0 3 O\ W

For a successor ordinal @ < R| we will not specify a code for A,. Since the limit
ordinals form a club, this will not affect our construction. Similarly, we will let
A, = A, for all finite n. Let A, be the CAR algebra, or any other simple, unital,
separable, non-type I C*-algebra By Glimm’s theorem we can choose inequivalent
pure states (p;.”, for j < n.ldentify a countable dense subset of A,, with w and let 2,
be the corresponding code.

The recursive construction proceeds as follows. Suppose y < Ry and Ag, (p?‘,
and g, for j < n,a < y, and limit 8 < y, have been constructed and satisfy the
requirements.

If y is a limit, let A, := limy ., Ay and let go;/, for j < n, be the extension of
states (p;’.‘, for « < y. This state is uniquely determined by Lemma 5.5.3.

If in addition y is a limit of limit ordinals, then the code %A, € Struct(.%, )
has been defined for cofinally many limit ordinals < y. Let 2, be the limit (this
is literally the union) of these codes. It is straightforward to check that 2, codes
(A},,go}/ 1 j <n).

Otherwise, let 8 be the maximal limit ordinal below y. This is the maximal
ordinal such that the code (g has been defined. Since Ag is separable and the
interval [B, y) is infinite, we can extend the distinguished dense subset of Ag given
by g to y and find a code 2, € Struct(.%p, y) as required.

Now consider the case when y = o + 1 is a successor ordinal. If « is a successor
ordinal, apply Lemma 11.2.1 to obtain a nontrivial unital extension A, of A, such
that all pure states (p;’.‘, for j < n, have unique pure state extensions.

Otherwise, if « is a limit, we consult $w, and distinguish two cases. If there does
not exist a pure state ¥ of Ay such that R, = 2, (¥), again use Lemma 11.2.1 to
obtain a nontrivial unital extension A,, of A, such that all pure states (p;’.‘, for j < n,
have unique pure state extensions.

The remaining case is when R, = 2, () for some pure state ¥ of A,. Apply
Lemma 11.2.1 to obtain a unital extension A,, of A, such that (p;’.‘ has a unique pure

‘;‘H are inequivalent, and ¥ has a
unique pure state extension to Aq4 1 equivalent to ¢ +

This describes the recursive construction. Let 2( := limy <y, 2. This is a code
for the C*-algebra A := limy .y, Ay and the states ¢;, for j < n, on A. By the
continuity of the construction at limit ordinals, {Ag : B < ¥;} is a o-complete
family of separable C*-subalgebras of A and the states ¢;, for j < n, are pure by
Lemma 5.5.3.

We claim that the states ¢;, for j < n, are not unitarily equivalent. Suppose
otherwise. If j < k < n and u € U(A) is such that ¢; o Adu = ¢, then since
A = Ugy<y, Aa We have u € Ag for some o and therefore ¢ff o Adu = ¢,
contradicting the assumptions. Therefore, A has at least n inequivalent pure states.

state extension <p;’.l+1 to Ag41 forall j < n, ¢
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Suppose that A has more than n inequivalent pure states and let ¥ be a pure state
on A inequivalent to ¢;, for j < n. Consider the code () € Struct(.Z, 8;). By
Proposition 7.3.11 and the fact that {Ay : @ < N1} is a club in Sep(A), the set
{d < Ry : ¢ | Ay is a pure state on Ay} includes a club. Since R, is a Oy, (2)
sequence there exists @ < N such that 2(y¥) | @« = Ry. By construction ¥ [ Ay
has a unique extension to a pure state on Ay 1, and this unique extension is unitarily
equivalent to ¢f *+1_Since the latter state has a unique state extension to A, so does
¥ | Aq and therefore 1 is unitarily equivalent to ¢p; contradiction. O

Corollary 11.2.3 Suppose that Oy, holds. Then Naimark’s problem has a negative
solution and the conclusion of Glimm’s Dichotomy (Corollary 5.5.8) fails for
nonseparable simple C*-algebras. O

11.3 Reduced Free Group C*-algebras

In this section we prove that the reduced group C*-algebra of an uncountable
free product of nontrivial countable groups has only separable masas and its
automorphism group acts transitively on its pure state space.

We use the terminology introduced in Definition 6.2.3 and the results from
Sections 7.2, 7.3, and 4.3.

Proposition 11.3.1 Suppose that I’ = *;cjG; is a free product of nontrivial
countable groups. Then X := {C;(x;jcG;) : I € [J1%0} is a o-complete family
of separable C*-algebras with C}(I") as its limit. For every A € X the following
conditions hold.

1. Every automorphism of A can be extended to an automorphism of C:(I).
2. Every pure state on A has a unique extension to a state on C}(I").

Proof The group I" is the direct limit of the family of countable subgroups of
I', defined by I := %Gy, for I € [J1¥0. This family is clearly closed under
increasing countable unions. As in Example 7.2.5, X is a o-complete family of
separable C*-subalgebras of C} (") whose inductive limit is C;(I").

By Lemma 4.3.5, I7 is simple and has a unique tracial state for every infinite I.
ForI € Jwehave I = I'*I7\1, and Lemma 4.3.6 implies that every automorphism
of C!(I7) extends to an automorphism of C;(I").

Since every nontrivial free product of groups has an element of infinite order,
Lemma 4.3.8 implies that for I € [J1N0 every pure state on C}(/7) has a unique
extension to a pure state on C;(I"). O

If A is a C*-algebra, ¢ is a pure state on A, and B is a C*-subalgebra of A, we
say that ¢ drops to B if the restriction of ¢ to B has a unique extension to a state
on A. Such unique extension is necessarily equal to ¢.

Theorem 11.3.2 Suppose that I is the free product of an infinite, possibly uncount-
able, family {G; : i € J} of nontrivial countable groups.
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~

Every pure state on C(I") drops to a separable subalgebra.

2. Ifn > land{g; :i <n}and {y; : i < n} are two n-tuples of inequivalent pure
states on Ci(I"), then there is @ € Aut(C;(I")) such that ¢; o ® = ; for all i.

3. If{g; i € N}and {¢; : i € N} are two families of inequivalent pure states
on CE(I"), then there is @ € Aut(C}(I")) such that ¢; o ® is unitarily equivalent
to i forall i.

4. Every abelian subalgebra in the group von Neumann algebra L(I") with a
separable predual.

5. Every abelian C*-subalgebra of C:(I") is separable.

Proof If J is countable, then C!(I") is separable. In this case (5) and (1) are
vacuous, (3) is a consequence of Theorem 5.6.1, and (2) is Exercise 5.7.27.
If J is uncountable, then Proposition 11.3.1 implies that X := {C*(I]) : I € [J]™0}
is a o-complete family of separable C*-subalgebras of C}(I") whose inductive limit
is C¥(I"). It has the property that for every A € X every automorphism of A extends
to an automorphism of C(I") and every pure state on A has a unique extension to a
pure state on C(I").

(1) For a pure state ¢ on C*(I") the set {A € X' : ¢ | A is pure} includes a club
in Sep(C}(I")) by Proposition 7.3.10. By the first paragraph of this proof, ¢ drops
to every such A.

(2) Since the intersection of countably many clubs is a club, there is A € X such
that ¢; and v; drop to A for all i. Denote the restriction of ¢; to A by ¢; and the
restriction of 1/; to A by ;. By Theorem 5.6.1, A has an automorphism @ such that
@; o @ is unitarily equivalent to ¥; for all i. As A € X, by the universal property of
the free product @ has an extension to an automorphism @ of C(I") as required.

The proof of (3) is similar, using Exercise 5.7.27 in place of Theorem 5.6.1.

(4) Lemmas 4.3.5 and 4.3.4 together imply that C’(I") has a unique tracial
state, t. It has a unique extension to L(I") = n,[C}(I")] by Lemma 4.2.5. It will
suffice to prove that every masa has a separable predual. Suppose D C L(I") is
a masa. Then Proposition 4.4.2 implies that 7 is diffuse on D. Since D is a von
Neumann algebra, for every n € N we can choose a partition of unity in D into
n projections each of which has trace 1/n. If Dg is a masa of D containing all of
these projections, then it is countably generated and the restriction of T to Dy is
diffuse. Fix a countable K C I such that M := L(*;cxG;) contains all of these
projections. Since D N M is diffuse, Theorem 4.4.6(2) with G := *;cx G;, H := G,
and B := D N M implies that the normalizer of B is included in M. Since the
commutant is included in the normalizer, D = B and it therefore has a separable
predual.

(5) It will suffice to prove that every masa is separable. Suppose D € Ci(I") is
a masa and extend its WOT-closure in L(/") to a masa. By the previous paragraph,
the WOT-closure of D is WOT-separable, hence countably generated. Therefore, D
is countably generated. O



308 11 Constructions of Nonseparable C*-algebras, 11
11.4 Exercises

Exercise 11.4.1 Prove that if A is a separable C*-algebra then it has a masa that
contains an approximate unit for A.

Prove that there exists a separable C*-algebra A and a masa D of A such that no
approximate unit for D is an approximate unit for A.

Exercise 11.4.2 Suppose that a group I has the following weakening of the Powers
approximation property:
Forevery g € I' \ {e} and ¢ > O there exists F € I" such that

”ﬁ ZheFk(hgh_l)H <&

Prove that C}(I”) has a unique tracial state.

Exercise 11.4.3 Prove that there exist a Hilbert space H, a C*-algebra A C A(H),
and a masa D of A such that the WOT-closure of D is not a masa in the WOT-closure
in A. Then prove that there are separable H, A, and D with these properties.

Exercise 11.4.4 Suppose A is a counterexample to Naimark’s problem.

1. Prove that A ® 22 (H) is a counterexample to Naimark’s problem for any Hilbert
space H.

2. Prove that every nontrivial hereditary C*-subalgebra of A is a counterexample to
Naimark’s problem.

Definition 11.4.5 A pure state ¢ of a C*-algebra A is determined by a contraction
a € Ay 1 if ¢ is a unique state on A that satisfies ¢(a) = 1.

Exercise 11.4.6 Suppose A is a counterexample to Naimark’s problem of density
character & and ¢ is a pure state on A.

1. Prove that there exists a separable C*-subalgebra B of A such that ¢ is a pure
state on B and it is the unique extension of ¢ | B to a state on A.

2. Use Exercise 5.7.5 to conclude that ¢ is determined by a positive contraction.

3. Generalize (1) to the case when the density character of A is greater than 8.

Exercise 11.4.7 Suppose A is a C*-algebra every pure state on which is determined
by a positive contraction. Then the following are equivalent.'

1. All pure states on A are equivalent.
2. There is a faithful irreducible representation 77 : A — Z(H) such that for every
normal b € A and every A € sp(b) there exists a A-eigenvector for (a) in H.

10ne direction is Exercise 5.7.21.
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Exercise 11.4.8 Suppose that a simple C*-algebra A has only one irreducible
representation up to the unitary equivalence, 7: A — Z(H). Prove that for every
normal a € A we have sp(a) = {X : w(a) has a A-eigenvector}.

In [159] Kishimoto proved that for every outer automorphism @ of a separable
C*-algebra A there exists a pure state ¢ of A such that ¢ is not unitarily equivalent to
¢ o @. Kishimoto’s argument can be modified to produce ¢ inequivalent pure states
with this property (see [91]).

Exercise 11.4.9 Use the variant of Kishimoto’s result stated in the previous
paragraph and <>y, to prove that there exists a counterexample to Naimark’s problem
without outer automorphisms.

Exercise 11.4.10 Use <~ (Hy,) (without using the conclusion of Exercise 8.7.20)
to prove Theorem 11.2.2 directly.

The following two exercises should be compared to Exercise 5.7.24. They require
familiarity with the method of forcing (see e.g., [165]).

Exercise 11.4.11 Use <&y, (or <7 (Hy,)) to construct a counterexample to Nai-
mark’s problem and a Suslin tree 7 such that T forces that A remains a counterex-
ample to Naimark’s problem.

Exercise 11.4.12 Suppose A is a counterexample to Naimark’s problem of density
character R;. Prove that A remains a counterexample in every forcing extension by
a o-closed poset.

Notes

Section 11.1: Lemma 11.1.1 may be the simplest instance of the free set mapping
theorem; see [73] for more.

Theorem 11.1.2 is based on [3, Example 2.1]. I am indebted to Xin Li for
alerting me to this result. Akemann’s algebra has density character 2¢. The algebra
constructed in Theorem 11.1.2 has density character R, a cardinal not greater, and
possibly much smaller, than 2¢ (see e.g., [165, Corollary IV.7.18]). This can be
further improved to 8 (the least possible density character of a C*-algebra with no
abelian approximate unit); see Exercise 14.6.11.

I originally planned to include a construction of a prime C*-algebra that is
not primitive (see [256] and [150]). In the meantime, this result appeared as
Proposition 6.9.6 in the revised version of [192], making this plan redundant.

Section 11.2: A counterexample to Naimark’s problem was constructed from <y,
in [6]. Theorem 11.2.2 is a special case of the main result of [91], where an AM
counterexample has been constructed.

The minimal density character to a counterexample to Naimark’s problem (if
there are any) is equal to ¢ (Corollary 5.5.6, see also Exercise 5.7.24). Since it is
relatively consistent with ZFC that the Continuum Hypothesis fails, the existence
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of a counterexample to Naimark’s problem of density character ¥ is independent
from ZFC. It is a major open problem whether a counterexample to Naimark’s
problem, or a counterexample to Glimm’s Dichotomy, can be constructed in ZFC.
All known counterexamples to these problems were constructed using <y, , but there
is quite a variety of them. One counterexample is AM and it is not isomorphic to
its opposite algebra A°P [91] and there are counterexamples with nontrivial tracial
simplices [242].

Section 11.3: Theorem 11.3.2(5) and (1)-(3) are taken from [202] and [9],
respectively.

Another remarkable property of C(F,) (for any «) is that it is projectionless
[199]. The proof of this fact uses K-theory and I am not aware of the existence of
an elementary proof.



Part 111
Massive Quotient C*-algebras

In Part IIT we study massive quotient C*-algebras. Unlike the counterexamples
constructed in Chapters 10 and 11, these are canonically defined C*-algebras
of central importance. Their properties are highly sensitive to the set theoretic
axioms. These quotient C*-algebras, such as coronas, asymptotic sequence algebras,
and ultraproducts, have played a role in the theory of C*-algebras since its very
conception. A prime example is the Calkin algebra 2(H), the quotient of the
algebra of bounded linear operators on H modulo the ideal of compact operators.
The first (implicit) appearance of quotient operator algebras was perhaps the Weyl—
von Neumann theorem. It asserts that two self-adjoint operators on a separable and
infinite-dimensional complex Hilbert space H have unitarily conjugate compact
perturbations if and only if their essential spectra coincide. In other words, the
spectral measure is trivialized by modding out the compact operators. Reformulating
again, the unitary equivalence of self-adjoint elements of 2(H) coincides with the
equality of spectra, and is therefore smooth (if construed as a relation on a Polish
space such as the self-adjoint part of the unit ball of Z(H))." In the 1970s Brown,
Douglas and Fillmore introduced methods of homological algebra and algebraic
topology to operator algebras and extended the Weyl—von Neumann theorem to the
essentially normal operators (see the introduction to Chapter 12).

IThe unitary equivalence of self-adjoint elements of Z(H) is much more complicated: It is not
smooth, and not even classifiable by countable structures (see [152]).



Chapter 12 ®
The Calkin Algebra oo

Apart from its intrinsic interest, the analysis of the ring 97 [the Calkin algebra] yields in a
very simple way theorems of considerable depth concerning B [A(H)]. Of results of this
sort, we will here mention only a generalization of Weyl’s classical theorem comparing the
spectra of two self-adjoint operators with totally continuous [compact] difference [259].
J.W. Calkin, [38]

In 1909,! when considering the stability of differential operators under boundary
conditions, Weyl proved that two self-adjoint operators on H with compact differ-
ence have the same spectrum, except for the isolated points of finite multiplicity
[259]. In 1935 von Neumann proved a converse: if two self-adjoint operators on H
have the same spectrum, except for the isolated points of finite multiplicity, then
they are unitarily equivalent up to a compact difference. The quotient of (H) over
S (H)—"“ring M,” nowadays known as the Calkin algebra and denoted 2(H ), was
explicitly introduced in 1941 by Calkin [38].

All of these developments predate the introduction of C*-algebras by Gelfand—
Naimark and Segal, making the Calkin algebra the earliest example of a non-type I
C*-algebra that is not a von Neumann algebra.”

Last, but not least, the Calkin algebra is a quotient object of monstrous
proportions, some of whose most basic properties are independent from ZFC.

I'This was the year when Hausdorff’s gap (Theorem 9.3.7) celebrated its first birthday.

2 The Calkin algebra was the earliest example of an abstract C*-algebra, and therefore arguably the
first “genuine” example of a C*-algebra. Earlier examples of C*-algebras were the von Neumann
algebras and the algebra of compact operators. In [38] Calkin constructed the relevant instance
of the GNS representation and proved that it is isometric. He also proved the relevant instance of
Lemma 3.1.13, hinted at taking quotient of a Il factor by its Breuer ideal (Example 4.1.5 (2)),
and gave an early construction of invariant means.
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314 12 The Calkin Algebra
12.1 Basic Properties of the Calkin Algebra

In this section we prove that every separable C*-algebra is isomorphic to a C*-
subalgebra of 2(H), that 2(H) does not have a representation on any Hilbert space
of density character less than ¢, and that any countable decreasing family of nonzero
projections in 2(H) has a lower bound.

The Calkin algebra associated with an infinite-dimensional Hilbert space H was
defined in Section 2.5.1 as the quotient (.# (H) is the ideal of compact operators
of Z(H))

2(H) = A(H)/* (H).
The quotient map is denoted
. BH)— 2(H).

Although the case when H is separable is most interesting, the proofs of many
of the properties of 2(H) do not require this assumption. The following example
illustrates why is the Calkin algebra the “noncommutative” analog of ¢, /co, and
therefore (via the Gelfand—Naimark and Stone dualities, see Theorem 1.3.2 and
Section 1.3.1) the “noncommutative” analog of &?(N)/ Fin.

Example 12.1.1 In a separable, infinite-dimensional Hilbert space H fix an
orthonormal basis &,, for n € N. All operators in ZA(H) that have each &, as
an eigenvector comprise von Neumann algebra A. This is an atomic masa of Z(H)
(see Example 3.1.20). The lattice of its projections consists of all projections
diagonalized by the basis (&,) and is therefore isomorphic to the Boolean algebra
Z(N). Thus A is isomorphic to £, via the map that sends a to the sequence of its
eigenvalues associated with the basis vectors. This isomorphism sends AN.%Z (H) to
co, and hence A/(ANJZ (H)) = £ /co. The poset of projections of A/(ANJZ (H))
is isomorphic to & (N)/ Fin.

Lemma 12.1.2 Suppose H is an infinite-dimensional Hilbert space. Then the
Calkin algebra 2(H) has real rank zero. If H is separable, then any two nonzero
projections in 2(H) are Murray—von Neumann equivalent and 2(H) is simple.

Proof The Calkin algebra has real rank zero since it is a quotient of the von Neu-
mann algebra Z(H) (Corollary 2.7.2). Therefore, every hereditary C*-subalgebra
of 2(H) is generated by projections (Theorem 2.7.1). If p is a nonzero projection in
2(H), then it can be lifted to a projection p; in Z(H) (Lemma 3.1.13). The range
of pi is infinite-dimensional, and if H is separable, then there exists an isometry
v € HAB(H) such that vv* = p. Then 7 (v) is an isometry in 2(H) such that
w(vv*) = p. Since p was an arbitrary nonzero projection in 2(H), all nonzero
projections in 2(H) are Murray—von Neumann equivalent to 1 gg). O

An extension of the following lemma is in Exercise 12.6.1.
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Lemma 12.1.3 Every separable C*-algebra is isomorphic to a C*-subalgebra of
the Calkin algebra.

Proof Let A be a separable C*-algebra. By Corollary 1.10.4 there exists a faithful
representation o : A — Z(H), for a separable Hilbert space H. Let o’ denote the
amplification Py o: A — B(Py H) (note that Py H = H ® £2(N) = £,(N)).
For every a € A \ {0} the image o’ (a) is not compact, and therefore o is a faithful
representation of A on a separable Hilbert space such that o’(a) is compact only
if @ = 0. Therefore, the composition of ¢’ with the quotient map is the required
embedding of A into the Calkin algebra. O

Proposition 12.1.4 The Calkin algebra 2(H) has density character c. It has a
representation on a Hilbert space K if and only if the density character of K is at
least c.

Proof Since 2(H) is the quotient of B(H), its density character is at most c.
Corollary 1.10.4 now implies 2(H) can be represented on ¢»(c). By taking
amplifications, one obtains a representation of 2(H) on % (€, (k)) for every k > ¢
(see Exercise 12.6.1).

Example 12.1.1 can be used to prove that the density character of 2(H) is at
least ¢, and therefore equal to ¢, but by Corollary 1.10.4 it will suffice to prove that
there is no representation of 2(H) on ¢; (k) for k < ¢. Let o/ be an almost disjoint
family in &7(N) (Proposition 9.2.2). Suppose ¢}, for j € N, is an orthonormal basis
for H. As before, for X € N let px be the projection to the closed linear span of
{ej : j € X}. Then the projections {m(px) : X € &/} are orthogonal. Since 2(H) is
simple, every representation is faithful, and any family of orthogonal projections in
PB(L>(k)) has cardinality at most «. O

12.2 Projections in the Calkin Algebra

In this section we study the poset of projections of the Calkin algebra and the
associated cardinal characteristics b*, 0*, and p*. This section relies on Sections 9.5
and 9.6.

Asin Section 1.5, the set of projections in a C*-algebra is considered as a partially
ordered set with the ordering inherited from the set of self-adjoint elements. For
projections p and g we have p < ¢ if and only if pg = p (Lemma 1.5.1).

Lemma 12.2.1 For projections p and q in B(H), w(p) < n(q) if and only if for
every ¢ > 0 some finite-rank projection po < p satisfies ||(p — po)(1 — q)| < e.

Proof Clearly w(p) < m(g) is equivalent to p(1 — ¢) being compact. Since finite-
rank projections pg < p form an approximate unit for the corner p.# (H)p, the
statement follows. O

We write p <X q if either of the equivalent conditions in Lemma 12.2.1 is
satisfied. Since Lemma 3.1.13 implies that 7 [Proj(#(H))] = Proj(Z2(H)), the
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poset (Proj(2(H)), <) is isomorphic to the quotient of Proj(Z(H)) by the relation
obtained by symmetrizing < . If H is separable, then Proj(Z(H)) is a Polish space
in the strong operator topology (Example B.2) and Lemma 12.2.1 implies that the
graph of <7 is a Borel subset of Proj(#A(H)) x Proj(#A(H)).

The annihilator of a C*-subalgebra A of a C*-algebra C is

At :={ceC:ac=0foralla € A}.

It is a hereditary C*-subalgebra of C (Exercise 12.6.7). Cofinal equivalence of
directed sets was defined in Definition 9.6.8.

Proposition 12.2.2 If A is a non-unital, separable C*-subalgebra of the Calkin
algebra, then the posets ((AJ_)+’], <) and (NN, <*) are cofinally equivalent.

Proof The proof is closely related to the proof of Proposition 9.6.11. The lift of
A, {a € B(H) : n(a) € A} is o-unital. Let Ay be the hereditary subalgebra of
A(H) generated by this lift. It is o-unital and it has real rank zero, therefore by
Theorem 2.7.1 Ag has a sequential approximate unit consisting of projections, p;,,
form € N. Since A is not unital, p,;, 11— pm is not compact for infinitely many m and
by refining the sequence we may assume that it is not compact for all m. Let p,, ,,
form € Nand n € N, be orthogonal rank-1 projections such that \/,, p.n = pm
for all m. Define T: NN — Z(H) by

T(f) = \/{pmn :n < f(m)}.

Clearly, if f < g,then T (f) < T(g). Since p,, T (f) has finite rank for all m and f,
and p,, is an approximate unit for Ao, the range of T is included in the lift of AL
This lift is equal to

B:={beBH):abe ¥ (H)foralla € Ay}

and we need to prove that the poset (B4 1, <) is Tukey equivalent to (NN, <*),
Fix b € B. Then p,,b is compact for all m, and there exists f € N™ such that

1= Ve oy Pradbll < 277

forallm. Then || (1-T(f))b|| < € and (1—T (f))b is compact. Therefore, the range
of T is an approximate unit of B which is cofinal in B ;. Since T is monotonic, this
proves that (NN, <*) is order-isomorphic to a cofinal subset of B j, and therefore
the two posets are cofinally equivalent. O

Two cofinally equivalent directed sets have the same bounding number and dom-
inating numbers (Definition 9.5.3) by Theorem 9.6.9, and we have the following.
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Corollary 12.2.3 Suppose A is a non-unital, separable C*-subalgebra of the
Calkin algebra. The cardinals b* := b41) | <) and o* = Oty <) do not
depend on the choice of A. In addition, b = b* and 0 = 0*. O

A quantum filter (Definition 5.3.3) .% on Z(H) is diagonalized by a projection p
if p is not compact and p < ¢ for all ¢ € .%. A quantum filter .Z is nonprincipal
it ZNx =4.

Definition 12.2.4 Writing Proj(Z(H)) for the poset of projections in Z(H), let

p* := min{|F#| :.F C Proj(%#(H)) generates a

quantum filter which is not diagonalized}.
This is the “quantized” analog of the standard cardinal invariant

p = min{|.%| :.% C Z(N) generates a

filter which is not diagonalized}.

The following lemma will be used in Section 12.5.

Lemma 12.2.5 Assume py, for n € N, is a decreasing sequence of projections
in 2(H). Then there is a nonzero projection p in 2(H) such that p < py, for all n.
Therefore 81 < p* < ¢, and the Continuum Hypothesis implies p* = 8| = ¢.

Proof Recursively find g, in Proj(#(H)) that lift p, for n € N. Since p,+1 < py
we can choose g,+1 € HB(gnH) so that g, > g,+1 for all n. Recursively choose
vectors &, in the range of ¢, so that &, is orthogonal to &,, for n < m. Let p be the
projection to the closed linear span of &,, for n € N. Then 7 (p) < w(gn) = p» for
all n. O

12.3 Maximal Abelian C*-Subalgebras of 4(H) and 2 (H)

In this section, we classify maximal abelian C*-subalgebras of % (H). We also
prove the Johnson—Parrott theorem: the image of a masa in Z8(H ) under the quotient
map is a masa in 2(H). The existence of an abelian C*-subalgebra of 2(H) with
no abelian lift is proved by a counting argument. This result will be improved in
Section 12.4. The section concludes with a discussion of the role of % (¢,(x)) and
2(€y(k)) as noncommutative analogs of £ (k) and £ («)/ Fin,.

Proposition 12.3.1 Suppose H is a separable Hilbert space. Then there are ¢
masas in B(H) and R unitary equivalence classes of masas in 8(H).

Proof By the Spectral Theorem (Theorem C.6.11), for every masa A in A(H)
there exists an isomorphism between H and Ly (X, p) for a probability measure
space (X, u) that sends A to Lo (X, ). Therefore, every masa D in Z(H) is
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isomorphic (as a von Neumann algebra) with L., (X, ) for some separable measure
space (X, u). Let mp be the number of atoms in this space. Proposition C.6.11
implies that m p is a complete invariant for the unitary equivalence of masas. Since
mp € NU {Rp}, there are R unitary equivalence classes of masas.

Since the unit ball of Z(H) is a Polish space, it has ¢ closed subsets. The
intersection of a masa is such a closed set and it uniquely determines a masa, and
therefore there are at most ¢ masas in Z(H). |

Theorem 12.3.2 (Johnson-Parrott) If A is a masa in 8(H), then w[A] is a masa
in the Calkin algebra.

Proof Let b € A(H) be such that ba — ab € ¢ (H) forall b € A. We will find
by € A such that b — by € JZ (H). By Theorem 3.1.14, with tr denoting the trace
on the algebra % (H) of trace class operators, the bilinear map

(cld) := tr(cd)

implements the duality between Z(H ) and the ideal % (H) of trace class operators.

For a trace class operator ¢ define f.: U(A) — Cby f.(u) := (ubu*, ¢). Clearly f

is norm-continuous and its norm is bounded by ||b||||c||. Therefore, f. € £oo(U(A)).
With u denoting an invariant mean on U (A), let

by = fU(A) ubu* dp(u).

In other words, with the conditional expectation @ : Z(H) — A’ defined in
Proposition 3.3.10 (see also Example 3.3.2), by := ©®(b). Since A is a masa, it
satisfies A’ = A and by € A. Therefore, every u € U(A) satisfies

by — ubu® = (bju — ub)u* € A (H).

We aim to prove that b — by € J£ (H).

Claim If b — by ¢ ¢ (H), then there are nonzero orthogonal projections p, € A,
for n € N, such that inf, || p,(b — b1) pn|l = & > 0.

Proof For a projection p € Alete, := ||w(p(b — b)) p)l.
Then g1 = ||z (b — b1)|| > 0. As pg = 0 implies €1, = max(gp, &;),

F = {p €Proj(A) : &, < &1}

is an ideal of the Boolean algebra Proj(A). Let ¥ be an ultrafilter of Proj(A) disjoint
from _¢.Then ¢, = & forall p € 7. Since A is a von Neumann algebra and ¥ is
directed, Lemma 3.1.3 implies that g := inf{p : p € ¥} is a projection in A.
Suppose for a moment that &, = ¢;. This implies ¢ ¢ #.Ifr € qAq is a
nonzero projection, then ¢, = max(é,, £;—,) and the minimality of g implies g = r.
Since A is a masa, ¢ Aqg = Cgq. Therefore for every u € U(A) we have ug = Ag for
some A € T, and g(b — ubu™)q = 0. This contradicts ||g(b — b1)q|| = &1 > 0.



12.3 Maximal Abelian C*-Subalgebras of #(H) and 2(H) 319

We may therefore assume &, < €1, hence ¢ ¢ 7. Recursively choose a
decreasing sequence of projections g, € ¥ such that &, _4(n+1) > €1/2 for all n.
Then the projections p, := g, — g,+1 are as required. O

Fix orthogonal projections p,, forn € N and ¢ > 0 as guaranteed by the Claim.
Since b| = fU(A) uau™ du(u), for every n there is a unitary u, in p, A such that

| pn(b — ”nb“:)pn“ = || pn(buy — uyb) pull > €/2.

Since A is a von Neumann algebra, it contains a := Zn pni,. However, we have

Il pn(ba — ab)pyll > /2

for all n; this is a contradiction since ba —ab € J# (H). Therefore, b—b, € # (H).
Since b1 € A and b was an arbitrary element of Z(H) that commutes with A
modulo ¢ (H), m[A] is a masa. |

See also Exercise 12.6.15. Theorem 12.3.2 justifies the terminology of the
following definition.

Definition 12.3.3 The image of the atomic masa in Z8(H) (Example 3.1.20) under
the quotient map is known as the atomic masa in 2(H). The image of the atomless
masa in (H) (Example 3.1.21) under the quotient map is known as the atomless
masa in 2(H).

Since £ (H) N Loo = cp, the atomic masa in 2 (H) is isomorphic to £« /co.

If (X, ) is an atomless measure space, then basic spectral analysis shows
that L (X, ) does not contain any nonzero compact operators. Therefore, the
restriction of the quotient map to the atomless masa is the identity map. This implies
that the poset (Proj(Z2(H)), <) has a maximal commuting subset isomorphic to the
Lebesgue measure algebra that lifts to a commuting set of projections in Z(H).

12.3.1 ABHa(k)) and 2(Ly(k)) as Noncommutative Analogs of
the Boolean Algebras & (k) and & (k)/ Fin,

Throughout this subsection we suppose « is an infinite cardinal. As in Exam-
ple 6.2.4, for an infinite cardinal A < « let

P(k) ={XCk:|X <A}

(pronounced P-kappa-lambda). These are the simplest (but by no means the only)
ideals in the Boolean algebra & (k).



320 12 The Calkin Algebra

Let H := £5(k). For an infinite cardinal A < « let
i (H)? = {a € B(H) : the density character of a[ H]) is smaller than A}.

Hence J#44,(H )0 is the ideal of finite-rank operators, jifgl(H)O is the ideal of
operators with separable range, and %+ (H) is the ideal of operators whose range
has density character not greater than A. The case when x = A = R of the following
lemma is Proposition C.6.2.

Proposition 12.3.4 [f H = £5(k), then we have the following.

1. .(H)? is a two-sided, self-adjoint, ideal of Z8(H) for any A <

2. If A is uncountable, then ¢, (H Y0 norm-closed.

3. Every norm-closed ideal in 2(H) is equal to ¢, (H) = Jt.(H)? for some
cardinal A < k.

Proof The proofs of (1) and (2) are straightforward.

(3) suppose J is an ideal of H. For a projection p € J let 8(p) denote the density
character of p[H], and let A be the least cardinal strictly greater than 6(p) for all
p € J. We claim that J = 7, (H).

Since ZA(H) has real rank zero, J has an approximate unit, &, consisting of
projections ((1) of Theorem 2.7.1). If p € &, then for every a € AB(l>(k)) the
density character of ap[ H] is at most 8(p). Since 6(p) < A, we have J C %, (H).

For the converse inclusion it suffices to prove that every self-adjoint a € £, (H)
belongs to J. Since %, (H) has real rank zero (Corollary 2.7.2), every self-adjoint
element can be approximated by a linear combination of projections and it suffices to
prove that every projection p € %, (H) belongs to J. Fix a projection p € %, (H).
Then 6(p) < A and some g € J satisfies 6(p) < 6(q). This implies that there exists
a partial isometry v € B(H) such that v*v = p and vv* < g. Therefore, gv € J
and p = v*qv € J. Since p was arbitrary, %, (H) C J. O

Lete := (§; : j € «) be an orthonormal basis of H = £, (). By projg we denote
the projection to a closed subspace K of H. For every X C « define the projection

P)e( = Pfojm{gj:jex} .

We omit the superscript and write px whenever the basis e is clear from the context.
A proof of the following lemma is left as an exercise.

Proposition 12.3.5 If H = {»>(k), then we have the following.

1. The correspondence X +— px is an isomorphism from the Boolean algebra & (k)
onto a maximal Boolean subalgebra of the lattice Proj(%(H)) of projections
on H.

2. The projections px, for X € P, (k), form an approximate unit for ¢, (H).

3. Ana € HB(H) belongs to ¢ (H) and only if infix; |la — pxapx|l = 0. O

Corollary 12.3.6 The Boolean algebra & (k)| (k) is isomorphic to the lattice
of projections in the atomic masa B(La(k)) /7 (k). O
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12.3.2 Lifting Masas

Does every masa in 2(H) lift to a masa in Z(H)? This question deserves being
answered three times.

Theorem 12.3.7 If H is a separable Hilbert space, then some commuting family of
projections in 2(H) does not lift to a commuting family of projections in (H).

Proof By Proposition 12.3.1 there are ¢ masas in Z(H). Fix an almost disjoint
(modulo finite) family .o of infinite subsets of N of cardinality ¢ (Proposition 9.2.2).
By Corollary 12.3.6 there exists a Boolean algebra homomorphism of &?(N)/ Fin
into the algebra of projections in the atomic masa in 2(H). The image of </
under this homomorphism consists of orthogonal projections py, for X € 27, in
2(H). For every X € o the corner px2(H ) px is isomorphic to 2(H) and we fix
noncommuting projections ¢gx o and gx in px 2(H) px.
To each f: o/ — {0, 1} associate a family of orthogonal projections

gf = {qx,f(X) :Xe Qf}

We thus obtain 2¢ families of commuting projections. If f # g and X € & is
such that f(X) # g(X), then ¥y U%, contains noncommuting projections, gx,o and
gx.1- There are only ¢ masas in Z(H), and the image of any of these masas under
the quotient map is abelian. It can therefore include at most one ¢. By a counting
argument, ¢ does not have a commutative lift for some f. O

Corollary 12.3.8 Some masas in 2(H) do not lift to masas in (H). O

We will sharpen the result of Theorem 12.3.7 in Theorem 14.3.2 by showing
in ZFC that there exists a family of 8| projections in 2(H) that cannot be lifted
to commuting projections. In Proposition 12.4.3, we will find a separable abelian
subalgebra of 2(H) with no abelian lift. Heading in the opposite direction, by
Lemma 12.4.4 (and its proof), every countable family of commuting projections
in 2(H) lifts to a commuting family of projections in Z(H).

12.4 Lifting Separable Abelian C*-Subalgebras of 2(H):
The Weyl-von Neumann Theorem

Second, the mathematician must risk frustration. Most of the time, in fact, he finds himself,
after weeks or months of ceaseless searching, with exactly nothing: no results, no ideas, no
energy. Since some of this time, at least, has been spent in total involvement, the resulting
frustration is very nearly total. Certainly it seriously affects his attitude towards all other
affairs.

Donald R. Weidman, Emotional Perils of Mathematics
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In this (uplifting!) section we study the existence of diagonalizable lifts of
self-adjoint and normal elements of the Calkin algebra. We prove the Weyl-von
Neumann—Berg—Sikonia theorem on diagonalizing normal operators modulo the
ideal of compact operators. Continuing the discussion of the lifting problem for
abelian subalgebras of 2(H) started in Section 12.3, we isolate two additional
obstructions to the existence of abelian liftings: a Fredholm index/K-theoretic
obstruction (Proposition 12.4.3) and incompactness of & (Theorem 14.3.2).

Definition 12.4.1 An operator b € B(H) is diagonalizable if H has an orthonor-
mal basis consisting of eigenvectors of b. A set of operators is simultaneously
diagonalizable if all of its elements are diagonalized by a single orthonormal basis
of H. A C*-subalgebra B of ZA(H) is diagonalizable if there exists an orthonormal
basis that diagonalizes every b € B.

A few observations:

1. If a is diagonalizable, then a* is diagonalized by the same orthonormal basis
as a because a A-eigenvector for a is a A-eigenvector for a* for all A € C.
Since operators diagonalized by the same basis commute, every diagonalizable
operator is normal.

2. Every diagonalizable subalgebra of Z(H) is included in an isomorphic copy
of £, and therefore abelian.

3. If k is an infinite cardinal, then a subalgebra B of (£, (k)) is diagonalized by
the standard basis if and only if B C £, («). Therefore, a subalgebra B of Z(H)
is diagonalizable if and only if there exists a unitary u: H — €7(x) (where « is
the density character of H) such that u Bu™ C £ (k).

As in Section 2.5, a lift of a C*-subalgebra A of a quotient M/J is a C*-subalgebra
B of M such that n[B] = A, where 7: M — M/J denotes the quotient map.
The algebra {b € M : w(b) = A} is the largest lift of A. This section is about the
existence of abelian lifts of abelian C*-subalgebras of 2(H).

Lemma 12.4.2 Ifa C*-subalgebra A of 2(H) is generated by a single self-adjoint
element, then it has an abelian lift.

Proof By Lemma 2.5.4 the self-adjoint generator of A has a self-adjoint lift, and a
self-adjoint operator generates an abelian C*-algebra. O

The situation is more exciting in the case of normal elements of the Calkin
algebra. Recall that s denotes the unilateral shift of a fixed basis &,, forn € N
of H = ¢>(N) (Example 1.1.1). Atkinson’s theorem (Theorem C.6.3) provides
characterization of invertible elements of 2(H) as those with a Fredholm lift.

Proposition 12.4.3 The algebra C* (7 (s)) is an abelian C*-subalgebra of 2(H)
isomorphic to C(T) with no abelian lift.

Proof Since s*s = 1 and 1 — ss* is a rank-one projection, 7 (s) is a unitary in
2(H) and therefore C*(rr(s)) = C(sp(sm(s)) is abelian. Proposition C.6.5 implies
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that every lift a of s has a nonzero Fredholm index. Such an a is not normal, and no
C*-algebra containing it is abelian.

It remains to prove that C*(;r(s)) = C(T). It is not difficult to prove this by
showing that sp(s) = T, but an indirect proof may be more illuminating.’ By the
continuous functional calculus, a unitary v whose spectrum is a proper subset of T
can be represented as exp(ia) for a self-adjoint a. Such a has a self-adjoint lift
(Lemma 2.5.4), a, and exp(ia) is a unitary lift for v. Since s has no unitary lift, we
have sp(z(s)) = T and C* (7 (s)) = C(T). O

An alternative proof of the following lemma is sketched in Exercise 12.6.13.

Lemma 12.4.4 Suppose H is a separable Hilbert space and A is a separable
abelian C*-subalgebra of 2(H).

1. If A has real rank zero, then it has a diagonalizable lift to 28(H).
2. If A has an abelian lift, then it has a diagonalizable lift.

Proof (1) Let p,, for n € N, be a set of projections dense in Proj(A) and let &,,
or n € N, be a dense subset of the unit ball of H. We will recursively choose
projections g, forn € N, in (H), an orthonormal basis 7, forn € N, of H, and
an increasing sequence k(n) € N so that for all m, all n < m, and all j < k(m) we
have

3. 7(gn) = pn;

4. [gn, gm] =0,

5. n; is an eigenvector for g,, and

6. dist(§,,span{n; : j < k(m)}) < 1/m.

Assume g, n;j, and k(j) were chosen to satisfy these requirements for all j < m.
By the instances of (5) for n < m, the projection r to the orthogonal complement of
{nj : j < k(m)} commutes with all g,,, forn < m. Fors € {1, L}" let

. s(j)
rsi=r[ljna;

This is an atom in the Boolean algebra generated by r and ¢, for j < m. For each
s € {1, L}", the projections p,, and m(rs) commute. By Lemma 3.1.13 applied
in A(rs[H]) there is a projection gs in AB(rs[H]) such that w(gs) = pm7m(rs).
Therefore

gm =Y lgs:s € {0, 1))

lifts p,, and (3) holds for n = m. Also, g,n; = 0 for all j < k(m) and (5) holds.
Fix n < m. Since gsg, = gnqs for all S, we have [g,,, ¢,,] = 0 and (4) holds as well.

It remains to choose k(m) and n;, for j < k(m), so that (6) holds. For s €
{0, L}™ find a finite orthonormal system 7s in gs[ H] such that

30r rather, it illuminates the ideas relevant to the present context.
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dist(gs&m, Span(ns)) < m~'27".

Let {n; : k(m — 1) < j < k(m)} be an enumeration of Us ns. Then (6) holds
because

dist(&,,, s5pan{n; : j < k(m)} <m™'.
Each n; is an eigenvector of every gs, hence (5) holds for all n and j < k(m).

This describes the recursive construction. The vectors n,, for n € N, form an
orthonormal basis of H since every &, is in their closed linear span. As each g, is
diagonalized by this basis, B := C*(gq, : n € N) is a diagonalizable lift of A.

(2) Let M be the WOT-closure of a separable abelian lift Ag of A. Being a
von Neumann algebra, M has real rank zero. Let C be a separable elementary
submodel of M which includes Ag (Theorem 7.1.3). Since having real rank zero
is axiomatizable [90, Theorem 2.5.1], C has real rank zero.

The C*-subalgebra 7 [C] of 2(H) is abelian, includes A, and has real rank zero
by Corollary 2.7.2. Additionally, (1) implies that 7 (C) has a diagonalizable lift D,
and 7 ~'[A] N D is the required diagonalizable lift of A. O

By Lemma 12.4.4, If H is a separable Hilbert space and p,, for n € N,
are commuting projections in Z(H), then there are projections g, for n € N,
diagonalized by a single basis of H such that p,, — g, is compact for all n. However,
not every countable collection of commuting projections in Z(H) is diagonalized
by a single basis of H (Exercise 12.6.11).

Corollary 12.4.5 A separable abelian C*-subalgebra of 2(H) has an abelian lift
if and only if it is included in an abelian C*-subalgebra of 2(H) of real rank zero.

Proof By Lemma 12.4.4 it suffices to prove the direct implication. Suppose A is a
C*-algebra of 2(H) with an abelian lift B. Then B” is an abelian von Neumann
algebra and it therefore has real rank zero. Therefore, w[B”] has real rank zero
(Corollary 2.7.2). As it includes A, this concludes the proof. O

Can the assumption of separability be dropped from Lemma 12.4.4 or from
Corollary 12.4.5? One could consider the least cardinal « such that some abelian
C*-subalgebra of 2(H) of density character ¥ does not have an abelian lift. We
will see later on that it is equal to a well-studied small cardinal (Theorem 14.3.2).
Meanwhile, we return to lifting problems similar to those briefly considered in
Section 2.5.

Corollary 12.4.6 Suppose H is a Hilbert space and a € 2(H).

1. If a is self-adjoint, then it has a diagonalizable lift.
2. If a has a normal lift, then it has a diagonalizable lift.

Proof If a is self-adjoint, then it has a self-adjoint lift by Lemma 2.5.4, and it
suffices to prove (2).

(2) if b is a normal lift of a, then C*(b) is an abelian lift of C*(a). Lemma 12.4.4
implies that C*(a) has a diagonalizable lift, and therefore so does a. O
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The essential spectrum of a € HB(H) is
Spess(@) :=sp(a) \ {A € sp(a) : A is an isolated point of finite multiplicity}.

The pure point spectrum of a normal a € Z(H) is the set of its eigenvalues. It
is a subset of the spectrum of a. Since the eigenvectors corresponding to distinct
eigenvalues are orthogonal, the pure point spectrum has cardinality no greater than
the density character of H. It is therefore typically a proper (and possibly empty)
subset of sp(a).

Theorem 12.4.7 Suppose a in (H) is normal and D C spegs(a) is countable and
dense. Then there exists a normal and diagonalizable ay € 9(H) such that a; — a
is compact, and the pure point spectrum of aj is equal to D.

Proof By Corollary 12.4.6(2) there exists a diagonalizable b € Z(H) such that
7(b) = m(a). We may assume b € £oo, and write b = (A;);. Then {A; : j € N} is
the pure point spectrum of b and it is a dense subset of sp(b). Since 7w (a) = w(b)
we have sp(b) D spess(a). Since spegs(a) is compact, for each j we can choose
)Jj € sp(a) so that [A; — )le = dist(%, sp(a)).

Then a; = ()‘/j)j satisfies sp(a1) C spess(a). Also, the set {j : [A; — )\/j| > ¢g}is
finite for every ¢ > 0, and therefore b — a; is compact. Thus a; is a diagonalizable
lift of 7 (a), and sp(a1) = Spess(a). O

Corollary 12.4.8 Suppose A is a unital abelian singly generated C*-algebra and
that ®;: A — 2(H), for j < 2, are injective unital *-homomorphisms such that
@ ;[A] has an abelian lift for j < 2. Then there exists a unitary u € %(H) such
that @9 = Adm(u) o @;. |

12.5 The Other Kadison-Singer Problem

What I tell you three times is true.
Lewis Carroll, The Hunting of the Snark

In this section we provide three constructions of a pure state on Z(H) whose
restriction to any atomic masa is not pure. Each of the constructions uses maximal
quantum filters and an additional set-theoretic axiom: Continuum Hypothesis, the
assertion that the real line cannot be covered by fewer than ¢ closed nowhere
dense sets, and the cardinal inequality 9 < p*, respectively. This section relies on
Chapters 5, 8, and 9.

Suppose B is a C*-subalgebra of a C*-algebra A. The set of extensions of a pure
state ¢ of B to a state on A is a face of the state space S(A) of A (Lemma 5.3.5).
In particular, if ¢ has a unique state extension to A, then this extension is pure. If
every pure state on B has a unique state extension to A, then B is said to have the
extension property (Definition 10.2.12).
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In [56, p. 74-75] Dirac asserted that a representation of a maximal set of
commuting observables uniquely determines the representation of the space of all
observables. Since observables in quantum mechanics are self-adjoint operators
[125], and since an abelian C*-algebra is generated by its self-adjoint part, Dirac’s
statement directly translates into the assertion that masas in %(H) have the
extension property.

Every vector state wg whose restriction to a masa in Z(H) is pure has a unique
state extension to Z(H). This is because the projection p to C& belongs to the masa
and wg (a) is a unique A such that pap = \a, for every a € Z(H). (In other words,
the maximal quantum filter associated with wg is principal.) In [147] Kadison and
Singer proved that the atomless masa does not have the extension property. They
achieved this by constructing different conditional expectations from Z(H) onto
the atomless masa and composing them with its pure states. Kadison and Singer
proved that there is a unique conditional expectation from Z(H) onto the atomic
masa but the question whether the atomic masa £, (N) has the extension property
in (£2(N)) remained elusive for almost 60 years. It gradually gained prominence
as the Kadison—Singer Problem, finally solved in the affirmative in [176]. The
following conjecture [147, p. 399] is in a sense dual to the more famous Kadison—
Singer problem.

Conjecture 12.5.1 (Kadison—Singer) For every pure state ¢ of Z(H) there is a
masa (perhaps many) A such that ¢ [ A is multiplicative.

Definition 12.5.2 Let % be an ultrafilter on N and let e := (7,,),, be an orthonormal
basis for H. Define a functional on Z(H) by

oy (a) == lim (an,|n.).
n—>u

Being a weak*-limit of states, ¢, is a state. We say that it is diagonalized by e, and
that a state on B (H) is diagonalizable if it is diagonalized by some basis.

The positive solution to the Kadison—Singer problem, together with the fact that
a pure state on a C*-subalgebra has a unique extension if and only if it has a unique
pure state extension (Lemma 5.4.1), implies that every state on %(H) with pure
restriction to some atomic masa is pure. In particular, every diagonalizable state is
pure (this was first proved in [12]).

A confirmation of the following conjecture is equivalent to the assertion that
for every pure state on Z(H) there exists an atomic masa A such that ¢ [ A is
multiplicative.

Conjecture 12.5.3 (Anderson) Every pure state on % (H) is diagonalizable.

We will prove that Conjecture 12.5.3 consistently fails in three different classes
of models of ZFC in Propositions 12.5.4, 12.5.9, and Theorem 12.5.10. These
constructions are given in the order of the increasing complexity and the last two
together cover many (but not all) “common” models of ZFC. It is not known whether
Conjecture 12.5.3 can be refuted in ZFC.
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Take One
Our first refutation of Conjecture 12.5.3 uses the strongest of the three assumptions
and accordingly has the simplest proof.

Proposition 12.5.4 For any collection A of X1 masas of the Calkin algebra 2(H)
there exists a pure state on 2(H) that is not multiplicative on any masa in A.

We postpone the proof of Proposition 12.5.4 in order to show that its conclusion
refutes both Conjectures 12.5.3 and 12.5.1.

Corollary 12.5.5 The Continuum Hypothesis implies that there exists a pure state
on B(H) that is not multiplicative on any masa.

Proof Proposition 12.3.1 implies that there are only ¢ masas in Z(H). By the
Continuum Hypothesis, Proposition 12.5.4 implies that there exists a pure state ¢ of
2(H) not multiplicative on 7 [A] for any masa in Z(H). The composition of the
quotient map with ¢ is the required pure state on Z(H). O

To a pure state ¢ of a C*-algebra A, we associated the maximal quantum filter
(Definition 5.3.1) %, := {a € A1 1 : ¢(a) = 1}. General maximal quantum filters
were defined in Definition 5.3.3.

Lemma 12.5.6 Let .F be a maximal quantum filter on a C*-algebra B and let A be
an abelian C*-subalgebra of B of real rank zero. The following are equivalent.

1. The pure state ¢ is multiplicative on A.
2. Forall g € F and all projections r in A we have max(||[rq||, ||(1 — r)q]) = 1.
3. % NProj(A) is an ultrafilter of the Boolean algebra Proj(A).

Proof Let X be the compact Hausdorff space such that A = C(X). The multiplica-
tive states on C(X) are the evaluation functionals (Example 1.7.2). Since A has real
rank zero, X is zero-dimensional and therefore (1) is equivalent to (3).

Since ¢(pg) = ¢(q) for all p € F (Proposition 1.7.8), Proj(A) N 7 is a filter.
Therefore (2) is also equivalent to (3). |

The following terminology is borrowed from the theory of forcing. Given a C*-
algebra A, a set 2 C Proj(A) \ {0} is order-dense and open in Proj(A) if the
following two conditions hold.

1. For every p € Proj(A) \ {0} there exists ¢ € Z such that g < p.
2. For every p € 9, every nonzero projection g < p isin 2.

These two requirements correspond to 2 being “dense” and “open,” respectively, in
the topology whose basic open sets are U, :={g #0: g < p}.

Since every vector state is multiplicative on some atomic masa, we mod out the
compact operators and work with 2(H).
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Definition 12.5.7 If A is a masa in (H) let

Z(A) == {q € Proj(2(H)) \ {0} : (V¢ € S(2(H)))

¢(gq) = 1 implies @ is not multiplicative on w[A]}.

Lemma 12.5.8 The set Z(A) is order-dense and open in Proj(2(H)) for every
masa A of (H).

Proof Fix p € Proj(2(H)) \ {0}. Proposition 3.6.6 implies that for a C*-algebra C
there is a homeomorphic copy of T in the space P(C) of pure states (considered
with respect to the norm topology) if and only if C is nonabelian, if and only
if P(C) is nondiscrete. Therefore, P(A) is discrete, while B := p2(H)p is
isomorphic to Z(H) and therefore P(B) contains a homeomorphic copy of T.
Since B is hereditary, every state on B has a unique extension ¢ to a state
on 2(H) (Lemma 1.8.5). Since the restriction map from S(Z2(H)) to S(A) is
norm-continuous, there exists a pure state ¢ of B whose restriction to A is not
multiplicative.
By Lemma 12.5.6, there are qo € %5 and r € Proj(A) such that

max([rgoll, |(1 = r)qol)) < 1.

Since ¢(go) = 1, we can choose ¢ < go. Lemma 12.5.6 implies ¢ € Z(A). Since
q € p2(H)p and p was arbitrary, Z(A) is dense.

To see that Z(A) is open, fix g € Z(A). If p < g is a nonzero projection, then
p € Z(A) since p(p) = 1 implies ¢(g) = 1 for all states ¢. O

Proof (Proposition 12.5.4) Enumerate A as A, for @ < R{. We recursively choose
projections pq, for o < Ry, in Z8(H) so that w(py) > w(pg) and 7 (pg) € Z(Aq)
forall @ < B.

The recursive construction of p,, for @ < ¢, proceeds as follows. Suppose S
is a countable ordinal such that p, were chosen to satisfy the conditions for all
a < B.If B is a limit ordinal, then it has countable cofinality and we can choose a
projection g in 2(H) such that ¢ < m(py) forall @ < B. Let pg be a lift of g to
HB(H). Since Z(A) is order-dense and open, 7 (pg) =g € Z(A,) foralla < B.

Now suppose that § = o + 1 for some «. By Lemma 12.5.6, we can find
g < m(py) in Z(A,) and take pg to be a lift of g. This describes the recursive
construction.

Let .% be the quantum filter generated by p,, for « < Rj. If ¢ is a pure state
such that %, D .Z, then ¢(py) = 1 for all o, and the restriction of ¢ to A, is not
multiplicative for any «. This completes the proof. O

The proof of Proposition 12.5.4 gives a stronger statement (Exercise 12.6.18).
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Take Two

Our second refutation of Anderson’s Conjecture uses a weakening of the Continuum
Hypothesis, the axiom cov(.#) = ¢ asserting that no Polish space can be covered
by fewer than ¢ nowhere dense subsets (see Section 8.5).

Proposition 12.5.9 [f the Baire space cannot be covered by fewer than ¢ nowhere
dense sets, then there exists a pure state on J8(H) whose restriction to any atomic
masa is not multiplicative.

Proof Lete,, for @ < ¢, be an enumeration of all orthonormal bases of H. Let A,
be the masa diagonalized by e,. We will recursively find quantum filters .%,, for
a < ¢, in ZB(H) such that the following conditions hold.

1. Each .7, is generated by |1 + «| sets.
2. Fy C Fpifa < B.
3. 441 contains a projection p such that 7 (p) € Z(Agy) (see Definition 12.5.7).

Suppose Fy, for o < B, were chosen to satisfy these conditions. If the quantum
filter generated by ¥ := U(Kﬂ F is not diagonalized by eg, let Fg = ¥.
Otherwise, let g, for y < B, be an enumeration of a downwards directed generating
set for & and for each g,, choose X(y) C N such that ¢, — p)e(ﬁ(y) is compact (where

p;ﬁ(y) denotes the projection to spanfeg(n) : n € X(y)}). The set

7 :={f eNV: f2 =idy, f(n) # n forall n}

is a closed subset of the Baire space and it is therefore Polish in the subspace
topology. Suppose X C N is infinite. Then the set X \ k is infinite for every k € N
and ¥, = {f € Z : (3n > k){n, f(n)} C X} is dense in Z (considered with the
subspace topology inherited from the Baire space). It is clearly open and

D =W {f € Z:@n=kin f()} S X}
is a dense G subset of Z. Since the Baire space cannot be covered by || meager

sets, neither can 2 (Lemma 8.5.3). Fix f € [ Pxi-LetY :={n:n < f(n)},
let

y<B

c(n) == L2 pn) +np(f(n)

forn € Y, and let ¢ := PrOjssanis (n):nely- FOr every y < B, there are infinitely
many n € N such that {n, f(n)} € X,. Then ¢(n) is in the range of p, for every
such n, and therefore |7 (gp,)|| = 1. Since the set {p, : y < B} is directed,
(g I—[ye,: py) = 1 forevery F € B, and & U {m(q)} generates a quantum filter;
this is our Fg.
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It is generated by |B| < ¢ sets. Let p := piﬂ. Then p¢(n) = \/7577/3 (n) for all n.

Therefore ||pg|l = |I(1 — p)gll = “/75, and (with A, denoting the atomic masa

diagonalized by e) Lemma 12.5.6 implies that 7(g) € Z(Ae).

This describes the recursive construction of Fg, for B < ¢. Then (Jgz_ Fp is
a quantum filter not diagonalized by any orthonormal basis of H. We can extend
it to a maximal quantum filter if necessary. The corresponding pure state is not
diagonalized by any atomic masa in 2(H). O

The reader may have noticed that the proof of Proposition 12.5.9 resembles the
construction of a selective ultrafilter (Proposition 8.5.7).

Take Three
The assumption of our third refutation of Anderson’s Conjecture is 0 < p* (see
Definitions 9.5.3 and 12.2.4). Since 8] < 0 < cand 8] < p* < ¢, the inequality
0 < p* is a weakening of the Continuum Hypothesis.

The poset Party, of all decompositions K = (K, : n € N) of a closed subset of
H = £5(N) of finite co-dimension into a direct sum of finite-dimensional subspaces
was introduced in Definition 9.8.2. For K € Party, and X C N, we write

K. :
PX =PI x K; -
Since these projections commute, the von Neumann algebra
(K] :=W*{pl: j e N}

is abelian and the Boolean algebra of its projections is equal to { p)l(( : X C N} Ifall
spaces K ; are one-dimensional and H = P, K;, then «7[K] is an atomic masa.
The poset Party, is ordered by K <* L if there is f: N — Fin such that

L. (v )H@m{j,j+1} € f(n), and
2. Zn ”p§(n)(l - P{Ln,,,H})H < &Q.
A proof of the following theorem is given at the end of this section.

Theorem 12.5.10 Suppose that 0 < p*. Then for a separable Hilbert space H there
exists a pure state on B(H) that is not diagonalized by </ [K] for any K € Party.
In particular, it is not diagonalized by any atomic masa.

If ¢4 is a quantum filter in o/ [E], the quantum filter of Z8(H) generated by ¥ is
(Definition 5.3.12)
F(G) = ﬂ{? : % is a maximal quantum filter in (H) and 4 C .%}.

To L € Part,, we associate two coarser elements of Party,:

Leven, whose nth element is Ly, @ Lyy+1, and
Lodd, whose nth element is Lo,—1 @ Lo,4+1 (with L_1 = {0}).
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The state ¢ in the following lemma is not required to be pure.

Lemma 12.5.11 Suppose K <* L. If a singular state ¢ is multiplicative on </ [K],
then it is multiplicative on at least one of & [Leyen] or &7 [Logq].
Proof If ¢ is a state multiplicative on «Z[K], then ZZ := {X : (p(p)1§) = 1} is an
ultrafilter on N because Proj(<7[K]) = { p)l(( : X C N}. Since g is singular, % is non-
principal. Fix f and g that witness K <* L and let ¥ := {X : g7![X] € %}. This is
: K L

the ultrafilter g(%/) (Section 9.4). We have ), .y 1260 1) (1= Pl ). gy 1) 11 <00
and therefore n(p)lf) < n(p{;(n)’g(n)ﬁq:nex}) forall X € N.

Since ~(p(p)lg) = 1 implies go(p{lé(n)’g(n)le:nex}) = 1 for all X € N, we have
(writing X :={n,n+1:n € X}) <p(p)1~z) =1 for all X € 7. In other words,

Ty 2{pg X eV},

Suppose for a moment that Z := {n : g(n) is even} € % . Then pgi € o [Levenl

for every X € ¥. Projections of this form comprise an ultrafilter in Proj(<? [Leven])-
Therefore, the restriction of .%,, to Proj(&/[Leven]) is an ultrafilter. Since o7 [Leven]
is an abelian C*-algebra of real rank zero, ¢ is multiplicative on it.

Otherwise, we have {n : g(n) is odd} € % . An analogous argument shows that ¢
is multiplicative on o7 [Logq]. O

The following is the analog of Z(A) (Definition 12.5.7).
Definition 12.5.12 For L € Party, let

&(L) == {q € Proj(2(H)) \ {0} : (Vp € S(2(H))
¢(g) = 1 implies ¢ is not multiplicative on 2/ [L]}.

Lemma 12.5.13 If H is an infinite-dimensional separable Hilbert space, then for
every L € Party, the set & (L) is order-dense and open in Proj(2(H)) \ {0}.

Proof Fix L € Party,. The set &(L) is clearly open; we prove that for every
noncompact projection p € Z(H) there exists a noncompact projection ¢ < p such
that w(g) € &(E). For every m € N, the space (Engm Lj)L N p[H] is infinite-
dimensional. We can therefore recursively choose orthonormal &;, for j € N, in
pl[H] and an increasing sequence m(j), for j € N, such that

. L _
Um; 11§ = Py m(irpéill = 0-

The vectors ¢, = %(5271 + &7,,41) are orthonormal and g := projm{{n:neN} is a
noncompact projection such that 7(g) < w(p).
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LetX :=J,[f@2m), fCm+1))andr := P)]Z- Then lim,, ”%@52'1 —rqtull =0,

lrqll = 5. limy | J5&an1 = (1 = r)g&ull = 0. and max(llrg|. (1 = r)gql) = 5.

By Lemma 12.5.6, a pure state ¢ satisfying ¢(q) = 1 cannot be multiplicative
on </ [L]. O

Proof (Theorem 12.5.10) By Theorem 9.8.4 the posets (N™N, <*) and Party, are
cofinally equivalent, hence there exists a <*-cofinal subset {L” : < 0} of Party,.

Recursively construct projections p,,, for y < 0, that generate a quantum filter
such that p, € ELLen) N éo(L(’)’dd) for all y. If p,, for y < B, have been
chosen, then the quantum filter .%g generated by them can be diagonalized since
|8l <0 < p*. By Lemma 12.5.13, we can choose pg € ELLen) N éD(Lde) that
diagonalizes .%g. This describes the recursive construction.

Let ¢ be any extremal point of the face .’# (A) (Lemma 5.3.5). Then ¢ is a pure
state on Z(H).If K € Party,, then K <* L, for some y and therefore the restriction
of ¢ to <7/[K] is not multiplicative. O

Exercises 12.6.22 and 12.6.23 show that the proof of Lemma 12.5.13 could not
have been much simpler.

12.6 Exercises

Exercise 12.6.1 Prove that for infinite cardinals A < « every C*-algebra of density
character & is isomorphic to a subalgebra of Z(£2(x)) /5. (L2 (k)).*

Exercise 12.6.2 Suppose that « is an infinite cardinal. Prove that the quotient
Bl (k)] A (L2(k)) is simple.
Exercise 12.6.3 Prove that every C*-algebra is isomorphic to a subalgebra of a

simple C*-algebra of the same density character.

Exercise 12.6.4 Prove that the Calkin algebras associated with £, (Rg) and £(R1)
are not isomorphic.’

Exercise 12.6.5 Suppose « and XA are infinite cardinals. Prove that the Calkin
algebras associated with £> (k) and £>(X) are isomorphic if and only if « = A.

Exercise 12.6.6 is a continuation of Exercise 9.10.15. The assertion that all sets of
reals have the Property of Baire contradicts the Axiom of Choice, but it is relatively
consistent with ZF [222].

4Used in the proof of Proposition 12.1.4.

5This is a rare example of a noncommutative analog of a problem which is easier than the
original, “commutative,” problem. Although the Boolean algebras & (RX¢)/ Fin and &?(X1)/Fin
were proven not to be isomorphic in numerous models of ZFC, it is an open problem whether their
being isomorphic is relatively consistent with ZFC (see, e.g., [40]).
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Exercise 12.6.6 Suppose that all sets of reals have the property of Baire and let H
denote the separable, infinite dimensional, Hilbert space. Prove the following.

1. The Calkin algebra has no states and no representations on any Hilbert space.
2. All irreducible representations of Z(H) are unitarily equivalent.

Exercise 12.6.7 Suppose B is a C*-subalgebra of a C*-algebra A. Prove that the
annihilator of B is a hereditary C*-subalgebra of A.

Exercise 12.6.8 With 7: #(H) — 2(H) denoting the quotient map, find
projections p and g in Z8(H) such that w(p) = 7w (q) ZObut p Ag = 0.

Solving the following two exercises requires some familiarity with measure
theory, and Maharam’s Theorem in particular; see [107].

Exercise 12.6.9 Suppose y is an ordinal. Classify masas in % (£2(R,)) up to the
unitary equivalence and prove that there are exactly Rg + (|y| + 1)™ unitary
equivalence classes.

Exercise 12.6.10 Suppose X is a compact Hausdorff space. Prove that if X is
separable then C(X) has a faithful representation on £, (N). Is it true that if C(X)
has a faithful representation on £, (N) then X is separable?

Exercise 12.6.11 Find a countable collection of commuting projections in Z(H)
that cannot be simultaneously diagonalized by an orthonormal basis.

Exercise 12.6.12 Prove that every unital C*-algebra generated by a countable
family of projections is generated by a single self-adjoint element

Exercise 12.6.13 Use Corollary 12.4.6(1) and Exercise 12.6.12 to provide a short
proof of Lemma 12.4.4.

Exercise 12.6.14 Prove that every maximal chain of projections in 2(H) is a
countably saturated linear ordering. Equivalently, prove that the linear ordering
obtained by removing its minimal and maximal elements is an 7-set.

Conclude that the Continuum Hypothesis implies all maximal linearly ordered
sets of projections in 2(H) are isomorphic.

Exercise 12.6.15 Find a C*-subalgebra B of #(H) and a masa A in B such that
m[A]is not amasain B/(B N (H)).

Exercise 12.6.16 Suppose that B is a C*-subalgebra of A with the extension
property. Prove that B' N A = Z(B) (where Z(B) denotes the centre of B).

Exercise 12.6.17 For each n let Dy» be the algebra of diagonal matrices in M (C).
Let D be the inductive limit of D». Prove that D is a masa of the CAR algebra that
has the extension property.

STt is therefore relatively consistent with ZF that Z(H) is a counterexample to Naimark’s problem.
Of course this is but a curiosity; there is little doubt that Naimark was assuming the Axiom of
Choice.
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Exercise 12.6.18 Recall Definition 12.2.4,

p* := min{|.#| .# C Proj(%(H)) generates a nonprincipal

quantum filter which is not diagonalized}.

Prove that for any collection A of p* many masas of the Calkin algebra 2(H) there
exists a pure state on 2(H) that is not multiplicative on any of the masas in A.

Exercise 12.6.19 Suppose B is a C*-subalgebra of A and ¢ is a state on B that has
a unique extension to a state ¥ of A. Suppose moreover that v is a pure state on A.
Prove that ¢ is a pure state on B.

Exercise 12.6.20 Suppose ¢ is a diagonalizable state on Z(H). Prove that there
are ¢ distinct atomic masas each of which diagonalizes ¢.

Exercise 12.6.21 Suppose A is a separable and unital C*-subalgebra of the Calkin
algebra, and that f: A — Z(H) is such that 7(f(a)) = a for alla € A.” Prove
that for every ¢ € P(A), F € A, ¢ > 0, and every finite-dimensional subspace Hy
of H there is a unit vector & € Hd‘ N H such that |¢(a) — we(f(a))] < & for all
ack.

The last two exercises show that one “obvious simplification” of the proof of
Lemma 12.5.13 does not work.

Exercise 12.6.22 Prove that for every m > 1 there exist a finite-dimensional
Hilbert space K, projections p;, for j < m, and g in K that satisfy the following:
Yjempi = L lpjall = J5 forall j < m, and |[(p; + po)gll = 1 for all
j <k <m.

Exercise 12.6.23 Use Exercise 12.6.22 to prove that the set of all f € NN
satisfying the following conditions is <*-cofinal in N": There are L € Part,, and a
noncompact projection g € #(£,(N)) such that f(m) < j <k < f(m+1) implies
||n(pf“j)k}q)|| = 1 for all j, k, and m but IIPB-}Q" =2"12forall j.

For the following exercise, see Problem 12.6.25, Theorem B.2.12, and the
discussion preceding it.

Exercise 12.6.24 Prove that the assertion “There exist a separable C*-algebra A
and its proper C*-subalgebra B such that B separates the pure states of A and 0”
is X é and therefore absolute between models of a large enough fragment of ZFC
that contain all countable ordinals.

TThere are no other assumptions on f—it is not assumed to be continuous, linear, multiplicative,
self-adjoint, etc.
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Notes

Who is General Stone—Weierstrass?
A whisper overheard during a seminar.

Section 12.1: Not surprisingly, the analogy between 2(H) and £(N)/Fin
comes with a disclaimer. The atomless masa embeds into 2(H) (Definition 12.3.3
and the paragraph following it), and therefore the Lebesgue measure algebra embeds
into the poset of projections of 2(H). While the Continuum Hypothesis implies the
commutative analog of this statement, that the Lebesgue measure algebra embeds
into #(N)/Fin, OCAT implies that the Lebesgue measure algebra does not embed
into #(N)/ Fin [63]

Section 12.2: Lemma 12.2.5 is a special case of a result of [124], where it was
proved that every maximal chain in the poset of projections in the Calkin algebra is
a countably saturated linear ordering (that is, an 11 set—see Definition 8.2.2). This
is Exercise 12.6.14. We shall return to saturation in the context of metric structures
in Section 15.1.

Proposition 12.2.2 was taken from [266].

The cardinals t and p are equal [174], but nothing nontrivial is known about the
relation between p* and t* (p* < t* is trivial).

Section 12.3: Theorem 12.3.2 is a special case of a result about derivations of
von Neumann algebras from [139]. Theorem 12.3.7 was taken from [7].

Section 12.4: Corollary 12.4.8 has been vastly generalized. The assumption that
A be singly generated is not necessary; this is a very special case of the BDF theory
[36]. On the other hand, the conclusion of Corollary 12.4.8 may fail without the
assumption on the existence of lifts @;. As an example, take the algebra generated
by the unilateral shift (Proposition 12.4.3) and a unital copy of C(T) in 2(H) with
an abelian lift (we will return to this in Example 16.1.1).

Corollary 12.4.8 has a noncommutative version. If A is a separable and unital
C*-algebra and ®;: A — 2(H), for j < 2, are unital *-homomorphisms with
the same kernel such that there exists a unital *-homomorphism ¥;: A — %(H)
that satisfies @; = 7 o ¥ for j < 2, then &9 = Adn(u) o @; for some unitary
u € A(H). This is Voiculescu’s Theorem ([252], see also the discussion in [34,
Sect. 1.7]).

Section 12.5: Anderson’s Conjecture 12.5.3 first appeared in [13]. In [7] it was
proved that the Continuum Hypothesis refutes both Anderson’s Conjecture and
the Kadison—Singer Conjecture 12.5.1. Proposition 12.5.4 is this result, recast in
the language of maximal quantum filters. It is not known whether either of these
conjectures can be refuted in ZFC or whether [7] is “one-half of a consistency
result” (cf. [257]). Theorem 12.5.10 was proved by Weaver and the author. Its proof
was sketched in [97]. The assumption cov(.#) = ¢ (used in Proposition 12.5.9) is
arguably the simplest situation in which the assumption of Theorem 12.5.10. 9 < p*,
fails. Both cov(.4#) = ¢ and 0 < p* are consequences of the Martin’s Axiom
[165]. Probably the most prominent models of ZFC which satisfy both ? > p* and
cov(#) < ¢ (and which are therefore the most likely candidates for a model in
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which Conjecture 12.5.3 may have a positive answer) are the Laver model and the
Mathias model (see, e.g., [20]). It is not known whether Conjecture 12.5.3 is true in
either of these models, or any other model of ZFC. I conjecture that in both Laver
and Mathias models every pure state on 2(H) is multiplicative when restricted to
&/ [K] for some K € Party,.

The uniqueness of a distinguished extension of a state from a C*-subalgebra to
the crossed product has played a key role in the construction of a counterexample
to Naimark’s problem (Theorem 11.2.2). If B € A are C*-algebras, we say that B
separates pure states on A if for all pure states v # ¢ of A there is @ € B such
that ¢(a) # ¥ (a). If A is a non-unital C*-algebra, then it separates pure states of its
unitization A, but clearly A # A. However, A does not separate the zero functional
from the lift of the quotient map from A to A/A, which is in this case a pure state.

Problem 12.6.25 (The General Stone-Weierstrass Problem) Assume a C*-
subalgebra B of A separates pure states of A and 0. Can we conclude that A = B?

By the (complex) Stone—Weierstrass Theorem, the answer is positive if A is
abelian. It is not known whether the answer to Problem 12.6.25 is positive even
for separable C*-algebras (see also Exercise 12.6.24). For more information, see,
e.g., [169, 213], and [203].

Another analog of the Stone—Weierstrass theorem is false in the noncommutative
context: There is a C*-algebra A with a proper unital C*-subalgebra B such that
every pure state on B has a unique extension to a state on A. Take A := M3 (C) and
let B be the diagonal masa. It is however not difficult to see that B does not separate
pure states on A.

Exercise 12.6.22 is a relative of lemmas used in [266] to construct gaps in 2(H)
(see Exercise 14.6.4). The short proof of Lemma 12.4.4 given as Exercise 12.6.13
was suggested by Andrea Vaccaro.
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As we saw in Chapter 12, #(H) is a noncommutative analog of the Boolean
algebra ZZ(N) and the Calkin algebra 2(H) is a noncommutative analog of the
Boolean algebra &7 (N)/ Fin. Via the Stone duality, the Boolean algebras & (N) and
Z(N)/ Fin are associated with their Stone spaces, SN and SN \ N, respectively.
These Stone spaces are also the Cech—Stone compactification of N and the Cech—
Stone remainder of N.! In this chapter we will describe noncommutative analogs
of these two constructions. They generalize the passage from ¢ (H) to ZB(H)
and 2(H). These are the constructions of the multiplier algebra and the corona
algebra, respectively, of a given non-unital C*-algebra.

13.1 The Strict Topology

In this section we introduce the strict topology induced by a family of seminorms
on a C*-algebra A and define the multiplier algebra of A, .Z(A), as its strict
completion.

The one-point compactification X U{oo} of a locally compact Hausdorff space X
is the minimal compactification of X in the sense that for every other compactifi-
cation y X of X the identity map on X extends continuously to a surjection from
y X onto X U {oo}. Since C(X U {oo}) is isomorphic to the unitization Co(X) of
Co(X), the unitization of a non-unital C*-algebra is a noncommutative analog of
the minimal compactification.”

1By the Gelfand—Naimark duality these two spaces correspond to the C*-algebras C (8N) = Cj,(N)
and C(BN\ N) = C,(N)/Co(N), respectively.

2In addition, if A is an essential ideal in B, then the identity map on A uniquely and trivially
extends to a unital *-homomorphism from A to B.
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The maximal compactification of a completely regular topological space X,
denoted BX, is uniquely determined by the requirement that for every other
compactification y X the identity function on X extends continuously to a surjection
from X onto y X. Such a compactification exists and it is unique. It is called the
Cech—Stone compactification (or the Stone—Cech compactification, in languages in
whose alphabets the letter “S” precedes the letter “C™).> The construction of the
multiplier algebra is a generalization of the construction of BX. The definition, and
even examples, of multiplier algebras will have to wait. An impatient reader may
want to peek ahead at Example 13.2.4.

Definition 13.1.1 Suppose A is a C*-subalgebra of a C*-algebra M. Toevery h € A
we associate two seminorms on M, A, (b) := ||hb| and py(b) := ||bh||. The weak
topology induced by these seminorms (see Definition C.4.1) is called the A-strict
topology, or just the strict topology if A is clear from the context.

Lemma 13.1.2 Suppose A is a C*-subalgebra of a C*-algebra M.

1. Then M is A-strictly Hausdorff if and only if A~ N M = {0}.

2. Every A-strictly open subset of M is open in the norm topology.

3. If A is a unital subalgebra of M, then the A-strict topology coincides with the
norm topology.

Proof (1) Follows from the definitions.
(2) The basic A-strict open sets are finite intersections of sets of the form

Una =1{b: |h(b—a)l <e}N{b:[|(b—a)h| < &}

for a nonzero h € A4. To see that a nonempty intersection of finitely many
neighborhoods of a of this form includes a nonempty ball centred at a, note that
16— all = max(lh(b — a)|l, | (b — a)h|)|IAII~".

(3) Clearly A1(-) = p1(-) = || - ||, hence if A is unital, then every norm-open
subset of M is A-strictly open. O

Example 13.1.3

1. In the case when A is an ideal in M, (1) from Lemma 13.1.2 is equivalent to A’s
being an essential ideal (Definition 2.5.5).

2. Similarly, if #: A — Z(H) is a nondegenerate representation, then Z(H) is
Hausdorff in the [ A]-strict topology.

A net (b)) in M is A-strictly Cauchy (or strictly Cauchy if A is clear from the
context) if it is Cauchy with respect to both A, and pj, for every i € A. The C*-
algebra M is said to be A-strictly complete (or strictly complete if A is clear from
the context) if every bounded A-strictly Cauchy net in M converges.

3Cech-Stone compactification can be easily constructed using the Gelfand—Naimark theorem. See
Exercises 13.4.1 and 13.4.2. This is a somewhat contentious issue; see the amusing discussion in
the introduction to [61].
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Lemma 13.1.4 Suppose A is a C*-subalgebra of M.

1. If & is an approximate unit for A, then on every bounded subset of M the A-strict
topology is equivalent to the weak topology t induced by {pe, A, : € € &}.

2. Ifsome h € A is strictly positive in M, then the A-strict topology on M is induced
by a single seminorm, pj, + Aj.

Proof We prove (1) and leave the similar (2) as Exercise 13.4.4. Clearly every
bounded net that converges A-strictly also converges in the weaker topology t.
To prove the converse, fix a bounded net (a;) in M and a € M such that a,
does not A-strictly converge to a. We need to prove that a, does not converge to
a in 7. By taking adjoints and linear combinations, without a loss of generality
we may assume that each a, is self-adjoint and that a = 0. Fix & € A such that
¢ := limsup, ||hay| > 0. We may assume ||z|| < 1 and sup, [lax|| < 1.Fixe € &
such that ||k — he|| < €/2. Then |leay ]| > ||hea, || = ||hayll —e/2, and |lea, | + 0.
An analogous proof shows that if ||ay k| /4 O for some & € A then |ae| /& 0
for some e € &. Since (a;) was an arbitrary bounded net in A, this concludes the
proof. O

Lemma 13.1.5 The completion .# (A) of A in the strict topology is equipped with
a unital C*-algebra structure such that A is an essential ideal in # (A).

Proof On the space of all A-strict Cauchy nets in A define (a,) ~ (b,) if and
only if (a, — b,) — 0 A-strictly. This is an equivalence relation and .# (A) is the
quotient space. Routine computations show that +, -, and * are congruences with
respect to ~ and therefore naturally extend to .# (A). The extensions of + and *
are strictly continuous (with 4 being jointly continuous), and the extension of - is
separately continuous.

Fix an approximate unit & of A.

Claim For a Cauchy net (b,), [[(by)ll = sup,ce limy [[A.(b,)] defines a norm
on .Z(A).

Proof Since (b,,) is strictly Cauchy, ||c|l« := lim, [[ch, || exists for all ¢ € A, and
by the submultiplicativity of the norm on A we have ||cd||« < |c|/||d]/« for all c and
d in A. This is evidently a seminorm.

We will prove that ||(b,)|| < oo. Assume otherwise, and fix e, € & such that
llenlls = 227+ for all n. By Corollary 1.6.11 there exist d € A4 1 and contractions
¢n such that 27" Le, = c,a forall n. Then 2" < 27" e, lls < licalllalls < llalls
for all n; contradiction.

The verification that | - || is strictly positive, subadditive, and homogeneous is
straightforward. O

It is straightforward to check that .# (A) is a Banach algebra with respect to the
norm defined in the Claim. Considering & as a net with the natural ordering, we
have

llebpll =lims_. g [leby f1I.
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By taking adjoints one sees that ||(b,)|| = lim,_,. ¢ lim, p.(b,), and therefore the
involution is an isometry of .# (A). By using the C*-equality in A we have

b)|?* = lim li b,)|* = lim lim ||eb, b*
[[eml Jim lim Il (e, |l Jlim gnlle ubyell

2 lim lim [Ibubell = 11(,) (byn)" |l
Since [|(b)(B)* = 1B IIB)*I = 1I(bu)]1%, and since (b,) € M(A) was

arbitrary this shows that the C*-equality holds in .#Z (A) and completes the proof
that .# (A) is a C*-algebra.

Finally, to see that .# (A) is unital, note that any approximate unit of A is a
Cauchy net whose limit is the multiplicative unit of .Z (A). O

Definition 13.1.6 The A-strict completion of A is called the multiplier algebra of A
and denoted .Z (A).

We can now give the general definition of a corner (cf. Section 2.1.6).

Definition 13.1.7 The corner of a C*-algebra A is a subalgebra of the form pAp
for some projection p in .Z (A).

If A is unital, then the A-strict topology on A is complete and .Z (A) = A.
Lemma 13.1.8 Suppose that A is a separable C*-algebra.

1. The strict topology on the multiplier algebra # (A) is Polish (Definition B.0.1).
2. The unit ball # (A)1 of # (A) is a closed subspace and therefore Polish itself.
3. Aisa Gss subset of M (A).

Proof Choose a countable dense subset a(n) for n € N, of A. Then the strict
topology is induced by the seminorms A4 (), Pp(n), for n € N. It is therefore metriz-
able, for example by d(x,y) i= ¥, 27" [a(m) |~ Gua(y (¥ = ¥) + Paimy (x = ).
This metric is complete by the definition and any countable norm-dense subset of A
is strictly dense in .#Z (A).

The verification that the unit ball of .Z (A) is closed is left to the reader.

We have yet to prove that A is a G, subset of .Z (A). Let ¢, forn € N, be an
approximate unit in A. Then some ¢ € .# (A) belongs to A if and only if

(Vm)(@n) (Yk = n) pe (¢) + A (c) <

’

S~

i.e., A is equal to the intersection of a sequence of F,, subsets of .Z (A). O

Lemma 13.1.9 If N is a von Neumann algebra and A C N is a C*-algebra such
that A+ NN = {0}, then N is A-strictly complete.

Proof The assumption that A~ N N = {0} only assures that the A-strict topology is
Hausdorff (Lemma 13.1.2). Let & be an approximate unit for A. Since every element
of N is a linear combination of four positive elements, it will suffice to show that
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every bounded Cauchy net (b)) consisting of positive elements of N converges to an
element of N. Fix such (b,). Fix e € &. On the corner eNe each of the seminorms
pe and A, is equivalent to the uniform metric. Therefore, there exists b, € eAe such
that lim,, |lebye — b.| = 0.

If e < f in & are such that ef = e, then ebye = b,. Therefore b, for e € &,
is a bounded increasing net of positive elements in N. Since N is a von Neumann
algebra, Lemma 3.1.3 implies that it contains b := sup, b.. For every e € & we
have ebe = b,, hence lim; b; = b. O

This section concludes with two handy lemmas.

Lemma 13.1.10 Suppose (e, ), is an approximate unit in A and (ay,), is a
bounded net in A indexed by the same directed set. If for every  the net (e, a,), is
norm-convergent, then the net (e,a,), converges to an element of # (A) strictly.

Proof By writing a, = ¢, + id,, we may assume all a, are self-adjoint and
lim, aye, = bf;. It will suffice to prove that for every u both nets (e eva,), and
(evayey), are norm-convergent. Let M := sup,, |la, ||. Fix u. Then

”e,ueuav - b/L” = ”(e,uev - eu)av” + ”euau - b,u” =< M”eMeve/A” + ”e,uav - bu”
and both expressions on the right-hand side converge to 0. Also,
”evaveu - b;i” = ”ev(aueu, - b;)” + ”evbz - b;”

and again both expressions on the right-hand side converge to 0. O

Lemma 13.1.11 If (e,), is a sequential approximate unit in A, a sequence (c,), in
A is norm-bounded, and f,, := (ep4+1 — en)!/? for all n, then the series Zn JuCn fn
converges to an element of . (A) strictly.

Proof Leta, := ) j<n fjcj f;. The sequence e, ay, for n € N, is norm-convergent
for every m and ||an || < sup; ||| and the conclusion follows by Lemma 13.1.10.
|

13.2 The Multiplier Algebra

In this section we prove that the multiplier algebra of A is isomorphic to the idealizer
of the image of A under any faithful nondegenerate representation.
The idealizer of a nondegenerate C*-subalgebra A of #(H) is

M:=1{be B(H):bAUAb C A}
Proposition 13.2.1 Suppose A is a C*-algebra and w: A — Z8(H) is a nonde-

generate faithful representation. Then 7w has a unique extension to a representation
. MA) - B(H), and [ (A)] is equal to the idealizer of w[A] in B(H).
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Proof Since 7 is nondegenerate, the 7 [A]-strict topology on ZA(H) is Hausdorff.
Since 7 is an isomorphism, it sends A-strictly Cauchy nets in A to w[A]-strictly
Cauchy nets.

Fix b € .#(A) and let ay, for A € A be an A-strictly Cauchy net converging to b.
Then 7 (ay), for A € A, is a w[A]-strictly Cauchy net in Z(H). It is convergent by
Lemma 13.1.9. Let 77 (b) be its limit. This defines 7 : .#(A) — ZA(H). Trivially 7
extends 7. By Lemma 13.1.5 and uniqueness of a completion of a metric space, 7
is an isomorphism of .# (A) onto its image.

It remains to prove that 77[.# (A)] is equal to the idealizer M of 7[A] in B(H).
Since A is an ideal in .# (A), we have 7[.# (A)] € M. Fix an approximate unit e;,
for A € A for A. Then SOT-limy, 7w (e;) = 1) (Exercise 3.10.3). Therefore for
every b € M the net brr(ey), for A € A, is w[A]-strictly Cauchy and it converges
to b. This implies b € 7[.# (A)]. Since b € M was arbitrary, this completes the
proof. O

Proposition 13.2.1 gives an equivalent characterization of the multiplier algebra.

Corollary 13.2.2 Suppose A is a C*-algebra. Then # (A) isomorphic to the
idealizer of the image of A under any nondegenerate faithful representation w of
A on a Hilbert space via an isomorphism that extends 7. O

The multiplier algebra .2 (A) shares the universality property of the Cech-Stone
compactification (note that the arrows are reversed).

Corollary 13.2.3 Suppose that a C*-algebra A is an essential ideal in a unital C*-
algebra C. Then there is an injective *-homomorphism W : C — _# (A) whose
restriction to A is equal to the identity.

Proof Let 7: C — Z(H) be a faithful and unital representation. If (e;) is an
approximate unit for A, then WOT-lim, 7 (e;) = 1, and therefore the restriction of
7 to A is nondegenerate. Since A is an ideal in C, 7 [C] is contained in the idealizer
of w[A]. The latter is, by Proposition 13.2.1, isomorphic to .#Z (A) viaW¥ := 7. O

We can finally list some examples of multiplier algebras.
Example 13.2.4

1. If X is a locally compact Hausdorff space, then .#(Co(X)) is isomorphic
to C(BX) (Exercise 13.4.1).

2. Since J# (H) is an essential ideal of Z(H) for any Hilbert space H, uniqueness
of the strict completion and Lemma 13.1.9 together imply .# (¢ (H)) = B(H).

3. More generally, if A < « are infinite cardinals then the ideal %, (£;(x)) of
operators whose range has density character A (Proposition 12.3.4) has Z (£ (k))
as its multiplier algebra.

4. Suppose M is a Il factor and J is its Breuer ideal (Example 4.1.5). Then
J is an essential ideal in M and M is J-strictly complete by Lemma 13.1.9.
Therefore, M can be identified with the multiplier algebra of J.
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As in Section 2.5.2, for C*-algebras Bj, for j € J, and an ideal # on J we
define

@ , Bj=1{be[lje; B) : limsup;_, ; |Ib;]l = 0}.

This is an essential ideal in [ | 7 Bj. The following lemma provides us with a large
nested family of C*-algebras with the same multiplier algebra.

Lemma 13.2.5 Suppose {B; : j € I} is a family of unital C*-algebras and 7 is
an ideal on the index set J that includes the Fréchet ideal. The algebra [ jBjis
isomorphic to M (P 7 Bj) via an isomorphism that fixes . 7 Bj.

Proof Let A := P 7 Bj;. Since A is an essential ideal in IT j Bj, it suffices to prove
that [; Bj is A-strictly complete.

For every j € J, define p; € ]_[j B; by pj(i) := §;j1p;. The assumption that
¥ includes the Fréchet ideal implies p; € A. Therefore, A is an essential ideal
of [[; B; and the A-strict topology on [; B; is Hausdorff. If (b;) is a bounded
Cauchy net in [] j Bj, then limy, p;by p; exists for every j and it is equal to some
c(j) € B;j. We have [|c(j)|| < sup, [|b,]l. Therefore, this defines ¢ € ]_[j Bj and it
is straightforward to show that lim, ) = c. |

We conclude this section with a discussion on functoriality (or lack thereof)
of the multiplier algebra construction. Not every *-homomorphism between C*-
algebras extends to a *-homomorphism between their respective multiplier algebras.

For example, take the embedding of J# (H) into f}i//?ﬁ ). The multiplier algebras

are A(H) and ¢ (H), respectively, and Z(H) has no nontrivial ideals other than
2 (H). A more surprising fact is that the identity map on A sometimes does extend
to a *-homomorphism from .# (A) into A, because .# (A) is equal to A. See notes to
this section. For a sufficient condition that a *-homomorphism of A into B extends
to a *-homomorphism of .Z (A) into .# (B), see Exercises 13.4.9 and 13.4.10.

As always, the real fun starts after passing to the quotient, but this deserves a
whole new section.

13.3 Introducing Coronas

In this section we begin the study of the corona .# (A)/A, also known as the outer
multiplier algebra and denoted 2(A), of a C*-algebra A. The section concludes
with a proof that the set of projections in the corona of a stabilization of a unital
C*-algebra is not a lattice.



344 13 Multiplier Algebras and Coronas

One of the friendliest presentations of BN is as the (still rather mind-boggling)
space of all ultrafilters on N.* To find a structure more mind-boggling than SN,
or X in general, one need not go far. The Cech—Stone remainder (also known
as corona), SN \ N (the space of non-principal ultrafilters on N) is one of the most
important esoteric mathematical objects, and many of its fundamental properties are
independent from ZFC [245]. It is not surprising that the noncommutative analog of
the Cech—Stone remainder is at least as unruly.

Definition 13.3.1 The corona (also known as the outer multiplier algebra) of a
nonunital C*-algebra A is the quotient 2(A) := .# (A)/A.

Example 13.3.2

1. Since the multiplier algebra of Z"(H) is isomorphic to %(H), its corona is the
Calkin algebra (Section 2.5.1 and Chapter 12).

2. If X is a locally compact Hausdorff space, then its multiplier algebra is
isomorphic to C(8X) and its corona is C(8X)/Co(X) = C(BX \ X).

3. If A < « are infinite cardinals, then the multiplier algebra of %, (¢2(x)) has the
generalized Calkin algebra B (£2(k))/ %, (€2(k)) as its multiplier algebra.

4. The multiplier algebra of @@, M, (C) is isomorphic to [ [, M, (C) and its corona
is[[, M. (C)/ B, M,(C).

5. More generally, if B, for j € J, are unital C*-algebras and _# is an ideal on J,
then the corona of P , B; is [[; B;j/ D , B;-

An overarching model-theoretic property of coronas that implies many of their
remarkable properties will be studied in Chapter 15.

Recall that the stabilization of a C*-algebra B is the tensor product B ® J# (H)
for a separable, infinite-dimensional Hilbert space H (Section 2.1). A C*-algebra
A is stable if A = A ® J (H). The operation of stabilization provides means for
producing a nonunital C*-algebra that has given unital C*-algebra B as a hereditary
subalgebra.

Now that we introduced coronas, let us see how ill-behaved they can be. Since
both £o, and Z(H) are von Neumann algebras, both Proj(f) = Z(N) and
Proj(#A(H)) are complete lattices. On the other hand, Proj(¢eo/co) = £ (N)/Fin
is not a complete Boolean algebra (see Section 9.3). At least it is a lattice.

Proposition 13.3.3 If A is the stabilization of a unital C*-algebra, then the poset
of projections in 2(A) is not a lattice.

The conclusion of Proposition 13.3.3 is not a bug. It is a feature of the rich
structure of coronas. Its proof relies on combinatorics and a soft application of
compactness of Proj(M;(C)).

4 Another friendly representation of SN is as the Gelfand spectrum of £, (N) (Theorem 1.3.1), and
many a functional analyst will agree that this is the natural representation of SN but see footnote 3
on page 338.



13.3 Introducing Coronas 345

Lemma 13.3.4 Foreverym > 1and e > 0 there exists § = §(m, &) > 0 such that if
p and q are rank-1 projections in M(C), x, y are scalars in [0, 1], | p—q| = 1/m,
and || xp — yq| < 8, then max(|x|, |y|) < e.

Proof Suppose otherwise and fix m and ¢ > 0 for which the statement fails. By the
compactness of 2" := Proj(M»(C)) and [¢, 1] there is (x, v, p, q) in [e, 11> x 22
such that ||p — ¢g|| > 1/m and || xp — yq| = 0; contradiction. |

Proof (Proposition 13.3.3) Suppose B is a unital C*-algebra such that A = BR .%".
Let py n, form € Nand n € N, be an enumeration of a maximal orthogonal family
of projections in A of the form 1 5 ®e for a minimal projection e of # (H). For every
X C N? the series Z(m,n)eX Pm.n 1s strictly convergent and the projection px :=
Z(m‘n)ex DPm.n 18 in .# (A). The projections px, for X € Fin, form an approximate
unit of A and py belongs to A if and only if X is finite.

Since py,.2, and pp 2n+1 are Murray—von Neumann equivalent, Example 2.3.5
implies that Amn = (pm,Zn + Pmon+ 1) A(Pmon + pm,2n+1) has a unital copy of
M5 (C) for all m and n. Hence some projection gy, 2, € A, satisfies

| P20 — Gmonll = m——l—l

Each one of 1, := >, P> Pm = D, Pm,2n> and gm = D, Gm,2n, form € N,
belongs to #(A). Let p :== ), pm and g := >, gn. Each of these series is
strictly convergent, and both p and ¢ belong to .Z (A).

We will prove that 77 (p) and 7 (q) have no greatest lower bound in 2(A) . This
will imply that they have no greatest lower bound in Proj(2(A)). Fixa € .4 (A)+
such that 7(a) < n(p) and 7 (a) < m(q). Fix m. Since p,, < ry, and q,, < 1y, We
have 7w (pmapm) = 7w(rmary) = 7(gmaqm). As px ¢ A for an infinite X C N2,

hrrln ||pm,2napm,2n - Qm,ZnaCIm,Zn” =0.

By Lemma 13.3.4 we can choose f(m) so that

1
max(|| pm,2 £ m)yaPm,2 ) ls 1Gm, 2. £ myadqm, 2 myll) < et

Thenr := piu,2f(m)):meN) is a projection such that w (r) < m(p), 7w (r) < m(g), and
7 (r) is nonzero and orthogonal to w(a). Since a was an arbitrary positive element
such that w(a) < m(p) and 7 (a) < m(q), this proves that there is no greatest lower
bound for 7 (p) and 7 (q) in 2(A). O

A C*-algebra is an AW*-algebra if it possesses the following two properties of
von Neumann algebras: every masa is generated by projections, and its projections
form a complete lattice [27, III.1.8,1]. We shall consider a modification of this
property in Section 15.3. Proposition 13.3.3 has the following corollary.
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Corollary 13.3.5 If A is a stabilization of a unital C*-algebra, then 2(A) is not an
AW*-algebra. |

13.4 Exercises

The following exercises show that the multiplier algebra construction is the
noncommutative analog of the Cech—Stone compactification.

Exercise 13.4.1 Suppose X is a locally compact Hausdorff space. Prove that the
multiplier algebra of Co(X) is isomorphic to the algebra C,(X) of all bounded,
continuous, complex valued functions on X.

A topological space X is completely regular if real-valued functions separate
points in X. Tietze’s extension theorem implies that every locally compact Haus-
dorff space is completely regular.

Exercise 13.4.2 Suppose X is a completely regular topological space. Prove that
there exists a topological space BX that has a dense subspace homeomorphic
to X and it is such that every bounded, continuous, real-valued function on X
continuously extends to S X.

The space BX is the Cech—Stone compactification of X.

Exercise 13.4.3 Prove that BN is homeomorphic to the space of all ultrafilters on N.
The basic open sets are of the form Uy := {% : X € %}, for X C N. Verify that
BN is naturally identified with the space of pure states on £, (N).

Exercise 13.4.4 Suppose that M is a C*-algebra, A is a C*-subalgebra of M, and
A has a strictly positive element & for M. Prove that the A-strict topology on M is
induced by the single seminorm, p;, + A

Exercise 13.4.5 Suppose that M is a Il factor and A is the Breuer ideal of M
(Example 4.1.5). Prove that A is not o -unital, and it therefore has no strictly positive
element (Example 13.2.4(4)).

Exercise 13.4.6

1. Suppose A is a o-unital and nonunital C*-algebra. Prove that .#Z(A)/A is
nonseparable. More precisely, prove that the density character of .Z (A)/A is
at least c.

2. Consider 8| with respect to the ordinal topology in which the closure of X C 8
is the set of suprema of all bounded subsets of X. Prove that 2(Cy (X)) = C.

Exercise 13.4.7 Prove that there exists a separable C*-algebra A such that Proj(A)
is not a lattice.

SUsed in the proof of Lemma 13.1.4.
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Hint: If for some reason you really do not feel like using Proposition 13.3.3 and
the Lowenheim—Skolem Theorem, you may want to analyse

A0

A={feC(0,1], M2(C): f(1) = (0 0

) for 1 € C}.

Exercise 13.4.8 Prove that Proj([ [, M,(C)/ @, M, (C)) is not a lattice.

Exercise 13.4.9 Suppose A is a C*-algebra and B is a C*-subalgebra of A. Also
suppose that both A and B are nonunital and that B contains an approximate unit
for A. Prove that there exists an injective *-homomorphism from . (B) into .# (A)
that extends the identity map on B, and that therefore .# (B) can be identified with
a subalgebra of .Z (A).

Exercise 13.4.10 Find a nonunital C*-algebra A and a nonunital C*-subalgebra B
of A such that the identity map on B extends to an injective *-homomorphism of
M (B) into .# (A), although B does not contain an approximate unit for A.

Exercise 13.4.11 Suppose that A and B are C*-algebras and A is nonunital. Prove
that the identity map on A ® B extends to an injective *-homomorphism from
M (A)Q.# (B) into .# (A® B). Then prove that this *-homomorphism is surjective
if and only if B is finite-dimensional.

Hint: For the second part, use the fact that each one of A and B contains an infinite-
dimensional masa, and therefore an infinite sequence of orthogonal elements of
norm 1.

Exercise 13.4.12 Suppose A is a o-unital, non-unital, and nonseparable C*-
algebra.

1. Use Exercise 13.4.9 to represent .# (A) as an inductive limit of the multiplier
algebras of a net of separable C*-subalgebras of A.

2. Prove that 2(A) is isomorphic to an inductive limit of a net of coronas of
separable C*-algebras.

Exercise 13.4.13 Suppose A is a non-unital C*-algebra with a tracial state (see,
e.g., Exercise 2.8.37). Prove that 2(A) has a tracial state.

Exercise 13.4.14 Suppose A is the stabilization of a UHF algebra. Prove that 2(A)
is not simple.

Exercise 13.4.15 Prove that every surjective *-homomorphism between C*-
algebras extends to a surjective *-homomorphism between their multiplier algebras.

We outline an alternative construction of the multiplier algebra in one (long)
exercise.

Exercise 13.4.16 Suppose A is a C*-algebra. A double centralizer of A is a pair
(L, R) of linear operators on A such that aL(b) = R(a)b foralla and b in A. A left
centralizer of A is a linear operator L on A such that L(ab) = L(a)b forall a and B
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in A. A right centralizer of A is a linear operator R on A such that R(ab) = aR(b)
for all @ and b in A. Prove the following.

1. Every b € .# (A) defines a double centralizer by Ly(a) := ab and R, (b) := ba.

2. If (L, R) is a double centralizer, then L is a left centralizer and R is a right

centralizer.

. Every left centralizer is bounded, and every right centralizer is bounded.

. If (L, R) is a double centralizer, then ||L|| = || R]|.

5. Equip the space of double centralizers with the pointwise addition and scalar
multiplication, multiplication defined by (L1, R1)(L2, R2) := (L1oL>, RyoRy),
adjoint defined by (L, R)* := (R*, L*), and the operator norm (well-defined
by (4)). Prove that it is a C*-algebra.

6. The map defined in (1) is an isomorphism from .# (A) onto the algebra defined
in (5).

S~ W

Notes

Section 13.2: The multiplier algebra .# (A) can be defined in a number of equivalent
ways (e.g., Corollary 13.2.2, the discussion preceding it, and Exercise 13.4.16). For
a description of an important alternative construction of .# (A) via Hilbert modules,
see [27, I11.7.3].

An abelian example of a C*-algebra A such that .#(A) is equal to A is given
in Exercise 13.4.6(2). There are also a nontrivial noncommutative type I example
[116] and even a simple example [214].

Section 13.3: Proposition 13.3.3 is an extension of a result of Weaver [97] who
proved that the poset of projections in the Calkin algebra is not a lattice.

Another property of projections in coronas which is at least as curious as that in
Proposition 13.3.3 was proved in [167]: The corona of the stabilization of a certain
unital and projectionless C*-algebra (the notorious Jiang—Su algebra) has real rank
zero.

A moment of thought reveals that Exercise 13.4.15 deserves to be called a “non-
commutative Tietze extension theorem.” It was proved in [192, Proposition 3.12.10].



Chapter 14 ®
Gaps and Incompactness skt

The tension between compactness and separability of &?(N) (identified with the
Cantor space) and sheer monstrosity of the quotient &?(N)/ Fin was successfully
utilized since the early twentieth century. Hausdorff’s and Luzin’s constructions
of gaps in #(N)/ Fin are early examples of this phenomenon (Section 9.3). Gaps
of this kind provide examples of failure of compactness (or, in the language of
Section 7.3, failure of reflection) in quotient structures. They are structures of
uncountable cardinality « (typically, x = 1) with a second-order property that
all of their smaller substructures lack.

Quotient C*-algebras such as coronas of o-unital, non-unital, C*-algebras
provide fertile ground for gaps. In this chapter we show that gaps are imported
by the canonical embedding of &?(N)/Fin into the poset of projections of the
Calkin algebra and coronas of other o -unital, non-unital, C*-algebras. Using their
images as parameters, we will construct interesting nonseparable subalgebras of
the Calkin algebra. A Hausdorff gap is used to construct a pair of C*-algebras that
are nonisomorphic, but arbitrarily near in the Kadison—Kastler distance (this is a
theorem of Choi and Christensen). One can choose these algebras to be nuclear,
and even AF. A Luzin family is used in Sections 14.5 and 15.5 to construct a non-
unitarizable representation of an abelian group into a C*-algebra and an amenable
norm-closed algebra of operators on a Hilbert space not isomorphic to a C*-algebra,
respectively.

14.1 Gaps in C*-algebras

In this section we consider three kinds of gaps in C*-algebras. These are (1) gaps
in the poset of positive elements of a C*-algebra, (2) gaps in the poset of its
projections, and (3) gaps whose sides are C*-subalgebras. In addition, we establish
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the correspondence between hereditary subalgebras, norm-closed left ideals, and
order ideals in every C*-algebra.

This section is a “noncommutative” continuation of Section 9.3. Arbitrary
subsets of a C*-algebra will be denoted by script letters 7, %, etc. The following
is an analog of Definition 9.3.1.

Definition 14.1.1 Suppose C is a C*-algebra and (<7, A) is a pair of subsets of C.
The pair (&7, ) is a pregap if ab = 0 for all a € & and b € A. (Such &7 and A
are also said to be orthogonal.) The pair (o7, %) is separated if there exists ¢ € C
such that! ac = a foralla € o/ and cb = 0O for all b € 2. If such c exists, we
say that ¢ separates <7 from . A pregap is a gap if it is not separated. The sets &/
and A are the sides of the (pre)gap (<7, %). If both sides of a gap are separable,
then the gap is said to be countable.

Depending on the structure of &7 and A, we distinguish several types of gaps
in C*-algebras. If both .« and 4 are subsets of C1 (Proj(C), respectively) the pair
(o, PB) is called a gap in C+ (a gap in Proj(C), respectively). If o/ and £ are
C*-subalgebras of C, the pair (&, %) is called a gap of C*-subalgebras of C. The
analogous terminology is used for pregaps.

The following lemma simultaneously treats gaps in C and gaps in Proj(C).

Lemma 14.1.2 Suppose C is a C*-algebra and (</, B) is a pair of subsets
0fC+.

1. The pair (o, B) is a pregap if and only if the pair (B, <) is a pregap.

2. If the pair (o7, B) is separated, then it is a pregap.

3. The pair (<, B) is separated by some ¢ € C if and only if the pair (B, ) is
separated by 1 — c*.

4. The pair (<7, B) is a gap if and only if the pair (B, <) is a gap.

Proof Only (2) requires a proof; proofs of the other equivalences are left to the
reader.

Suppose that ¢ separates < from 9. Then ab = (ac)b = a(cb) = 0 for all
ae€ Aandallb € B. |

The analog of Lemma 14.1.2 holds for every pair (A, B) of C*-subalgebras of C.

Lemma 14.1.3 Suppose C is a C*-algebra and A and B are C*-subalgebras
of C.

1. Then A and B are orthogonal if and only if AL and B are orthogonal.

2. Also, A and B form a gap if and only if A+ and B form a gap. O

As in Section 9.3, when C is a quotient C*-algebra M/ J, we frequently identify a
gap (<7, %) in M/ J with its preimage under the quotient map, (7 ~'[.<7], 7 ~'[A]).

1We emphasize that c is not required to be self-adjoint.
2«Separable” would be more accurate but this word is too similar to “separated.”
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More precisely, define a quasi-ordering </ on M_, by
a <’ bifandonlyif (3c € J)a +c < b.

Clearly, a <’ b is equivalent to 7 (a) < 7 (b).

Lemma 14.1.4 If M = .#(J) and J is separable, then the relation <’ is analytic
in the strict topology of A (J).

Proof Lemma 13.1.8 implies that J is a Borel subset of .#(J), hence </ isa
continuous image of this set is clearly Borel {(a, b, ¢) € (//Z(J)m)2 x M(J),, :
a+c<bj. m]

Every pregap in & (N)/ Fin can be enlarged to a pregap in &?(N)/ Fin both of
whose sides are ideals in such a way that one of those pregaps is a gap if and
only if the other one is (Exercise 9.10.3). The analogous statement is true in the
context of gaps in C*-algebras, with the right analog of ideals in the Boolean algebra
& (N)/ Fin being provided by the following definition.

Definition 14.1.5 An order ideal in a C*-algebra C is a norm-closed subset &7
of C which satisfies the following.

1. &7 is acone,i.e., itis closed under addition and multiplication by positive scalars.
2. 4/ is hereditary,i.e.,a € & and 0 < b < a implies b € &

A word on the protagonists of Proposition 14.1.6 below is in order. If C is a
C*-algebra and .2~ € C, then her(:Z") is the smallest hereditary C*-subalgebra
(Section 2.1.6) of C including 2°. Norm-closed left ideals already appeared as
left kernels of states L, in both the GNS construction and our study of pure states
in Section 3.6.

Proposition 14.1.6 Suppose C is a C*-algebra.

1. The function B + B is an order-preserving bijection between hereditary C*-
subalgebras and order ideals of C.

2. The function B +— {a € C : a*a € A} is an order-preserving bijection between
order ideals and norm-closed left ideals of C,

3. The function J — J N J* is an order-preserving bijection between norm-closed
left ideals and hereditary subalgebras of C.

Proof Since neither this proposition nor Corollary 14.1.7 will be used explicitly, we
only prove that the function defined in (2) has the codomain as stated. The analogous
assertion is evident in the case of (1) and (3), and the monotonicity is evident for
each of these three functions. A proof that each of the functions is a bijection can be
found in, e.g., [192, Theorem 1.5.2].

If A is an order ideal in C, then by the continuity of operations

Jgp ={aeC:a*a c B)
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is a norm-closed subset of C. If b € Jg and a € C, then
(ab)*ab = b*a*ab < b*b|a|*

and therefore ab € Jg. To prove that J# is an additive subgroup, fix » and ¢ in
Jg. By Exercise 1.11.41, we have (b + ¢)*(b + ¢) < 2(b*b + c¢*c) and therefore
b + c € Jg. This proves that J is a left ideal. O

Corollary 14.1.7 If o/ C Cy, then the smallest order ideal that contains <7 is
equal to her() . |

The following proposition will not be used and its (easy) proof is omitted.

Proposition 14.1.8 Suppose C is a C*-algebra. For a pair <, B, the following are
equivalent.

1. The pair (<, B) is a pregap (gap, respectively) in C.
2. The pair (her(<), her(4)) is a pregap (a gap, respectively) of C*-subalgebras
of C. i

14.2 A Gap-Preserving Order-Embedding

In this section we construct an order-preserving and gap-preserving embedding of
the Boolean algebra &?(N)/ Fin into the poset of all projections of the corona of
any C*-algebra that has a sequential approximate unit consisting of projections.
Unlike gaps, maximal almost disjoint families in 4 (N)/ Fin are not preserved by
this embedding.

This section relies on Sections 9.1, 9.3, and 14.1. An order-embedding between
two quasi-ordered sets @ : Q — P is gap-preserving if (®[</], P[HA]) is agap in P
whenever (<7, %) is a gap in Q.

Not every injective *-homomorphism is gap-preserving (Exercise 14.6.2). In
particular, being a gap of projections in a C*-subalgebra C of 2(A) is in general
weaker than being a gap in Proj(2(A)) whose sides are included in Proj(C), as in
the conclusion of Theorem 14.2.1.

Gaps can be imported into 2(A) from &?(N)/ Fin in bulk.

Theorem 14.2.1 If A is a non-unital C*-algebra with a sequential approximate unit
consisting of projections, then there are an abelian C*-subalgebra C of # (A) and
an order-isomorphism @ : & (N) — Proj(C) that sends gaps in &?(N)/ Fin to gaps
in Proj(2(A)).

Proof Let ¢,, for n € N, be an approximate unit of A consisting of projections and
let (withe_; =0) f,, := e,+1 — e, for all n.

Since e, < e, implies ey e, = e, = enen, the algebra Cy := C*({e,, : n € N})
is abelian. Let C be the strict closure of Cy in .# (A). For X C N the sequence of
partial sums s, := Y, cxn, fn, for m € N, converges to an element in ./ (A) by
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Lemma 13.1.11. We let px be the strict limit of this sequence of partial sums and
write px = Y, cx fa-

Consider #(N) with its Cantor-set topology and .# (A); with its strict topology.
The former space is compact and metrizable, the latter is Polish (Lemma 13.1.8),
and the map from Z(N) to .#(A); defined by @ (X) := px is continuous. It is
clearly order-preserving and orthogonality-preserving. By [X]ri, we denote the Fin-
equivalence class of a set X.

Claim The map & ([XIFin):=px + A defines an order-preserving and orthogonality-
preserving map from &2 (N)/ Fin into Proj(C/Cp).

Proof If X and Y belong to &(N), satisfy X =* Y, and m is large enough to have
(XAY) C m, then (@2 (X) — @(Y))(1 — plo,m)) = 0. Therefore, @ is well-defined.
Since X C* Y implies px py — px € A, ® preserves the order and orthogonality. O

Suppose (7, A) is a gap in L (N)/Fin. Towards a contradiction, suppose that
(@[], ®[A)) is separated by ¢ € .#(A). Hence @ (X)c — & (X) € A for all
Xeo andcP(Y) € Aforall Y € A.

Claim The function ¢: #(N) — [0, co) defined by ¢(X) := | pxcl is a lower
semicontinuous submeasure (Definitions 9.1.6 and 9.1.8).

Proof Clearly ¢(#) = 0 and ¢(X) < oo for all X. Subadditivity follows from the
inequality || pxuvell < I(px + px)cll < llpxell + llpyell, and the monotonicity is
immediate. Therefore, ¢ is a submeasure. To see that it is lower semicontinuous,
note that the function X — pyx is strictly continuous, and that the norm is lower

semicontinuous with respect to the strict topology. O
By Lemma 9.1.10, Exh(p) = {X € N : lim, (X \ n) = 0} is a Borel
P-ideal, and 7pin[Exh(g)] includes /. Similarly, ¥ (X) := |px(1 — ¢)|| is a

lower semicontinuous submeasure, Exh(yr) is a Borel P-ideal, and mgj,[Exh(y)]
includes #. If X € Exh(¢) and Y € Exh(y), then pxny € A. Therefore,
Exh(p) and Exh(y) are orthogonal Borel P-ideals. By Theorem 9.3.10, two
orthogonal Borel P-ideals are separated by some X. Then py separates .o/ from 4,
contradiction. m|

The assumption on the existence of an approximate unit consisting of projections
in Theorem 14.2.1 can be weakened to the existence of a sequential approximate unit
(Exercise 14.6.6).

Corollary 14.2.2 Ifa C*-algebra A is separable, non-unital, and of real rank zero,
then # (A) has an abelian C*-subalgebra C for which there is an order-embedding
@ : P (N) — Proj(C) that sends gaps in &?(N)/ Fin to gaps in Proj(2(A)).

Proof By Theorem 2.7.1, A has an approximate unit consisting of projections.
Since A is separable, one can choose this approximate unit to be sequential. O

By taking A = % (H) in Theorem 14.2.1 and identifying &#(N) with Proj(£«o)
we obtain the following.



354 14 Gaps and Incompactness

Corollary 14.2.3 The standard embedding ¥ : & (N) — Proj({eo) sends gaps in
P (N)/ Fin to gaps in 2(H). O

The embedding ¥ : #?(N) — Z(H) as in Corollary 14.2.3 does not preserve
all “gap-like” structure of & (N)/ Fin. The following is a noncommutative analog
of the almost disjoint family in &?(N)/ Fin (Definition 9.2.1).

Definition 14.2.4 A family .o/ of projections in Z(H) is almost orthogonal if pq
is compact for all distinct p and ¢ in 7. A family <7 is maximal almost orthogonal
if it is almost orthogonal and if .2’ D .&/ is almost orthogonal then &/’ = 7.

Proposition 14.2.5 There is a maximal almost disjoint family o/ C & (N) whose
image under ¥ as in Corollary 14.2.3 is not a maximal almost orthogonal family.

Proof Let px := ¥ (X) for X C N. Given an orthonormal basis &,, forn € N, of H
the vectors

2n+l_1

Nn =272 Y5 o

for n € N, are orthonormal. Let ¢ := Pprojggm(,,men}- AS in the proof of
Theorem 14.2.1, ¢, (X) := ||¢X]| defines a lower semicontinuous submeasure on N.
Since lim,, ||g&; || = 0, Lemma 9.1.10 implies that Exh(g,) is a dense P-ideal on N.
Since Exh(g,) is dense, by Zorn’s lemma we can find a maximal almost disjoint
family .« contained in Exh(g,). Then g is almost orthogonal to px for all X € <7,
and {px : X € &/} is not a maximal orthogonal family in Z(H). O

14.3 Twists in Massive C*-algebras

In this section we construct noncommutative analogs of Luzin families (Sec-
tion 9.3), called twists, in the poset of projections of the Calkin algebra.

Lemma 12.4.4 implies that every countable family of commuting projections
in 2(H) lifts to a family of commuting projections. Theorem 12.3.7 provides a
family of ¢ commuting projections that cannot be lifted to commuting projections.
We can do better (Corollary 14.3.4).

Definition 14.3.1 A rwist of projections is an uncountable orthogonal family .# of
projections in a quotient M /J such that the following two conditions hold.

1. A subfamily % of .% can be lifted to a family of commuting projections in M
if and only if it is countable.

2. For every projection g in M/J at most one of the sets {p € F : pg = 0} and
{p e :(—q)p=0}isuncountable.

Theorem 14.3.2 There exists a twist of R projections in the Calkin algebra.
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A proof of Theorem 14.3.2 will be given after a preliminary lemma modelled on
Luzin’s condition (see the proof of Theorem 9.3.6). Fix an increasing sequence 7,
of finite-rank projections in A(H) such that SOT-lim,, r, = 1.

Then ||z (a)| = inf, ||(1 — r,)a| for every a € B(H).

Lemma 14.3.3 Suppose that ¢ > 0 and {p, : @ < N1} is a family of projections
in ZB(H) such that pgpy is compact but the set {a < B : |(1 — r)[pa, pplll < €}
is finite for every B < N1 and every finite-rank projection r. Then the following
hold.

1. If X C Ry, then {m(py) : a € X} have commuting lifts if and only if X is
countable.

2. There is no projection q in 8(H) such that both sets {a | pyq is compact} and
{a | po (1 — q) is compact} are uncountable.

Proof (1) Since C*(w(py) : @ € X) is abelian it has real rank zero, hence if X
is countable, then 7 (p,) for @ € X can be lifted to commuting projections by
Lemma 12.4.4.

Fix an uncountable X C 8| and assume there are commuting projections g, for
a < Ny, in B(H) such that p, — g4 is compact for all «. For each « let n(«) be
large enough so that ||(1 — ru))(pe — ga)ll < €/4. Since the assumption on %
holds for all of its uncountable subsets, by passing to an uncountable subset of X we
may assume that there exists n such that n(«) = n for all «.

Since [¢gg, go] = 0, we have

(1 =r)lpa. ppll < 11 = ra)(Papp — qagp) Il + 11 = ra)(gpge — PpPo)Il < €

forallaand . If B € X, then XN B C {a < B : |(1 —ry)[pa, pslll < €}. Since X
is uncountable, there exists 8 € X such that 8 N X is infinite; contradiction.

(2) Assume the contrary and fix ¢ such that both Xy := {o | pggq is compact}
and X; := {a | po(1 — q) is compact} are uncountable. Since p, and 1 — g are
self-adjoint, (1 — g) py is compact for all « € X; and gp,, is compact for all @ € Xo.
For o € XoUX| fix n(a) such that max(||(1 — @) Paqll, |(1 —u@))gpall) < /4
it € Xo and max([[(1 —ruge)) (1= @) Pl (1 =ruce) pa (1= ) < £/4ifa € Xi.
By a counting argument and shrinking Xy and X; if necessary we may find n such
that n = n(«) for all @. For o € Xg and 8 € X; we have

(A =) pappll < (L = ru) pagppll + 111 = rn) pa(1 — q) pgll
<A =ri)paqll + 1A —r) (I —q)ppll < €/2

and similarly ||(1 —r,) pgpall < /2. Therefore ||(1 —rn)[pa, pplll < € fora € Xo
and B € X;.If B is such that Xy N B is infinite, then there are infinitely many o <
such that ||(1 — r,)[pa, pglll < &; contradiction. |

Proof (Theorem 14.3.2) For a projection p write p! := p and p* := 1 — p. We
will recursively construct a family of projections .# := {py : ¢ < X1} in ZB(H)
such that for all @ < 8 we have
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1. pgpp is compact, and
2. forevery n the set {y < B: |[(1 —ry)[py, pslll < 1/8} is finite.

The recursive construction starts by choosing p,,, for n < Ry, simultaneously so that
their ranges are infinite-dimensional and orthogonal. Then (1) and (2) are satisfied.

Assume py, for o < B, have been chosen to satisfy all relevant instances of (1)
and (2). Since B is countable, by Lemma 12.4.4 applied to C*(7r(py) : @ < B) we
can find an orthonormal basis (§,) of H that diagonalizes all 7w (py), for ¢ < B.
Enumerate the lifts of these projections as g;, for i € N, and fix X; € N such that
qi = projm{gj: jexy for all i. Recursively find natural numbers /(i) and m(i, j), for
i e Nand j < 2, such that for all i and j < 2 the following conditions hold.

3. 11 = i) (gj — px)Il < 160
4. 1(0) <m(, j) <l +1),
5. m(i, j) ¢ Xy forall k < i, and
6. m(i,0) € X;, m(i, 1) ¢ X;.

Since g — px; is compact, [(j) only needs to be chosen sufficiently large in order
to satisfy (3). The sets X}, for j € N, are almost disjoint and infinite, and therefore
one can find m(i, 0) and m(i, 1) as required.

The vectors n; := ‘/Ti(gm(,‘,o) +&mn(,1)) form an orthonormal sequence. Let pg be
the projection to the closed linear span of this sequence. Since pgpx; has finite rank
for all j, the product pggq; is compact for all j. In other words, pg py is compact for
all @ < B and (1) holds.

To prove (2), fix i € N for a moment. Then py pgn; = pani ~1/16 ‘/755,,,(,30) and
PBPaMi ~1/16 Pﬁgém(i,m = %771-

AS 13280y — 301l = 12 Emi.0) — Fémi | = . Ilpas pplll > § follows.

Each of the sequences n;, &u(,0), and &, 1) is orthogonal and therefore
weakly null. By the computations from the previous paragraph, for every fixed
rn we have (1 — ry)lllgi, pslll > é for all but finitely many i. Therefore
11— r)lpa, pplll > % for all but finitely many o < S.

This describes the recursive construction of projections p,, for ¢ < Ny,
satisfying (1) and (2). By Lemma 14.3.3, the family .# = {n(py) : ¢ < R} is
a twist of projections in 2(H). O

Corollary 14.3.4 There exists a family of R commuting—even orthogonal—
projections F in 2(H) such that a subfamily of F has a commutative lift if and
only if it is countable. O

14.4 An Application of Gaps to Kadison-Kastler Stability

In this section we study gaps in the Calkin algebra whose sides are subalgebras and
construct abelian gaps as well as gaps without characters. These gaps are used to
provide a (nonseparable) counterexample to the Kadison—Kastler stability of C*-
subalgebras of Z(H).
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The Kadison—Kastler distance dgg on C*-subalgebras of Z(H) is the Hausdorff
distance between their unit balls:

dkk (A, B) = max(sup,cy_, infpep_; la — I, supyep_, infuca, lla — bl).

This metric was introduced in [146] where it was conjectured (somewhat vaguely)
that dxk-near operator algebras are isomorphic and even unitarily equivalent by a
unitary in the neighborhood of the identity. This conjecture is true for von Neumann
algebras. It is not known whether its first part is true for separable C*-algebras.® The
main result of this section, Theorem 14.4.7, provides a nonseparable example.

Definition 14.4.1 A gap of C*-algebras is said to be abelian if both of its sides are
abelian (see also Exercise 14.6.8).

Our convention is that a gap in 2(A) is a pair of C*-subalgebras of .Z(A). A
pair of C*-subalgebras of .# (A) whose images under the quotient map are abelian
is not necessarily abelian. Corollary 14.3.4 can be used to find a pair of abelian C*-
subalgebras (A, B) in 2(H) that are orthogonal and not separated that cannot be
lifted to abelian C*-subalgebras of A(H) (Exercise 14.6.7).

Since for every nonzero positive element 4 € 2(H) the hereditary subalgebra
h2(H)h is nonabelian, there are no hereditary abelian gaps in the Calkin algebra.

Corollary 14.4.2 Suppose D is a non-unital C*-algebra with a countable approxi-
mate unit consisting of projections.

1. There exists an abelian gap (A, B) in 2(D) such that both A and B have density
character 1.

2. There exists an abelian gap (A, B) in 2(D) such that A is separable.

3. There exists an orthogonal family py, for a < Ry, of projections in 2(D) such
that any two of its disjoint uncountable subsets form a gap in 2(D).

Proof Let (o, #) be a gap in Z(N)/Fin. With the embedding & defined in
Theorem 14.2.1 let A := C*(@[«/]) and B := C*(®[HA]). Then A and B are
orthogonal abelian algebras and they form a gap by Theorem 14.2.1.

(1) If (o7, ) is a Hausdorff gap (Theorem 9.3.7), then both ./ and % have
density character 8.

) If (o7, PB) is as in Example 9.3.9, then A is separable.

(3) Apply @ to the Luzin family constructed in Theorem 9.3.6.* O

A character of a unital C*-algebra is a unital *~-homomorphism into C.

Lemma 14.4.3 Suppose that A is a unital C*-algebra that has a unital copy
of M,,(C) for some n > 2. Then A has no characters.

31ts second part is false for separable C*-algebras (see [137]).

4 As pointed out after Definition 14.4.1 and Exercise 14.6.7, a twist of projections does not provide
a proof of (3).
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Proof Suppose ¢: A — C is a *-homomorphism. Since M, (C) is simple, the
restriction of ¢ to the unital copy of M}, (C) vanishes. O

Given n > 1, a C*-algebra A is n-homogeneous if each one of its irreducible
representations is on an n-dimensional Hilbert space. It is n-subhomogeneous if
each one of its irreducible representations is on an m-dimensional Hilbert space for
some m < n. The simplest n-homogeneous C*-algebras are of the form M, (Cy(X))
for a locally compact Hausdorff space X. Every n-homogeneous C*-algebra is of
type I and therefore nuclear.

Lemma 14.4.4 There exists a gap (A, B) of subalgebras in 2(H) such that B is
abelian and A does not have characters. It can be chosen so that both A and B have
density character equal to X1 and A is 2-homogeneous.

Proof We will find a gap as required in Mp(2(H)) = 2(H). Let Ag, By be
an abelian gap in %(H) such that both Ay and By have density character R
(Corollary 14.4.2(2)) and define

B:={(gg> :bEBo}, A = M>(Ap).

Clearly, B is abelian and A is 2-homogeneous, (A, B) is a pregap, and
Lemma 14.4.3 implies that A has no characters. To see that A and B form a
C11 €12

C21 €22
and B. Then c1; separates Ag and By; contradiction. |

gap, suppose otherwise and fix ¢ = ( ) € M)(2(H)) that separates A

Lemma 14.4.5 Suppose W : Co — C| is an isomorphism between C*-algebras
such that C; = Aj @ Bj where A has no characters and Bj is abelian for j < 2.
Then W[Ag] = Ay and ¥ [By] = B;.

Proof Fix j < 2. Let £2; be the space of all characters of C;. Then
Aj = m(peg,- ker(¢). Since ¥ is an isomorphism, §20 = {p o ¥ : ¢ € £21}.

Therefore, Ag = [, ker(¢ o ¥) = w—l[mwegl ker(p)] = ¥ [A1]. O

Lemma 14.4.6 Suppose (A, B) is a pair of C*-subalgebras of a unital C*-
algebra C that form a gap. Suppose p and q are projections of rank 1 in M,(C).
The C*-subalgebras A, := {p} @ A and B, := {q} ® B of M>(C) form a pregap
which is a gap if and only if pg # 0.

Proof Since every elementary tensor in A, is orthogonal to every elementary tensor
in By, A, and B, form a pregap.

If pg = 0, then (Ap, B;) is separated by p ® 1. To prove the converse,
suppose that pg # 0 and the pair (A,, B,) is separated. By replacing p and

. o . L 10
g with unitarily equivalent projections, we may assume that p = 00 and
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cos@sin® cos’ 0
separates (Ap, By).

Fora € A we have a 0) (e cn =(¢ 0 . Therefore aciy=a and ac;y = 0.
00/ \co1 22 00

cl1 2 bsin?(@)  bcos(d) sin(d) 00
For b B h = .

orb € Bwe have (c’z] 022> (b cos(@)sin(6)  bcos(6) 00
Therefore cj1b sin? 6 + cipbsinf cos@® = 0. Let ¢ := cy1 +cotfcyz. Thenac = a
foralla € A and ¢b = 0 for all b € B; contradiction. m]

g = < sin?f  cos@sinf
21 €22

) for some 0 < 6 < 2n. Fix ¢ = <C“ Cu) that

And now, for the application promised in the introduction to this section.

Theorem 14.4.7 There are C*-subalgebras C; of B(H) for 0 < t < 1 such that
lim; ¢ dgk (Co, C;) = 0 but Cy % C; for all t > 0. These C*-algebras can be
chosen to be 2-subhomogeneous and of density character R;.

Proof By Lemma 14.4.4, there are C*-subalgebras A and B of Z(H) such that B
is abelian, A is 2-homogeneous, A does not have characters, the density characters
of A and B are both equal to ¥y, and (A, B) is a gap in 2(H).

Consider the following path of projections in M3 (C)

. ( cosz(m/Z) cos(tm/2) sin(tr[/2))
Pz cos(rm/2) sin@emn/2) sin(i/2) ’

for 0 <t < 1. As p; is a scalar projection in M>(C), both A ® {p;} and B ® {p;}
are subalgebras of My(AB(H)) = #(H) ® M(C) for all ¢.

ForO0 <t < 1lletC, := C*(A® {p1}, B {p:}, Mo(# (H))). This is a 2-
subhomogeneous C*-subalgebra of M,(ZA(H)) of density character R;. Since both
A and B are C*-algebras and ab € # (H) forall a € A and b € B, we have

Ci=la®p+bQ®p,+c:aec A, be B, and c € M(# (H))}.
This implies that every ¢ satisfies
dkk (Co, Cr) < sup{[[b ® po —b® p;ll : b € B} < [[po — p:ll.

Since lim;_,¢ || p; — poll = 0, we have lim;_,o dkk (Co, C;) = 0.

We have yet to prove that Cyp % C, forallt > 0. Fix 0 < ¢ < 1 and, towards
obtaining a contradiction, suppose that @ : Cop — C; is an isomorphism. As ¢ (H)
is the unique essential ideal in both C; and Cy, we have @[ # (H)] = J# (H). By
Exercise 2.8.30 there exists a unitary u such that @ (d) = Adu(d) ford € J£ (H).
Since J# (H) is an essential ideal in both Co and #A(H), Lemma 2.5.6 implies
@ (a) = Adu(a) for all a € A. In particular, @ extends to an inner automorphism
Adu of B(H) and & : 2(H) — 2(H) defined by
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&(a+ # (H)) = ®(a)+ 4 (H)

extends to an automorphism of 2(H).

Let A := A® {p1} and B; := B ® {p:}. Since p; and p; are orthogonal if and
only if t = 0, Lemma 14.4.6 implies that (A1, B;) forms a gap if and only if ¢ > 0.
By Lemma 14.4.5, @[n[A(]] = 7[A1] and @[n[Bo]] = #[B;]. If c € B(H)+
separates A; from By, then @ (c) separates A from B;; contradiction. Therefore,
Co and C; are not isomorphic. |

14.5 Uniformly Bounded Group Representations, I

In this section we discuss unitarizability of uniformly bounded representations of
a group into a C*-algebra and construct a uniformly bounded representation of an
uncountable discrete abelian group which is not unitarizable, although its restriction
to any countable subgroup is unitarizable.’

We consider algebras of operators on a complex Hilbert space that are not
necessarily self-adjoint. Therefore:

Until the end of this section a subalgebra of a C*-algebra is norm-closed, but not necessarily
a C*-subalgebra, and a homomorphism between algebras of operators (even if they are C*-
algebras) is not necessarily a *-homomorphism.

In Example 14.5.2 below we will need the following obvious estimate for the
operator norm in M, (C).

Lemma 14.5.1 Ifs = (sij) € M, (C) then |s|| < nmax; ; |s; ;. m|

Example 14.5.2 The simplest example of a finite-dimensional, non-self-adjoint,
operator algebra is in order.

10

1. Fort € Rlets; ::(
t —1

). Then st2 = 1, and the algebra generated by s; is

A :={xsf+y:x,y€<C}={(x;y_onry):x,yEC}-

t1
then b;s;b, Uis diagonal and b, A;b; Uis the C*-algebra D, of diagonal matrices
in M>(C). By Lemma 14.5.1 we have

Since s; has distinct eigenvalues 1 and —1, it is diagonalizable. If b, := (2 0),

L:= sup |lbllIb7 ") < 4.

0<t<l1

SThis result will be refined in Section 15.5, to which this section serves as a warm-up.
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2. Suppose ¢ and r are distinct nonzero complex numbers. Then s; and s, as
in (1) generate the algebra of all lower-triangular matrices in M>(C). Being
3-dimensional and noncommutative, it is not isomorphic to a C*-algebra. This
implies that s, and s, cannot be diagonalized simultaneously.

Recall that U(M>(C)) denotes the unitary group of M;(C).
Lemma 14.5.3 IfU and V are disjoint closed sets in [0, 1] and K < oo, then

L := inf{dist(as;a", U(M2(C))) + dist(as,a!, U(Ma(C))) :
a € GLIM), |lalllla”'| < K,r eU,t € V} > 0.

Proof Since ||a|||la™!|| < K, the range set % for the parameters (a,r,t) in the
definition of L is compact. As the function dist(-, U(M3(C))) is continuous, it
attains its infimum on & at some (a, r, t). If this infimum is zero, then r # ¢t and a
simultaneously diagonalizes s, and s;, contradicting Example 14.5.2(2). O

Definition 14.5.4 A representation w: I’ — A of a discrete group I” into a unital
C*-algebra A is a homomorphism of I" into GL(A). It is unitary if its range is a
subset of the unitary group of A. A representation w: I — A is unitarizable if
there exists ¢ € GL(A) such that g — a~!7m(g)a is a unitary representation. It is
uniformly bounded if ||| := sup,er [l ()l is finite.

Example 14.5.5 Suppose m: I' — A is a representation of a discrete group into
a unital C*-algebra. Then the linear span of 7 [I'] is a linear space closed under
multiplication, and therefore its norm-closure is a subalgebra of A. If  is in addition
a unitary representation, then the closure of the linear span of 7w [I] is self-adjoint,
and therefore its norm closure is a C*-subalgebra of A.

Every unitary group representation has norm one and is therefore uniformly
bounded. Every uniformly bounded representation of an amenable group into a
von Neumann algebra is unitarizable (Exercise 15.6.25, but we will prove a more
difficult related result in Proposition 15.4.1). The free group F has a uniformly
bounded non-unitarizable representation, and conjecturally the property of hav-
ing all uniformly bounded representations into Z8(H) unitarizable characterizes
amenable groups (see [201]).

Proposition 14.5.6 There exists a uniformly bounded and non-unitarizable repre-
sentation Of@m 7.]27 into M> (oo (N))/ M2 (co(N)).

Proof Let {A, : @ < N;} be the Luzin almost disjoint family constructed in
Theorem 9.3.6. Therefore, A, NAg is finite for all distinct o and 8 and for any X € N
at most one of the sets {« : A, \ X is finite} and {« : A, N X is finite} is uncountable.
Let f: Z(N) — [0, 1] be a continuous injection, e.g., f(X) 1= >, x 3—7=1 For
o < N let
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1 0
o = 1.
! (f(Aa) _1> ®

Define py € My(Loo(N)) by pe(n) = 15 if n € A, and p,(n) = 0ifn ¢ A,. This
is a central projection. Let b, € M>(£o(N)) be defined by

by :=typa + (1 — py).

Lemma 14.5.1 implies ||by || = max(||ty]], |1 — p«ll) < 2.

Since t§ = 1, we have bg = 1. Therefore, there exists a € M»(£x(N)) such
that abya™! is a diagonal unitary. For @ # f the elements b, and bg can be
simultaneously diagonalized in M3 (£ (N)) if and only if b, (n) and by (n) can be
simultaneously diagonalized for all n. By the second part of Example 14.5.2, b, and
bg can be simultaneously diagonalized if and only if A, and Ag are disjoint.

If « # B, then Ay, N Ag is finite and therefore (writing [x, y] = xy — yx)

[ba, bgl € Ma(co(N)).

Letm: My(£xo(N)) = Mr(loo(N))/M2(co(N)) denote the quotient map. Let g, be
the generator of the ath copy of Z/2Z in @Nl Z./27. Since 1 (by), for @ < Ry, are
commuting involutions, letting o (gy) := m(by) for all & defines a representation

o1 Dy, Z/2Z — GL(M2(Lso(N)/M2(co(N))).

Each « satisfies || (by)|| < |bgll < 2. Since the sets A, are almost disjoint, for
F e 8 we have [0 ([Tyer 8)ll = | T 7 (ba) | = Maxacr o]l < 2.and o is a
uniformly bounded representation of @Nl 7]27.

Suppose that the set S, := {« : w(abga Y isa unitary} is uncountable for some
a € My(lso(N)). By Lemma 6.6.5 there are disjoint closed intervals U and V in
[0, 1] for whichboth 2" :={a € S: f(Ay) €U}l and % :={x € S: f(Ay) € V}
are uncountable.

Let K := ||a|/|le~}|. Lemma 14.5.3 implies that there exists ¢ > 0 such that if
b € GL(M,(C)) satisfies ||b||[|b~"|| < K then dist(bs,b~") + dist(bs,b~!) > & for
allr e Uandt € V. Let

X := {n € N: dist(a(n)s-a(n)~", UM>(C))) < e/2 for some r € U}.

Since w(abga~ ') is a unitary for all &, Ay \ X is finite for every o € 2.

On the other hand, if @ € %, then dist(a(n)bga(n)~', U(M>(C))) > &/2 for at
most finitely many n € A, and therefore A, N X is finite. Therefore, X separates
two uncountable subsets, 2~ and %/, of a Luzin family; contradiction. m]

The discussion of the present section continues in Section 15.5, after we
introduce a machinery that will, among other things, show that the conclusion of
Proposition 14.5.6 does not hold for any countable amenable group.
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14.6 Exercises

Exercise 14.6.1 Suppose A and B are hereditary, o-unital, non-unital, C*-
subalgebras of the Calkin algebra 2(H). Prove that there exists an inner
automorphism @ of 2(H) such that ®[A] = B.

Exercise 14.6.2 Suppose A, B is a gap in a C*-algebra C. Prove that there exist
a C*-algebra D and an injective *-homomorphism @ : C — D such that the pair
(®[A], @[B]) isnot a gap in D.

Together with Theorem 14.2.1, Corollary 14.4.2, and Theorem 14.3.2, the
following exercise shows that the gap spectrum of the Calkin algebra is considerably
richer than that of 42 (N)/ Fin.

Exercise 14.6.3 Prove that for every ¢ > 0 there is m € N such that ¢>(m) has
0 . 1 : : : 011

orthonormal bases ¢;, fori < m, and ¢;, fori < m, satisfying |(&; |€j)| < ¢ for all

iand j.

Exercise 14.6.4

1. Use Exercise 14.6.3 to prove that there is a gap in Proj(#(H)) modulo JZ (H)
which has Borel, o-directed sides (Proj(%(H)) is taken with the strong operator
topology).

2. Prove that there are Borel, o-directed, order ideals A,, for r € {0, 1}N , in
Proj(#A(H)) such that the pair (A, A,) is a gap modulo J# (H) whenever r # s.

Exercise 14.6.5 Prove the following analog of Proposition 9.6.11 (see also Corol-
lary 12.2.3):

b* = min{|.«7| : there is a separable Z C 2(H )4 such that (<7, %) is a gap}.

Exercise 14.6.6 Prove a strengthening of Theorem 14.2.1: Suppose D is a non-
unital, o -unital, C*-algebra. Then there are an abelian C*-subalgebra C of .Z (D)
and an order-embedding @ : #?(N) — Proj(C) that sends gaps in &(N)/ Fin to
gaps in Proj(2(D)).

Exercise 14.6.7 Let % be a twist of ¥ projections in Z(H) constructed in
Theorem 14.3.2 and let A := C*(%).

1. Prove that a C*-subalgebra of this abelian C*-algebra has an abelian lift to Z(H)
if and only if it is separable.

2. Use this to find a pair of abelian, orthogonal C*-subalgebras of 2(H) that cannot
be separated but are not the image of an abelian gap under the quotient map.

Exercise 14.6.8 Suppose D is a non-unital, o-unital C*-algebra. Prove that the
analog of Corollary 14.4.2(1)—(3) holds in 2(D):

1. There exists an abelian gap (A, B) in 2(D) such that both A and B have density
character Rj.
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2. There exists an abelian gap (A, B) in 2(D) such that A is separable.
3. There exists an orthogonal family pg, for ¢ < Ry, of projections in 2(D) such
that every pair of its disjoint uncountable subsets forms a gap in 2(D).

Exercise 14.6.9 Suppose A and B are C*-subalgebras of Z(H) and such that
dkk (A, B) < 1. Prove that A and B have the same density character.

Compare the following exercise with Definition 8.2.8.

Exercise 14.6.10 Let C;, for 0 < ¢ < 1, be subalgebras of Z(H) as in the proof of
Theorem 14.4.7. Prove that for any 0 < ¢, s < 1 there exist clubs D, C Sep(C;) and
Dy C Sep(Cy) and an order-isomorphism @ : Dy — D; such that A and @ (A) are
isomorphic for all A € D;.

Exercise 14.6.11 Use Theorem 14.3.2 to give an alternate proof (as well as a
strengthening) of Theorem 11.1.2: Prove that if 7 C Proj(2(H)) is a twist of
projections, then the C*-subalgebra of Z(H) generated by 7171 does not have
an abelian approximate unit.

Notes

Section 14.1: In the terminology of [42], C*-subalgebras A, B of Z#(H) are
essentially orthogonal if w[A] and 7 [B] are orthogonal in the Calkin algebra. C*-
subalgebras A, B of B(H) are essentially interconnected if they form a gap.

For a C*-algebra C and a pair (&7, %) in C4 1, being a gap in C (Def-
inition 14.1.1) is apparently stronger than being a gap in the poset (Ci 1, <)
(Definition 9.3.1) as in the latter case we consider only self-adjoint separators. I
do not know whether the two notions are equivalent.

Order ideals in C*-algebras were introduced in [69], where Proposition 14.1.6
was proved. See also [192, Sect. 1.5].

Section 14.2: Gaps in Proj(2(H)) were first considered in [266], where The-
orem 14.2.1 was proved in the case of the Calkin algebra. Exercise 14.6.4 is also
taken from [266].

Maximal almost orthogonal families were introduced in [262], where Proposi-
tion 14.2.5 and several related relative consistency results were proved.

Section 14.3: Theorem 14.3.2 was inspired by Luzin’s Theorem 9.3.6. We give
a version from [24] that improves the original statement from [97] and answers a
question posed there. For a further generalization to other coronas see [243].

Section 14.4: Theorem 14.4.7 was proved in [42].

See, e.g., [44] for the recent progress on the Kadison—Kastler stability question.
Exercise 14.6.10 shows that the nonseparable example from Theorem 14.4.7 does
not reflect (in the terminology of Section 7.3) to produce a separable example.
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In the category of Banach spaces the question analogous to Kadison—Kastler’s
has a negative answer. There is a Banach space with separable subspaces that
are arbitrarily near in the analog of the Kadison—Kastler distance but not isomor-
phic [145].

Section 14.5: The results of this section are special cases of the main results of
[43] and [249], given in full generality in Section 15.5.



Chapter 15 ®
Degree-1 Saturation e

Deadlines are one of the most common ways of inducing stress that provoke an increase in
performance. If the latter chapters of this book suddenly improve in quality, you now know
why.

Dean Burnett, The Idiot Brain

Proceeding in the direction opposite from that of Chapter 14, we introduce the
notion of countable degree-1 saturation. This is a weakening of the quantifier-free
saturation (discussed in Section 16.1). Every corona of a o-unital, non-unital, C*-
algebra is countably degree-1 saturated, and so is every ultraproduct of a C*-algebra
associated with a countably incomplete ultrafilter and this property, among other
things, explains why there are no countable gaps in these massive C*-algebras.
Countable degree-1 saturation is also used to give a uniform treatment of several
distinguishing properties of coronas of ¢ -unital C*-algebras.

15.1 Degree-1 Types and Saturation

In this section we introduce countable degree-1 saturation of C*-algebras and prove
that the corona of every o -unital, non-unital, C*-algebra has this property.

The most common massive C*-algebras are countably degree-1 saturated: coro-
nas of o -unital C*-algebras, ultraproducts associated with ultrafilters on N, reduced
products associated with the Fréchet filter (i.e., the asymptotic sequence algebras),
and quotients of I, factors with respect to Breuer ideals.

All massive quotient C*-algebras have closure properties resembling those of von
Neumann algebras, with two important differences. First, “limits” can be found only
for countable sets. Second, these “limits” are neither unique nor canonical. These
closure properties are unified by the model-theoretic notion of saturation.

The following is a variant of the model-theoretic definition of a type (see
Definition 16.1.4 and the subsequent discussion of types as sets of conditions).

© Springer Nature Switzerland AG 2019 367
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Definition 15.1.1 Fix a C*-algebra C and n € N. A degree-1 condition over C in
variables X = (x; : j < n) is an expression of the form

120 j<naojxjarj+ 3 ,azxjasj+al=r (15.1)

with all coefficients in C and r € Ry. The condition || P(X)|| = r is satisfied in C
by a tuple b of the appropriate length if || P(b)|| = r.

Definition 15.1.2 A degree-1 n-type over C is a set of degree-1 conditions over
C in variables X = (x; : j < n). We will write “type 1” instead of “degree-1 n-
type t” whenever there is no danger of confusion.! A type t(¥) is realized in C if
there exists b in the unit ball of C such that every condition in t(¥) is satisfied by b.
A type t(x) is approximately realized in C (or satisfiable) if for every finite subset
to(x) of t(x) and every ¢ > O there exists b in the unit ball of C such that for every
condition ||P(X)|| = r in to(X) we have |||P(D)|| — r| < e. Such b is a partial
realization of t(x).

Every realized type is satisfiable, but the converse is not necessarily true.
Example 15.1.3 Suppose C is a C*-algebra and A is a C*-subalgebra of C.

1. The relative commutant type tr";(x) = {||I[x,al]ll =0 :a e A} is realized by
ceCifandonlyifc e A'NC.
2. If A and B are C*-algebras then a derivation is a linear map §: A — B satisfying

8(ab) = §(a)b + as((b).

forall a and b in A. A derivation from A to itself of the form é4(a) := ad — da
is inner. If A is a subalgebra of C and §: A — C is a derivation then the type

ts(x) :={||6(a) —ax +xa|| =0:a € A}

is realized by d € C if and only if § and §; agree on A.

Each one of the types t4 and tg‘ has uncountably many conditions. However,
these conditions are of the form ||P(x,a)|| = 0, for a fixed *-polynomial and a

parameter a € A. For a type t of this form we can fix a dense subset D of A and
consider the countable type t' consisting only of conditions in t with parameters
in D. The types t and t’ are equivalent in the sense that every (partial) realization of
one is a (partial) realization of the other.

Definition 15.1.4 A C*-algebra C is countably degree-1 saturated if every satisfi-
able countable degree-1 type over C is realized in C.

The following is the main result of this section (but see Theorem 15.2.4 below).

I This applies only to the present chapter; in Section 16.1 we will introduce the standard model-
theoretic definition of a type.
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Theorem 15.1.5 The corona of every o -unital, non-unital, C*-algebra is countably
degree-1 saturated.

Proof Suppose A is a o-unital, non-unital, C*-algebra and let M := .#(A). Fix
ng > 1 and a satisfiable countable degree-1 ng-type

tx) ={lIP;@ I =rj:jeN}

over M/A. Aliftofa € M/A isa € M such that 7(a) = a (Section 2.5). A lift of
a *-polynomial P (x) with coefficients in M /A is a *-polynomial whose coefficients
are lifts of the corresponding coefficients of P (x). A lift of a condition || P(X)|| = r;
is a condition of the form ||I~’()E)|| = r; where ﬁ(i) is a lift of P(x).

Fix a lift | Py (X)| = rm of every condition | P, (x)|| = r, in t. Since t is
satisfiable, for every n there exists l;n in the unit ball of M such that

max ||| P; (w (b)) || — ;| < 1/n.
j<n

Let X be the union of the sets of coefficients of the polynomials £, and the entries of
all b,, for n € N. Let B be the C*-subalgebra of M generated by X and a countable
approximate unit for A. Then B is separable, and by Proposition 1.9.3 there exists
a sequential X-quasi-central sequential approximate unit e,, forn € N, in BN A
which moreover satisfies e, e,,+1 = e, for all n.

Fix an enumeration X = {x; : j € N}. We shall tacitly use the fact that the quasi-
central approximate units can be “sped up” as described in the following claim.

Claim Suppose e, for n € N, is an X-quasi-central approximate unit in some
C*-algebra. If ¢,, for n € N, is any strictly decreasing sequence in (0, 1] with
lim, &, = O then there is an increasing sequence n(j), for j € N, in N such that
maxy<; |leqj)Xk — xXken(jll < € forall j € N.

Proof The assumptions imply lim, max . |le,xx — xre,|| < &; for every j. Fix
n(j) sufficiently large to have maxy < ; llen(jyxx — xren(jll < €j. |

Lemma 1.4.8 implies that for every *-polynomial P(x) there is a universal
constant K < oo depending only on P (x) such that

I[P (b), al|l < K max ||b;| max ||[c, a]|.,
J<ng ¢

where ¢ ranges over the coefficients of P and the entries of . Lemma 1.4.8
also implies that there is a continuous function g: (0,1] — (0, 1] such that
lim; o g(t) =0and forall0 <a < 1and b with ||p|| < 1 and |[a, b]|| < g(5§) we
have

a2, bl|| < 8. (15.2)
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By going to a subsequence (e;(jy) of (e;) if necessary, and replacing e; with e,
for all j, we may assume that ), [|[x;, e,]|| < oo forall x; € X and that

gQllla, enll) < g™ (15.3)

for all j < m < n and every coefficient a of ﬁj. Let (withe_1 :=0)

Ju = (eny1 — en)l/z

sothat ) _. fn2 = ep+1 for all m. Since 15]- (x) is a degree-1 polynomial, each of
its non-constant terms is of the form agx (j)a; or agx (j)*a; for some coefficients ag
and a;. Since (15.2) and (15.3) together imply that ||[ f,, a;]|l < 27" for j € {0, 1},
with K ; denoting the number of terms in f’j we have

1B; (fubn f) — faPj(Ba) full <27"K; and (15.4)
”f)j(fnl;nfn) - ﬁj(gn)fnzn < 2*”Kj.

On every bounded subset of M, the weak topology induced by p,, and A,, forn € N
is equivalent to the strict topology (Lemma 13.1.4).
From now on, until the end of the proof of Theorem 15.1.5, the strict topology correspond-

ing to {e, : n € N} will be referred to as the strict topology. In particular “strictly Cauchy”
will stand for “Cauchy in the {e, : n € N}-strict topology”.

Claim

1. For every2 a € €s(A) the sequence of partial sums s, = Zn<m fnan fn 18
strictly Cauchy and it converges to an element of M, denoted )", Fnan fr.

2. The map ©@: £y(A) — M defined by ©(a) := ), faanf, is unital and
completely positive (see Section 3.2).

3. If a € £5(A) is such that lim,, |||la,|| — ||anfnz||| = 0 then

7 (0 an 211 > limsup,, llan f21-

Proof (1) Fixn € N.If m > n 4 1 then ¢, f,, = 0, hence
en(Sm — sk) = (Sm — sk)e, =0

for all large enough m and k. This implies the first part of the claim. Since M is
strictly complete, the second part follows.
(2) Since M is strictly complete, the first claim implies that ® maps € (A)

into M. For every m the map a > ), _,. fuas fu is completely positive as a sum

2Notation alert: a is an infinite sequence, while each by is an no-tuple.
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of completely positive maps. Therefore ® is completely positive. It is unital since
>on <m fn2 strictly converges to 1,7 by the choice of f;,.

(3) If limsup,, ||a, fn2|| = 0 there is nothing to prove. We may therefore assume
r := limsup, ||a,1fnz|| > 0 is nonzero. By replacing each a,, with a,,/r, we may
assume lim sup,, ||a, || = limsup,, ||an, f,ﬁ” = 1. Fix ¢ > 0. Let n be large enough
and such that 1 — & < ||, f?|| < 1 + ¢ and [|la, £2|| — llan ||| < e. Fix a unit vector

g, that satisfies ||a, f2&,]l > llan 2| — e. This implies ||&, — a, f2&,|| < 2¢ and

therefore || Y, dn 21l = lan 28l — | X an 28]l > 1 — 4e.
Since this holds for arbitrarily large n and the sequence ), <k f,ﬁ, fork e N, is

an approximate unit for A, we have |7 (3", am f,ﬁ) | >1—4e.
Since & > 0 was arbitrary, |7 (D _,, am f,ﬁ) || > 1, as required. m|

With b := O ((b,, : n € N)), we claim that 7 (b) realizes t(xX) in M/A.

Fix j. By (15.4) there is K; < oo such that ¢, := f’j(fnl;nf,,) — f’j(l;n)fnz
satisfies |lc,|| < K;27" for every n. Since ¢, € A, the sum of the absolutely
convergent series y ., ¢, = I;j ) — > ﬁj (bn) fn2 belongs to A. Part (3) of the
Claim, together with ||z (x)|| = lim, [|x(1 — e,)||, implies

I (P )| = 17X, fuPj(by) fi) | = limsup, | P;(ba)|| = r;.
Part (2) of the Claim implies
I (Pj(o)l = 17X, fuPj(by) fi) | < limsup, | P (ba)|l = r;.

Since 7 (P; (b)) = Pj(rw (b)), the condition || Pj(b)|| = r; is satisfied in M/A by b.
Since || P;(x)|| = r; was an arbitrary condition in 1, this completes the proof. O

Corollary 15.1.6 If A is a separable C*-subalgebra of a countably degree-1
saturated algebra C then the relative commutant A’ N C is countably degree-1
saturated.

Proof Let t(x) be a satisfiable degree-1 n-type over A’ N C. Let t'(x) denote the
union of t(x) and a countable dense subset of the relative commutant type té (x;)
(Example 15.1.3(1)), for all j < n. The set of realizations of t,. in C is A’ N C.
The type t(X) is satisfiable (realized, respectively) over A’ N C if and only if t'(X) is
satisfiable (realized, respectively) over C. Since t was arbitrary and t' is countable
if t is, countable degree-1 saturation of C implies countable degree-1 saturation
of A’NC. |

15.2 Variations on the Theme of Saturation

In this section we introduce quantifier-free types and saturation and a self-strength-
ening of countable degree-1 saturation.
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Degree-1 saturation is a restricted form of the full model-theoretic saturation that
will be discussed at length in Chapter 16. For now, we define an intermediate notion,
quantifier-free saturation, but only in the context of C*-algebras.

Definition 15.2.1 A quantifier-free condition in variables x = (x; : j < n)is an
expression of the form || P (x)|| = r where P (x) is a *-polynomial in noncommuting
variables.? If the polynomial has degree n, we say that this is a degree-n condition.

A quantifier-free type in variables x is a set of quantifier-free conditions in x.
A degree-n type is defined analogously for all n > 2.* Consistency (i.e., satisfia-
bility) and realizations of quantifier-free types are defined as in Definition 15.1.2.
A C*-algebra C is countably quantifier-free saturated if every satisfiable countable
quantifier-free type over C is realized in C.

Example 15.2.2 1If @ is an automorphism of a separable C*-subalgebra B of a C*-
algebra C, let tg (x) := {|lxx™ — 1], [[x*x — 1|} U {|lxax* — ®(a)|| =0 :a € A}.
This degree-2 type is satisfiable if and only if @ is approximately inner. It is realized
in C if and only if @ is implemented by a unitary in C.

Example 15.2.3 The Calkin algebra is not countably degree-2 saturated. There
exists a unital isomorphic copy B of the CAR algebra in 2(H) and an automor-
phism @ of B which is approximately inner,? but not implemented by a unitary in
2(H). (See e.g., [85, Proposition 4.2], also Exercise 10.6.2). By Example 15.2.2,
this implies that the Calkin algebra is not countably quantifier-free saturated.

Theorem 15.2.4 below is a strengthening of Theorem 15.1.5. The proof of the
latter requires only one modification in order to give a proof of the former, and it is
left as an exercise (Exercise 15.6.22). See also Exercises 15.6.20, and 15.6.21 and
Notes to this chapter for some limiting examples and discussion.

Theorem 15.2.4 Suppose A is a non-unital C*-algebra such that in Ay | there
exists an increasing sequence which strictly converges to 1 ). Then the
corona 2(A) is countably degree-1 saturated. O

Clearly, every o-unital, non-unital, C*-algebra satisfies the assumptions of
Theorem 15.2.4.

Example 15.2.5 The Breuer ideal of a Il factor M with separable predual
(Example 4.1.5(2)) satisfies the assumptions of Theorem 15.2.4. Such Il factor
is isomorphic to the von Neumann algebra tensor product N®Z%(H), where N is a
II; factor and H is an infinite-dimensional separable Hilbert space. If r,,, forn € N,
is a sequence of finite-rank projections in Z8(H) that strongly converges to 1 (),

3The standard definition of a quantifier-free type involves conditions associated with arbitrary
quantifier-free formulas and appears to be more general, but the two definitions are equivalent.

4If n = 1 then the definition agrees with the one given in Section 15.1.

5 All automorphisms of the CAR algebra are approximately inner, and even asymptotically inner;
this follows from the classification results, see [206].
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then the sequence 1y ®r,, for n € N, strictly converges to 1,,. However, the Breuer
ideal of M is not o -unital (Exercise 4.5.9).

Corollary 15.2.6 If M is a Il factor with a separable predual and J is its Breuer
ideal, then the C*-algebra M/ J is countably degree-1 saturated. O

A minor, but useful, generalization of degree-1 conditions follows.

Definition 15.2.7 A generalized degree-1 condition (or shortly a generalized con-
dition) over a C*-algebra M is an expression of the form | P(¥)| € K where P is a
degree-1 polynomial with coefficients in M and K C R is a nonempty compact set.
A generalized degree-1 type is a set of generalized degree-1 conditions and degree-1
properties. Consistency (i.e., satisfiability) and realizations of generalized types are
defined as in Definition 15.1.2.

Definition 15.2.8 A property Q(x) of a tuple of elements of a C*-algebra is a
degree-1 property if there is a countable generalized degree-1 type tq(x) such that
Q(a) holds if and only if a realizes tq(X).

Lemma 15.2.9 All of the following are degree-1 properties:

1. x is self-adjoint,

2. x>0,

3. x is self-adjoint and sp(x) C [s, t] for fixed s <t in R,
4. x and y are self-adjoint and x <y,

5. x =y.

Proof In each instance it suffices to add finitely many conditions to a given type.
We state what these conditions are and omit proofs whenever they are obvious.

(1) The required condition is || x — x*|| = 0.

2) If |lx|] < 1 and x = x* then x > 0 if and only if sp(x) C [0, 1]. This is
equivalent to |1 —x|| < 1, ||x]| < 1, and x = x*. Therefore the required generalized
conditions are ||x — x*|| =0, ||x|| € [0, 1], and ||1 — x| € [0, 1].

(3) If x = x* then max(sp(x)) < ¢ if and only if || x| < ¢ and min(sp(x)) > s if
and only x — s > 0, and therefore the conclusion follows from (2).

If x and y are self-adjoint then x < y if and only if y — x is positive. Therefore (4)
can be proved by combining (1) and (2).

In (5), add the condition ||x — y|| = 0. |

Proposition 15.2.10 A C*-algebra C is countably degree-1 saturated if and only if
every satisfiable generalized degree-1 type over C is realized in C.

Proof Only the direct implication requires a proof. Suppose that C is countably
degree-1 saturated. We will prove that every satisfiable generalized countable
degree-1 type over C is realized in C. Let t(x) := {||P,(x)|| € K, : n € N} be a
satisfiable countable generalized type over C. We will define an “honest” satisfiable
countable degree-1 type t'(x) with the same set of realizations as t(x). Since t is
satisfiable we can find b,, for n € N, such that dist(|| P; B, K i) < 1/n for all
J < n. Fix an ultrafilter %7 on N. For j € Nletr; := lim,_. o ||P (by)|| (the limit
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exists and belongs to K ; by the compactness of K ;). Then {||P;(X)|| =7; : j € N}
is a satisfiable type whose realizations are realizations of t(x). Therefore t is realized
in C. O

15.3 Applications of Countable Degree-1 Saturation

There are only 17,000 three-letter acronyms.
Paul Boultin, answering the question “What do you think will be the biggest problem
of computing in the 90s?”

In this section we show that countable degree-1 saturation implies a large number
of well-studied properties of massive C*-algebras including coronas, ultrapowers,
asymptotic sequence algebras, central sequence algebras, as well as the relative
commutants of separable C*-subalgebras of these algebras. All of these algebras
are SAW*, CRISP, AA-CRISP, and even KTT.

Via the Gelfand—Naimark duality (Theorem 1.3.2), the category of abelian C*-
algebras is equivalent to the category of locally compact Hausdorff spaces. The
study of C*-algebras can therefore be considered as “noncommutative topology”.
Some instances of countable degree-1 saturation in C*-algebras were studied by
operator algebraists for decades. In the course of his seminal study of ultrapowers
of C*-algebras, Kirchberg abstracted several properties of ultrapowers that resemble
those of coronas [155].

G.K. Pedersen introduced noncommutative variants of topological properties
of massive spaces such as coronas BX \ X [193, 195]. These properties include
the absence of countable gaps and limits (cf. Section 14.1), which resemble
properties of von Neumann algebras such as the existence of the supremum for
every increasing net of positive elements (Lemma 3.1.3). Pedersen observed that the
coronas of o -unital C*-algebras satisfy a weak separable analog of this property, and
introduced the class of SAW*-algebras. SAW™ stands for “Separable AW*” (AW*-
algebras are C*-algebras that share some of the properties of von Neumann algebras;
see Corolary 13.3.5 and the paragraph preceding it). We will see that many of the
properties considered by Pedersen and Kirchberg are subsumed by the concept of
countable degree-1 saturation.

Definition 15.3.1

1. A C*-algebra C is an SAW™*-algebra if any two orthogonal o-unital C*-
subalgebras of C are separated.

2. A C*-algebra C has CRISP (countable Riesz separation property) if for all
positive elements ay,, b,, forn € N, in C satistying a, < a,4+1 < by+1 < b, for
all n there exists a positive ¢ € C such that a, < ¢ < b, for all n.
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The following is proved by parsing Definitions 15.3.1 and 9.3.1.
Lemma 15.3.2

1. A C*-algebra C has CRISP if and only if the poset (C4. 1, <) does not contain
countable asymmetric gaps.

2. A C*-algebra C is an SAW*-algebra if and only if the poset (C4 1, <) does not
contain countable symmetric gaps. O

Lemma 3.1.3 implies that every von Neumann algebra has CRISP and is an
SAW*-algebra. For separable C*-algebras each of these two properties is equivalent
to being finite-dimensional (Exercises 15.6.1 and 15.6.3). Similarly, the only
countably degree-1 saturated C*-algebras that are von Neumann algebras are finite-
dimensional (Exercise 15.6.4).

In the classical (discrete) model theory a type with only finitely many conditions
is satisfiable if and only if it is realized. In logic of metric structures this is not
necessarily the case—the type used in the proof of Lemma 15.3.3 contains only
three conditions!

Lemma 15.3.3 Every countably degree-1 saturated C*-algebra C is an SAW*-
algebra.

Proof Suppose A and B are orthogonal o -unital C*-subalgebras of C. Every o-
unital C*-algebra has a strictly positive element by Lemma 1.8.3. Let / be a strictly
positive element of A and let g be a strictly positive element of B. Consider the
generalized degree-1 type t(x) := {xh = h,xg = 0,0 < x}.

Since limy, ||4!/"h — h|| = 0 and h!'/"g = 0 for all n, this type is approximately
realized by h!/” for a large enough n. By Proposition 15.2.10, it is realized in C,
and its realization is a positive contraction that separates A and B. O

Lemma 15.3.4 Every countably degree-1 saturated C*-algebra C has CRISP.

Proof Fix a, and b, for n € N as in the definition of CRISP. Then b,, # 0 for
all n and by rescaling each b, by ||b; =1 we may assume ||b1|| = 1. Consider the
generalized degree-1 type t(x) := {x = x*, a, < x,x <b, :n € N}.

Every finite subset of t(x) is realized by a, for a large enough n. By Propo-
sition 15.2.10 some ¢ € C realizes t. Therefore c is self-adjoint and it satisfies
a, < c < b,, for all n; the CRISP of C follows. m]

A property related to both SAW* and CRISP is the absence of decreasing
sequences of nonzero positive elements with no nonzero lower bound. This is the
noncommutative analog of the topological property that every nonempty G set has
a nonempty interior. This property will be used in the forthcoming discussion of
excision of states on countably degree-1 saturated C*-algebras. Its proof is similar
to the proofs of the last two lemmas and it is left as Exercise 15.6.13.

Lemma 15.3.5 Suppose C is a countably degree-1 saturated C*-algebra and ay,
forn € N, is a sequence in Cy 1 such that ayan+1 = an+1 for all n. Then there
exists a € Cy 1 such that a,a = a for all n. O
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Saturation is relevant to the excision of states (Section 5.2) and quantum
filters (Section 5.3).

Definition 15.3.6 If ¢ is a state on a C*-algebra A and X C A then we say that
F C Ay excises ¢ on X if for every x € X we have inf,c# |laxa —px)a?| =0.

Example 15.3.7 Suppose ¢ is a pure state on a C*-algebra A.

1. The maximal quantum filter .7, excises ¢ by Theorem 5.2.1. In addition, for
every X C A a Lowenheim—Skolem/Blackadar closing-off argument produces
F C F, of cardinality | X| 4+ R which excises ¢ on X.

2. Even if X is finite there need not be a finite .# that excises ¢ on X. Take for
example C([0, 1]), the evaluation functional ¢(f) := f(1), and X := {idjo,1}}.

Example 15.3.7(2) is not an issue in countably degree-1 saturated C*-algebras.

Proposition 15.3.8 Suppose C is a countably degree-1 saturated C*-algebra, ¢ is
a pure state on C, and B is a separable C*-subalgebra of C. Then a single element
of C4.1 excises ¢ on B.

Proof Let b,, for n € N, be an enumeration of a dense subset of B. Ana € C4 |
such that ab,a = ¢(b,)a* for all n is required. The “obvious” type of such a is
satisfiable (and, as we will see, realized) but it is not a degree-1 type since it includes
the condition xb,x — ¢(b,)x> = 0 for every n € N. Back to the drawing table: By
Proposition 5.3.4 there is a norm-dense, directed 2 C ﬂw. Fix a countable directed
ZF C 2 that excises ¢ on B. Let

tx) :={lx=1,0<x,xc=x:c e .Z).

Since .% is directed, every finite subset of the generalized type t(x) is realized by
some d € %. Since C is countably degree-1 saturated, by Lemma 15.3.5 some
a € C realizes t(x). Thena € Cy j and ac = ¢ = ca forall c € &, hencea < ¢
forallc € .%.Forb € B and ¢ € % we have

aba — g(b)a® = a(b — ¢(b))a = ac(b — p(b))ca < a*|c(b — ¢(b))c|.

Therefore aba — ¢(b)a’> < a®infe.cz |[cbc — @(b)c?|| = 0. Since b € B was
arbitrary, a is as required. O

15.4 Further Applications of Countable Degree-1 Saturation

This section is divided into three independent subsections, each one containing
a proof that every countably degree-1 saturated C*-algebra C has a particular
property: (1) Every uniformly bounded representation of a countable amenable
group into C is unitarizable, (2) C allows for a poor man’s version of Borel function
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calculus (“discontinuous” functional calculus) on normal elements, and (3) C is
essentially non-factorizable (the latter result is proved for SAW*-algebras).

15.4.1 Uniformly Bounded Group Representations II:
Countable Groups

We continue the discussion of Section 14.5, after recalling Definition 14.5.4. A
representation 7 : I" — GL(A) of a discrete group I" into a unital C*-algebra A
is uniformly bounded if its norm ||7r || := sup,cp [7(g) |l is finite. It is unitary if its
range is included in the unitary group of A and unitarizable if there is a € GL(A)
such that g — a~'7(g)a is a unitary representation.

Since an invertible element a is a unitary if and only if |la|| = la”!| = 1, a
representation 7 is unitary if and only if ||z || = 1.

One of the equivalent criteria for amenability of a discrete group I is the
existence of a Fplner net (e.g., [120]): a net (F;) of finite subsets of I" such that
for all g € G we have

lim 8 F).AF; |

im——— =

A Y

The following proposition will be reused in the proof of parts of Theorem 15.5.1.

Proposition 15.4.1 Suppose C is a unital countably degree-1 saturated C*-
algebra. Then every uniformly bounded representation w of a countable amenable
group I into C is unitarizable.

Proof The “obvious” type of an a € C that unitarizes 7 contains conditions of the
form ||x7(g)x~!|| = 1 that are not degree-1. Let

t00) = {fx =2 x < | )72 < 1} U (g)am(9) = x g € T).
This is a generalized degree-1 type. In order to prove that it is satisfiable, fix a finite
subset ty(x) of t(x) and & > 0. Let G be the set of all elements of I" that occur in

some condition in to(x) and fix a Fglner set F such that |gFAF| < ¢|F|||z||~! for
allg € G.ForH & I' let

h = iy X pen (T ()"

Since m(g)hpm(g)* = hgr for all g, every g € G satisfies

[

I (&)hrm (8)* — hell < 7 IgFAF| < e.
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Also, h := hE satisfies & = h*, and since ||77]| =2 < 7w (g)m(g)* < ||7|? for all
g € G, it also satisfies ||77]| =2 < h < |||

Because ¢ > 0 and ty(x) were arbitrary, the type t(x) is satisfiable. A realization
a € C of tis self-adjoint and || 72 <a < || in particular a is invertible. Let

'(g) == a'Pn(g)a” "2,
This defines a representation of I” into A, and for g € I" we have
7' (@) ()" =a~Pr(g)an(9)a” = aPaa" 1 = 1.

Therefore 7’ is a unitary representation and a'/? unitarizes 7. O

15.4.2 “Discontinuous” Functional Calculus

Countably degree-1 saturated C*-algebras admit a limited (and non-canonical)
analog of the Borel functional calculus, Theorem 15.4.3 below. Its roots can be
traced back to the so-called Second Splitting Lemma from [35]. A proof of the
following lemma is left to the reader.

Lemma 15.4.2 Suppose U is an open subset of a compact Hausdorff space K,
g: U — C is continuous and bounded, and f € C(K) satisfies supp(f) € U. The
function h on K that agrees with gf on U and vanishes on K \ U is continuous. O

In Theorem 15.4.3 and its proof we abuse the notation and identify gf with & as
in Lemma 15.4.2.

Theorem 15.4.3 Suppose C is a countably degree-1 saturated C*-algebra, a € C
is normal, B C {a} N C is separable,’ U C sp(a) is open, and g: U — C is a
bounded continuous function. Then there is c € C N C*(B, a)’ such that for every
f € C(sp(a)) satisfying supp(f) € U we have cf (a) = (gf)(a).

If g is real-valued, then c can be chosen to be self-adjoint.

Proof Let b,, for n € N, enumerate a countable dense subset of B and let f,, for
n € N, enumerate a countable dense subset of the unit ball of the hereditary C*-
subalgebra { f € C(sp(a)) : supp(f) € U} of C(sp(A)). Let M := sup,.y; |g(2)|
and

te):={llxll = M, |l[a, x]Il = OYULII[bn, x1II = O, llxfn(@) —(gfu)(@)|=0 : n € N}.

Any realization ¢ of t(x) in C is in the commutant of B U {a} and it satisfies c¢f (a) =
(gf)(a) for all f € C(sp(a)) with supp(f) € U. The type t(x) is a countable

Fuglede’s Theorem implies that {a}’ N C is a C*-subalgebra of C if a is normal (Corollary C.6.13).



15.4 Further Applications of Countable Degree-1 Saturation 379

generalized degree-1 type and by Proposition 15.2.10 it is realized in C if and only
if it is satisfiable in C.

We proceed to show that t(x) is satisfiable in C. Fix np € N and ¢ > 0. We will
find d of norm < 1 such that [a,d] = 0, [b,,d] = 0 and ||df,(a) — (gfn) (@) < &
forall n < ny.

The set K := {x € sp(a) : max,<p, | fn(x)| > &/2} is a compact subset of U
and there is a continuous 4: sp(a) — [0, 1] such that A(z) = 0 for z ¢ U and
h(z) = 1forz € K. Then gh € C(sp(a)) and d := (gh)(a) belongs to C*(a). (If
g is real-valued then so is g/, and d is self-adjoint.) Since d € C*(a), it commutes
with all b, and with a. By the continuous functional calculus,

Il = sup,egpa) 187(2)] < sup,ey 18(2)].

To verify ||dfy(a) — (gfn)(@)| < &, we need to check [[(ghfn)(z) — (gfu) (@ < &
for all z € sp(a). If z ¢ U orif z € K then the two expressions are equal, and if
z € U\ K then max(|(ghf,) (), 1(gfn)(@)]) < &/2, and the conclusion follows.
It remains to prove that ¢ can be chosen to be self-adjoint if g is real-valued,
recall that in this case d = (gh)(a) was self-adjoint and use Proposition 15.2.10.
]

Unlike the “honest” functional calculus, Theorem 15.4.3 does not give a unique
element.

Lemma 15.4.4 In the notation of Theorem 15.4.3, if U is not a closed subset of
sp(a) and g # O, then c is not unique.

Proof Consider the type t'(x1, x2) which contains t(x;) and t(x;) as well as the
condition ||x; — x2|| = sup,¢; 1g(z)|. It is approximately finitely satisfiable and its
realization gives distinct elements satisfying the conclusion of Theorem 15.4.3. O

Lemma 15.4.4 can be improved to show that the set of realizations ¢ as in
Theorem 15.4.3 is infinite, and even nonseparable. See Exercise 15.6.29.

15.4.3 Essential Non-factorizability

A C*-algebra A is essentially non-factorizable if it is not isomorphic to a tensor
product of two infinite-dimensional C*-algebras. For example, if H is an infinite-
dimensional Hilbert space then Z(H) = M,,(C) ® #(H) for alln > 1, but B(H)
is essentially non-factorizable by Exercise 15.6.33.

Theorem 15.4.5 Every SAW™*-algebra is essentially non-factorizable. In particu-
lar, coronas of o-unital, non-unital C*-algebras, and ultrapowers associated with
nonprincipal ultrafilters on N are essentially non-factorizable.

We require a lemma from topology and one from combinatorics.
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Lemma 15.4.6 Suppose C is an infinite-dimensional SAW* algebra and a, €
Ci.1, for n € N, are orthogonal. If a state ¢, of C satisfies ¢p(a,) = 1 for all
m € N, then the weak*-closure of {¢n, : m € N} in S(C) is homeomorphic to BN.

Proof If m # n then Lemma 1.7.5 implies ¢, (a,,) = @m(aman) = 0. The space BN
is the unique compact Hausdorff space Z that has N as a dense subspace and every
f € £oo(N) extends uniquely to Z.” Therefore we have only to prove that for every
X C Nthesets {¢p, : n € X} and {¢, : n € N\ X} have disjoint closures. Since C
is an SAW*-algebra there exists a positive contraction e € C such that ea,, = a,, for
ne Xandea, =0fora ¢ X.

Then {¢r € S(C) : ¥(e) > 1/2} and {y € S(C) : ¥(e) < 1/2} are disjoint
weak™*-open sets that include the sequences {¢, : n € X} and {¢, : n € N\ X},
respectively. O

Lemma 15.4.7 If f: N?> — Nis such that f (m, n) # f(k, k) forall {m,n, k} € N
satisfying m < n then there is no continuous map f: (BN)?> — BN extending f.

Proof Suppose otherwise. If % € BN \ N then every open neighbourhood of
(%, %) in (BN \ N)? contains a pair (m,n) € NZ such that m < n. Therefore
the closures of 2" := {(m,n) € N2 : m < n}and % := {(k,k) : k € N} in
(BN)? have a nonempty intersection. However, the images of 2" and % are disjoint
subsets of N, and therefore their closures in SN are disjoint; contradiction. O

Proof (Theorem 15.4.5) Suppose the contrary, and find infinite-dimensional C*-
algebras A and B and an isomorphism @: C — A ®, B for some tensor product
of A and B. Identify C with A ®, B. By Exercise 2.8.9 there are orthogonal a,,, for
n € N,in A4 1. Form € N let ¢, be a pure state on A such that ¢, (a,) = 1. Then
¢m(an) = &my for all m and all n. Similarly, we can find orthogonal b, € B4 1 and
pure states ¥, € S(B) uch that ¥,,(b,) = 1 for all n € N. Then ¥, (b,) = 8, for
all m and all n. By Exercise 5.7.10(1), 8., := ¢m ® V¥, is a uniquely defined state
on C such that

emn(aj ®bi) = Smj(snk

for all m, n, j, and k. Since C is an SAW*-algebra, by Lemma 15.4.6 the weak™-
closure of Z := {6, : m € N,n € N} is homeomorphic to BN. Fix a
bijection from Z onto N and let g be the unique homeomorphism from the weak™*-
closure of Z to BN extending this bijection. Let fo: (BN)> — S(A) x S(B) be
the unique continuous extension of the function (m,n) +— (¢, ¥,). The map
f: (BN)? — S(C) defined by f(¢, V) = ¢ ® ¥ is weak*-continuous. Therefore
go f: (BN)> - BN is a continuous map whose restriction to N? is an injection
into N. This contradicts Lemma 15.4.7. O

TProof: It is the Gelfand—Naimark spectrum of £, (N).
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15.5 An Amenable Operator Algebra Not Isomorphic
to a C*-algebra

In this section we pick up the thread of Section 14.5 and construct an amenable
subalgebra of ZA(H) that is not isomorphic to a C*-algebra. This algebra is
nonseparable and it is an inductive limit of club many separable subalgebras each
of which is isomorphic to a separable C*-algebra.

Until the end of this section a subalgebra of a C*-algebra is norm closed, but not necessarily

a C*-subalgebra and a homomorphism between algebras of operators (even if they are C*-
algebras) is not necessarily a *-homomorphism.

Two subalgebras A and B of A (H) are said to be similar if there exists an
invertible ¢ € Z(H) such that a — cac™! is an isomorphism between A and B.
Such an isomorphism is not necessarily a *-isomorphism (see Example 1.3.5).

Theorem 15.5.1 There is a subalgebra B of M>(leo(N)) with the following
properties.

1. It has M»(co(N)) as an essential ideal.

2. The quotient B/M;(co(N)) is an abelian C*-algebra of real rank zero.

3. The algebra B is an inductive limit of a directed and o-complete (Section 7.3)
family of separable subalgebras, each of which is similar to a C*-algebra.

4. No nonseparable subalgebra of B is similar to a C*-algebra.

Together with some standard results, Theorem 15.5.1 implies that there exists
an amenable norm closed subalgebra of Z(H) (and even M; (£~ (N))) that is not
isomorphic to a C*-algebra. Background and further references are provided in the
Notes for this chapter.

The remainder of this section is devoted to proving Theorem 15.5.1. We import
and review the notation used in the proof of Proposition 14.5.6.

Definition 15.5.2 Fix a Luzin almost disjoint family Ay, for « < Ry, and a

f(;\ ) 01> ® 1, and let p,
o) —

be the central projection in M (£ (N)) corresponding to Ay so that p,(n) := 15 if
n € Ay and py (n) = 0 otherwise. Also define b, € M (£oo(N)) by

continuous injection f: Z(N) — [0, 1]. Let z, := (

by :=typa + (1 — py).

Define a representation o : GBM 7.)27, — GL(M3(£50(N))/M>(co(N))) by (gy is
the generator of the «-th copy of Z/27) 0 (gy) := 7 (by).

In order to relax the notation, for x € M> (£~ (N)) we write (7 is the quotient
map)

X =m(x).
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Lemma 15.5.3 Ifo # f then b2 = 1, poby = iy pa, Pabp = pa, and
I;abﬁ = [705 + [7/3 —1= I;ﬂba.

Proof Since t'ozt = 1, we have Bg =1. Since a Luzin famjly is almost disjoint, we
have pypg = 0if o # B. Therefore poby = iy po and pabp = pg if @ # B, and

b‘aéﬂ = pababﬁ + pﬂbabﬁ + 1 - poz - pﬂ)babﬁ
= lgpa +igpp+ (1 — po — Pp)
= [705 + [7/3 —1.

An analogous computation gives Bﬂéa = by + l}ﬁ -1 O

Lemma 15.5.4 The algebra B := SPan(U[@xl 7./27.)) satisfies
7w[B] =3span({1} U {by : @ < R1}).

Proof Clearly span({1} U {Ba : o < Wip}) is a norm-closed subspace of w(B).
Lemma 15.5.3 implies that this set is closed under multiplication, and therefore
equal to w[B]. O

Lemma 15.5.5 The C*-algebra B as in Lemma 15.5.4 satisfies the following.

1. It is an inductive limit of a directed and o-complete family of separable
subalgebras, each of which is similar to a C*-algebra.

2. The quotient [ B] is isomorphic to C (R1U{oco}), where 81 U{o0} is the one-point
compactification of ¥ taken with the discrete topology.

Proof (1) For a countable ordinal & the group I'y := @, Z/2Z is identified with a
subgroup of @Rl Z./27. The function o +— I, is an order-isomorphism between R

and a club in [Py, 72717 The algebras
By = SPaH(U[Fa])

for o < Ry, form a club in Sep(B). Proposition 15.4.1 implies that every uniformly
bounded representation of a countable amenable group in a countably degree-1
saturated algebra is unitarizable. Since M> ({0 (N))/M2(co(N)) is countably degree-
1 saturated, for every o < N there is a positive ay, € M2(£s0(N)) such that 7 (ay)
unitarizes o [I]. Therefore ay Byay, s self-adjoint and hence a C*-subalgebra.

(2) The plan is to prove that 7 [B] is an inductive limit of separable abelian C*-
subalgebras. Let ay and B, be as in the proof of (1). If 8 < « then a, commutes
with pg and ay l.)ﬂéza_ 1'is a self-adjoint unitary unitarily equivalent to

cp = ((é _01> ® 1) pg+ (1 — pp).
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The projections gg := %(1 — cp) are orthogonal since gg < pg for all 8. Since
pppy = 0forall y < B < « and « is countable, we can find disjoint sets A’,, for
B < a such that Ag AA;g is finite for all B and (J,_, A;g = N. Worki_ng on these
disjoint sets of indices, replace a, with ayu for a unitary « and obtain a,bga, - cp
forall B < a. Then Dy := aq Bya, ! is a C*-algebra isomorphic to B,. Its quotient

Ey := Dq /(Do N M2(co(N)))

is an abelian C*-algebra isomorphic to C, := By/(By N Mz(co(N))). The C*-
algebra E, is generated by 1 and 7 (gg), for B < «. This is a countable family
of orthogonal projections, and therefore £, = C(a U {o0}), where « is given the
discrete topology. The C*-algebra E := |, _y , Eo is the inductive limit of the C*-
algebras C(a U {oo}) with the obvious connecting maps. Therefore £ = C(R; U
{o0}).

We have yet to prove B/ M3(co(N)) = E. Define

Dy By/(By N Ma(cp(N))) — E,

by @q(mw (b)) = m(agbay . If @« < o then the *-homomorphisms @, and @,
agree on By /(By N M2(co(N))), and therefore ||P, || < ||@y ||. Since the cofinality
of ¥ is uncountable, M := sup,_y, [Pal < 00, and the set-theoretic union of
graphs of all @, is an isomorphism from B/M>(co(N)) onto E. O

Here is an opportunity to catch a breath before we plunge into computations.

Lemma 15.5.6 A 2 x 2 matrix Aty + 601, is unitarizable if and only if the scalars A
and 0 satisfy A+ 0| =|—A+60]| = 1.

A+0 0

Af(Ay) —A 46
eigenvalues lie on the unit circle, and its eigenvalues are A 4+ 6 and —A + 6. m]

Proof This matrix is equal to ( ) It is unitarizable if and only if its

Given ¢ > 0, consider the following compact subset of C2:
Y, :={(1,0) eC?>:|A+6|=|—A+06|=1and|r| > &).

The following extension of Lemma 14.5.3 is by no means an eye-pleaser, but it is
suggestive of the direction that the proof of Lemma 15.5.8 below will take.

Lemma 15.5.7 If Uy and U, are disjoint closed subsets of [0, 1] and K < o0 then

L :=inf{max; < dist(a(x;s,jy + 0;12)a~!, U(M>(C)) :
a € GL(M2(0)), llalllla™Il < K,r(j) € Uj, (+j,8;) € Yijx for j <2} > 0.

Proof The range of the parameters (a,r;j,A;,0; : j < 2) in the definition
of L is compact. As the function max ; .» dist(a(A s, () + 9j12)a_1, UM, (C)) is
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continuous, it attains its infimum at some (a,r;,A;,0; : j < 2). Suppose that
this infimum is equal to zero. Since both Ay and A; are nonzero and ro # ry, a
simultaneously diagonalizes s,y and s,(1y. But r(0) # r(1) and the matrices s, ()
and s,(1y cannot be simultaneously diagonalized (Example 14.5.2); contradiction.

O

Lemma 15.5.8 The algebra B as in Definition 15.5.2 has no nonseparable subal-
gebra similar to a C*-algebra.

Proof Suppose the contrary, that some nonseparable subalgebra C of B is similar
to a C*-algebra. Let a € Ms(£so(N)) be such that aCa~' is a C*-algebra.
Lemma 15.5.5 implies that aCa’l/Mz(co(N)) is an abelian C*-subalgebra of
B/M>(co(N)).

We may assume that C is unital by replacing it with C*(C U {1g}). By
Exercise 1.11.16(6), aCa~" is spanned by its unitaries. Therefore the unitary group
of aCa~ ! is nonseparable. Fix ¢ > 0 and dy, for o < Ry, such that adya=!is a
unitary for all « and

Ide — dgll > &

for @ # B. Fix @ < Ry. Lemma 15.5.4 implies dy, € span({1} U {by : & < R1}),
hence there exists a countable Y, C 87 such that

dy € span({1} U {by : o € Yo }).

By Lemma 15.5.3, paby = pg ifa # y,sothesetZ, := {y < 8y : pyda ¢ Cp,}
is included in Y, and therefore countable. Fix an enumeration

Zo ={p(a, j): j € N}

By Lemma 15.5.4, pu(a.jyde € SPa0{y(a.j) Pue. ) Pute. )} for each j € N. We
can therefore fix scalars A(«, j) and 6 («, j) such that

P, jyda = Mat, iua, jy Pt j) + 0 /) Pue, j)- (15.5)

The projection pj(, ;) is central, hence the matrix A(a, j)Su(,j) + 0(a, j)12 is
unitarizable and Lemma 15.5.6 implies (A (¢, j), 0 (e, j)) € Yo.

Since dy € span({1p, By 1y € Zy}), we have lim; A(a, j) = 0. Therefore there
exists n(«) large enough so that |A(«, j)| < /5 for j > n(w). Let

Fo :={u(a, j): j <n(@)}.
As this set is finite, by the A-System Lemma there exist an uncountable S C Ry,

a finite R € Yy, and n such that n = n(«) for all « € S and the family F,, for
a € S, is a A-system with root R. Let m := |R|. By re-enumerating, we may
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assume that R = {A(a, j) : j < m} forall « € S. By Lemma 6.6.5 and passing to
an uncountable subset of S if necessary we may assume that

A, j) = Ay, DI < &/5 (15.6)

forall j <nandall @ and y in S.

Suppose for a moment that max >, [A(c, j)| < €/5 for some a € S. By (15.6)
this implies max ;> |A(B, j)| < 2¢/5forall 8 € S and therefore | da —dﬁ I < 3¢/5
for all « and B in S; contradiction.

Therefore for every o € S there exists j (@) > m such that |A(«, j(@))| > ¢/5.
Since the sets F, \ R, for « € S, are disjoint, the ordinals

&(a) == u(a, j(@)

are distinct for ¢ € S. Write A(«) := A(e, j(@)) and 0(x) = O(a, j(a)). By
replacing S with an uncountable subset, we may assume that M := sup,g |0(«)|
is finite. Fix « € S and let p := pg(q). Now (15.5) reads as follows:

padea™" = pOu@)aseya™ + 0(a)).

Since p belongs to the centre of M (£x,(N))/ M2 (co(N)), pddaéz_l is a unitary in
PM(Loo(N)) /M3 (co(N)). With Ay, := {k(i) : i € N}, this implies a statement that
takes us into the ballpark of Lemma 15.5.7:

liimdist(a(k(i))()»(a)jg(a) + 6(@)12)ak() ™", UM, (CT)))) = 0.

The remaining part of this proof is very similar to the final paragraph of the proof
of Proposition 14.5.6. By Lemma 6.6.5 there are disjoint closed intervals U and V
in [0, 1] such thatboth 2" :={a¢ € S:ty e Uland % = {a € S : 1, € V} are
uncountable.

Let K := |la|/|la”"||. Lemma 15.5.7 implies that there exists § > 0 such that if
b € GL(M,(C)) satisfies ||b||[|b~"|| < K then for all (Ag, 6) € Y,/5 we have

max; <2 diSt(b()ijr(j) + lez)b_l, UM,(C))) =6
forallr e U andallt € V. Let

X := {n € N :dist(a(n)(hos, + Op12)a() ™", UM>(C))) < 8/2
for some r € U and (Ao, 6y) € Yo}.
The set X separates {§(«) : @ € 2} and {{ (@) : @ € #}, by an argument analogous

to that in the proof of Proposition 14.5.6. But these are two uncountable subsets of
a Luzin family; contradiction. m]
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Proof (Theorem 15.5.1) It remains to check that the algebra B defined above
satisfies the requirements of Theorem 15.5.1. (1) is clear from the construction.
Lemma 15.5.5 implies (2) and (3), and Lemma 15.5.8 implies (4). |

15.6 Exercises

Exercise 15.6.1 Prove that every C*-algebra that has CRISP is an SAW*-algebra.

Exercise 15.6.2 Suppose that C is countably degree-1 saturated C*-algebra and
(A, B) are orthogonal, o-unital, and non-unital C*-subalgebras of C. Prove that
there is ¢ € C4 1 orthogonal to both A and B.

Exercise 15.6.3 Prove that every separable SAW*-algebra is finite-dimensional.
Conclude that all separable algebra with CRISP are finite-dimensional.

Exercise 15.6.4 Suppose that a C*-algebra C is countably degree-1 saturated and
infinite-dimensional. Prove the following.

1. C is nonseparable.

2. Every maximal abelian C*-subalgebra of C is nonseparable.
3. C has density character > 8

4. C is not a von Neumann algebra.

Exercise 15.6.5 Prove that for C*-subalgebras A and B of a C*-algebra C the
following are equivalent.

1. A and B are orthogonal, i.e.,ab =0foralla € Aand b € B.
2. ab=ba =0foralla € Aand b € B.
3.ab=0foralla € AL andall b € B;.

Exercise 15.6.6 A C*-algebra C has AA-CRISP (asymptotically abelian, countable
Riesz separation property) if the following holds. Suppose a,, b,, for n € N, are
positive elements of C such that a, < ap+1 < by+1 < b, for all n. Furthermore
suppose D C C is separable and lim, ||[a,, d]|| = O for every d € D. Then there
exists c € D' N Cy such that a, < ¢ < by, for all n.

Prove that every countably degree-1 saturated algebra has AA-CRISP.

Exercise 15.6.7 Suppose B is a separable C*-subalgebra of a countably degree-1
saturated C*-algebra C. Prove that every derivation of B into C is inner.

Hint: See Example 15.1.3(2). You will need [192, 8.6.12].

The following is a variant of Higson’s and Skandalis’s formulation of Kasparov’s
Technical Theorem ([127], also [195, Theorem 8.1]).

8Used in the proof of Theorem 16.7.5.
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Definition 15.6.8 Assume A, B, and D are C*-subalgebras of a C*-algebra C. It is
said that D derives A if for every d € D the inner derivation §4(x) := dx — xd
maps A into itself.

A C*-algebra C is a KTT-algebra if the following holds: Assume A, B, and
D are C*-subalgebras of M such that A and B are orthogonal and D derives A.
Furthermore assume A and B are o -unital and D is separable. Then there is ¢ € C
such that ¢ € D’ N C and c separates A and B.

Exercise 15.6.9 Prove that every countably degree-1 saturated C*-algebra is a
KTT-algebra.

Exercise 15.6.10 A C*-algebra C is sub-Stonean if for all a and b in C such that
ab = 0 there are positive contractions f and g such that af = a, gb = b, and

fg=0.

1. Prove that every sub-Stonean C*-algebra is SAW™.
2. Prove that every countably degree-1 saturated C*-algebra is sub-Stonean.

Exercise 15.6.11 Suppose that B is a separable C*-subalgebra of a countably
degree-1 saturated C*-algebra C. If J is an ideal of B then there is a positive
contraction f € C N B’ such thataf = a foralla € J.

If ¢ € C satisfies J¢ = {0} then f can be chosen to satisfy fc = 0 and
fJc= {0}

Exercise 15.6.12 A C*-algebra C is o-sub-Stonean [155] if for every separable
C*-subalgebra A of C and all positive ¢ and d in C such that cAd = {0} there are
contractions f and g in A’ N C such that fg = 0, fc = ¢, and gd = d. Prove that
every countably degree-1 saturated C*-algebra is o -sub-Stonean.

Exercise 15.6.13 Prove Lemma 15.3.5: Suppose C is a countably degree-1 satu-
rated C*-algebra and a,, for n € N, is a sequence of positive elements of C of
norm 1 such that a,a, 1 = a,+1 for all n. Prove that there exists a positive element
a € C of norm 1 such that a,a = a for all n.

Exercise 15.6.14 Suppose that a C*-algebra C is countably degree-1 saturated. Is
every masa in C necessarily countably degree-1 saturated?

Exercise 15.6.15 Recall that Z{ denotes the ideal of asymptotic density zero
subsets of N (Exercise 9.10.4) and let J be the ideal in ¢ (N) generated by
{projx : X € Zp}. Prove that £, (N)/J is not countably degree-1 saturated.

Exercise 15.6.16 Suppose A is o-unital and B € 2(A) is a separable and unital
C*-subalgebra. Prove that every asymptotically inner automorphism @ of B is
implemented by a unitary u in 2(A), so that @ (b) = ubu* for all b € B.

Hint: Do not try to apply countable degree-1 saturation of 2(A).? Instead, use a
quasi-central approximate unit directly.

9...and if you do and succeed, let me know how.
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Exercise 15.6.17 Suppose that B is a separable, infinite-dimensional, C*-
subalgebra of C(BN \ N). Prove that there is no conditional expectation of C
onto B.

Exercise 15.6.18 Suppose that B is a separable, infinite-dimensional, C*-
subalgebra of a countably degree-1 saturated C*-algebra C. Prove that there is
no conditional expectation of C(SN \ N) onto B.

For the notation used in the following two exercises see Section 12.3.1.

Exercise 15.6.19 Suppose that A < « are infinite cardinals. Prove that JZ; (£2(k))
is not strictly J¢ (£;(k))-complete, but that it is sequentially strictly ¢ (£2(k))-
complete. (Le., every strictly Cauchy sequence converges.)

Exercise 15.6.20 Prove that Z(£2(R1))/ 4, (£2(R1)) is not countably degree-1
saturated.

While you are at it, prove that for any pair of cardinals A < « the quotient
J. (L2 (k) /. (k) is countably degree-1 saturated if and only if A = .

Exercise 15.6.21 Use the result of Exercise 15.6.20 to prove that there exists a
unital C*-algebra M with an essential ideal A with the following three properties.

1. There is an increasing sequence g, for n € N, in A4 ; whose supremum is 1.

2. Every increasing uniformly bounded sequence in A, strictly converges to an
element of M.

3. The quotient M /A is not countably degree-1 saturated.

Exercise 15.6.22 Prove Theorem 15.2.4: Suppose A is a non-unital C*-algebra
such that in A4 ; there exists an increasing sequence which strictly converges to
1.#(4). Prove that the corona 2(A) is countably degree-1 saturated.

Degree-n conditions and saturation were defined in Definition 15.2.1.

Exercise 15.6.23 Prove that the following properties of a C*-algebra are equiva-
lent.

1. Countable degree-2 saturation.
2. Countable degree-n saturation for any n > 2.
3. Quantifier-free saturation.

Exercise 15.6.24 The proof of Proposition 15.4.1 shows that the representation 7
can be unitarized by a positive element. Prove that this is always the case: If a
representation of a group can be unitarized, then it can be unitarized by a positive
element.

Exercise 15.6.25 Prove that every uniformly bounded representation of a discrete
amenable group into a von Neumann algebra is unitarizable.

Hint: Use the proof of Proposition 15.4.1, replacing saturation by weak compact-
ness of bounded balls.



15.6 Exercises 389

Exercise 15.6.26 Suppose that C countably degree-1 saturated, B C C is separable
and a € B’ N C is self-adjoint. Prove that there exists a self-adjoint ¢ € B’ N C such
that

(1) ¢f(a) =0forall f € C(sp(a)) such that supp(f) C [0, 1/2] and
(2) ¢f(a) = f(a) forall f € C(sp(a)) such that supp(f) < [1/2, 1].

Exercise 15.6.27 Suppose A is a countably quantifier-free saturated C*-algebra.
Prove that the metric structure obtained by adding the distance predicate on Ay, to
the Cuntz—Pedersen nullset Ag (see the proof of Proposition 7.3.7) is still countably
quantifier-free saturated.

Exercise 15.6.28 Suppose A is a countably quantifier-free saturated C*-algebra
that in addition has real rank zero and a unique trace 7. Suppose a € C4 1 is

such that every f € C([0, 1]) satisfies t(f(a)) = fol f(t)dt. Prove that there
are projections p; € C*(a)’ N A, for every open interval I C [0, 1], such that the
following holds for all / and J.

1. For f € C([0, 1]) such that supp(f) € I we have p; f(a) = f(a).
2. fINJ =@then pyp; =0.
3. The length of [ is equal to T(py).

The following exercise generalizes Lemma 15.4.4. It is also related to the
argument used in the proof of Lemma 16.6.2.

Exercise 15.6.29 Suppose C is a countably degree-1 saturated C*-algebra, n >
1, and t(x) is a countable degree-1 n-type over C. Prove that exactly one of the
following possibilities holds.

1. The type t(x) is not satisfiable in C.
2. The set of realizations of t(x) in C is nonempty and compact.
3. The set of realizations of t(x) in C is nonseparable and norm closed.

Exercise 15.6.30 Prove that all abelian C*-subalgebras of the C*-algebra B defined
in Lemma 15.5.4 are separable.

Exercise 15.6.31 Find a C*-subalgebra C of M, (£, (N)) such that for every ¢ > 0
there is an amenable Banach algebra B, with the following properties.

1. dgx(C, B;) < &,

2. B; is an inductive limit of a directed and o-complete chain of separable,
amenable, subalgebras each of which is isomorphic to a C*-algebra,

3. B. has no nonseparable subalgebra isomorphic to a C*-algebra.

4. All abelian C*-subalgebras of B, as are separable.

Exercise 15.6.32 Prove that the property of a Banach algebra A, “A is isomorphic
to a C*-algebra” reflects to separable subalgebras.
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Exercise 15.6.33 Prove that a (C*-algebraic'®) tensor product of two infinite-di-
mensional C*-algebras cannot be a von Neumann algebra.

In particular, Z(H) ® %(K) is not isomorphic to Z(H ® K) unless at least one
of the Hilbert spaces H and K is finite-dimensional.

Notes

Section 15.1: Countable degree-1 saturation was introduced in [85], on which
Sections 15.1, 15.2, and 15.3 are largely based. Theorem 15.1.5 is [85, Theorem 1]
and its proof is an adaptation of [127].

Theorem 15.2.4 is [67, Theorem 3.8]. Its proof in [67] contains a minor problem
(see the argument using vectors &, in the proof of clause (10) of Lemma 3.7 on
p. 2644). The corollary of Theorem 15.2.4 asserting that the quotient M /A where
M is a Il factor with separable predual and A is its Breuer ideal is countably
degree-1 saturated has been taken from [67].

In [254] Voiculescu constructed countably degree-1 saturated C*-algebras as
quotients of Banach C*-subalgebras of Z(H) that are not C*-algebras themselves.
The proof of the countable degree-1 saturation of these C*-algebras uses the tri-
diagonal method, a variant of which was used in the proof of Lemma 1.9.4. This
method can be used to provide a proof of Theorem 15.1.5.

All known C*-algebras that are countably quantifier-free saturated are countably
saturated, but it is not known whether the converse is true (see [67]).

Section 15.4: Theorem 15.4.3 was announced in [83]. It is a generalization of
Lemma 7.3 (the Second Splitting Lemma) from [35] (this is the case C = 2(H) of
Exercise 15.6.26). A close relative is [238, Lemma 1.6] (this is the case when A is
the universal UHF C*-algebra ),,-; M, (C) of Exercise 15.6.28).

Simon Wassermann conjectured that the Calkin algebra is essentially non-
factorizable. This is confirmed by Theorem 15.4.5, first proved in [114]. There
is a simple nonseparable AF C*-algebra that cannot be presented as a nontrivial
tensor product [232]. Such C*-algebras are called tensorially prime. All separable,
tensorially prime AF algebras are finite-dimensional, but infinite-dimensional,
separable tensorially prime C*-algebras exist [205].

The analog of Theorem 15.4.5 for the ultrapowers of II; factors was proved
earlier in [74]. Theorem 15.4.5 is a noncommutative descendant of [244] and [78].
In the former, van Douwen introduced the “BN-spaces”—compact Hausdorff spaces
in which the closure of every countable discrete subset is homeomorphic to SN.
He observed that Cech—Stone compactifications and Cech—Stone remainders of
separable, locally compact spaces have this property and initiated the study of the

10There is a natural tensor product in the category of von Neumann algebras (Section 3.1.5), and
it is much better behaved than its C*-algebraic counterpart.
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“directions of coordinate axes” in SN-spaces. Closely related results appear in [204,
Sect. 10].

A function f: X X Y — Z depends on at most one coordinate if one of the
following applies

1. there exists g: ¥ — Z such that f(x, y) = g(y) forall (x,y) € X x Y, or
2. there exists g: X — Z such that f(x, y) = g(x) forall (x,y) € X x Y.

A function f: X x Y — Z is elementary if there exist m € N and two partitions
X=Ll,,, XjandY = | |;_,, ¥; such that the restriction of f to X; x Y; depends
on at most one coordinate for all i < m and all j < m.

It is not known whether the following theorem (taken from [78, Theorem 4]) has
a reasonable noncommutative analog.

Theorem 15.6.34 Suppose X, for j € J, are compact Hausdorff spaces, Y is
a locally compact, o-compact Hausdorff space, and f: ] iXj = BY \Y is
continuous. Then || jXjcan be partitioned into finitely many clopen subsets Uy, for
k < n, such that the restriction of f to each Uy depends on at most one coordinate.

O

Section 15.5: As promised, we provide some background information on
amenability for Banach algebras, introduced by Johnson (see [136, 200, 212]).

Suppose A is a Banach algebra and X is a Banach A-bimodule (i.e., both left and
right Banach A-module). A derivation from A into X is a continuous linear map
6: A — X that satisfies §(ab) = ad(b) + §(a)b. A derivation is inner if it is of
the form §, (a) := ax — xa for some x € X. If X is an A-bimodule, then the dual
space X™* is an A-bimodule with the naturally defined operations, a¢(x) := ¢(ax)
and (pa)(x) := @(ax) fora € A, ¢ € X*, and x € X. An A-bimodule of the
form X* is called a dual Banach A-bimodule.

A Banach algebra A is amenable if every derivation of A into a dual Banach
A-bimodule is inner. For example, a locally compact group G is amenable if and
only if the group Banach algebra L' (G) is amenable. By a result of Johnson [135],
a Banach algebra is amenable if and only if it has a so-called virtual diagonal. In the
case of C*-algebras, this is equivalent to every representation having an approximate
diagonal in the sense of Definition 5.1.1.

Amenability of Banach algebras is an isomorphism invariant, and a C*-algebra
is amenable if and only if it is nuclear. (This profound result is the culmination of
the work of many hands; see e.g., [27, Sect. IV.3].) Two amenable C*-subalgebras
of #(H) are isomorphic if and only if they are similar (with the similarity
implemented by an element of M); this is a consequence of Pisier’s partial solution
to Kadison’s similarity problem [200, Theorem 7.16]. This gives the following
consequence of Theorem 15.5.1.

Corollary 15.6.35 There exists a nonseparable amenable Banach subalgebra B
of My(€x(N)) which is an inductive limit of a directed, o-complete, chain of
separable, amenable, subalgebras each of which is isomorphic to a C*-algebra,
but it has no nonseparable subalgebra isomorphic to a C*-algebra. O
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Compare the following with Definition 7.3.1 and Exercise 15.6.32).

Corollary 15.6.36 For Banach algebras, not being isomorphic to a C*-algebra
does not reflect to separable subalgebras. O

This shows that the methods of this section cannot be used to produce a separable
amenable Banach algebra not isomorphic to a C*-algebra.

Theorem 15.5.1 was proved in [249], generalizing the main result of [43]. The
result of Exercise 15.6.31 was also taken from [249]. It is an open problem whether
every separable amenable norm-closed algebra of operators on a Hilbert space is
isomorphic to a C*-algebra (see e.g., [175]).

Exercises 15.6.30 and 15.6.31 provide examples of nonseparable C*-algebras all
of whose abelian C*-subalgebras are separable. Such algebra was first constructed
in [4] using the Continuum Hypothesis. This assumption was removed in [202]
where it was proved that C}(F,) has this property (see Theorem 11.3.2) and, by
a construction related to the one in [4], in [24].

The properties of the ultrapowers appearing in Exercises 15.6.10 and 15.6.12
were isolated in [155]. This paper is a goldmine.



Chapter 16 ®
Full Saturation Creck fo

Your theorem is not as good as you first believed it to be, nor is it as bad as you thought five
days later.
Attributed to G.K. Pedersen

In this chapter we introduce the “full” model-theoretic saturation, and some
familiarity with basic model theory of metric structures is assumed.

It is a common knowledge that both set-theoretic and model-theoretic methods
are relevant to any subject in which ultrapowers play a role.! All ultrapowers along
with all relative commutants of a fixed separable C*-algebra associated with a
nonprincipal ultrafilter on N are so similar that the question whether they are iso-
morphic or not becomes irrelevant. This similarity is characterized by the existence
of a “o-complete back-and-forth System” of partial isomorphisms between any two
such ultrapowers. The question whether such system gives rise to an isomorphism
between two ultrapowers is trivialized by the Continuum Hypothesis and convoluted
by the negation of the Continuum Hypothesis, but its resolution has no bearing on
the relation of the underlying algebra with separable C*-algebras.”

The exposition of this chapter is, to some extent, parallel to that of Chapter 15.
We prove the countable saturation of ultraproducts associated with countably
incomplete ultrafilters (Theorem 16.4.1) and the countable saturation of the reduced
products associated with the Fréchet ideal (i.e., the asymptotic sequence algebras in
Theorem 16.5.1. Combined with the o-complete back-and-forth systems introduced
in Section 8.2 and with the aid of the Continuum Hypothesis, countable saturation
is used to construct many automorphisms of ultrapowers, asymptotic sequence
algebras, and the associated relative commutants (Section 16.7). We also prove
two results showing how the theory of a reduced product depends on theories

IThis is certainly the case in the field of operator algebras, as can be seen from the seminal papers
such as [46, 122, 155, 156, 158, 178, 179].

2This can be construed as a consequence of Shoenfield’s Absoluteness Theorem (Theorem B.2.12).
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of the original structures. In the case of the ultraproducts this is Lo§’s Theorem,
Theorem 16.2.8 (also known as the Fundamental Theorem of Ultraproducts) and
in the case of general reduced products this is the Feferman—Vaught Theorem, or
rather its continuous variant due to Ghasemi (Theorem 16.3.1).

16.1 Full Types and Saturation

In this section we give the model-theoretic definition of types and saturation. This
is closely related to the notions of degree-1 types and saturation (Section 15.1).
Definitions of basic model-theoretic notions and notation can be found in
Section D.1.
The degree-1 type of an element a of a C*-algebra A, and even its quantifier-free
type (Definition 15.2.1), cannot provide complete information about the “location”
of an element a within a C*-algebra A. The following builds on Example 2.6.6(3).

Example 16.1.1 In the Calkin algebra 2(H), consider the images 7 (s) and 7 (b)
of the unilateral shift and the bilateral shift on the orthonormal basis of H. Both
of these elements are unitaries with the spectrum equal to T. By the continuous
functional calculus, there exists an isomorphism @ : C*(x(s)) — C*(7 (b)) that
sends 7(s) to m(b). This implies that for every *-polynomial p(x) we have
lp@@(s))|| = llp((b))]l, and therefore m(s) and 7 (b) have the same quantifier-
free type. However, 7 (b) has a square root and 7 (s) does not, and therefore no
automorphism of 2(H) extends @.

This deficiency can be remedied by requiring the partial isomorphism @ to
preserve all additional information (of some prescribed sort) about the elements
of its domain. Miraculously, in some situations it suffices to interpret “additional
information” as “the information coded by first-order continuous logic” (see
Section D.2).

Given a metric structure C in a language . and a subset X of its domain, Xy
denotes the language .Z expanded by constants for element of X. Definition 16.1.2
is the analog of Definitions 15.1.1 and 15.2.1. By Fiffx we denote the set of all
ZLx-formulas whose free variables are included in x = (xg,...,x,_1) (Defini-
tion D.2.2). Each variable in logic of metric structures has a sort associated to it
(Section D.2.2). In the case of C*-algebras, sorts correspond to n-balls for n > 1.
Therefore each variable x is equipped with a natural number n > 1 such that
x|l < n in every interpretation of x. Some authors adorn the variables with
superscripts indicating their sorts, but this will not be necessary for our purposes.

By oM (b) we denote the interpretation of a formula ¢(x) at b in a structure M.

Definition 16.1.2 Fix a metric structure C, X € C, and n € N. A condition over X
in variables X = (x; : j < n) is an expression of the form ¢(x) = r withr € R and
(NS F)ffx' It is satisfied in C by a tuple b of the appropriate sort if € (b) = r.

A type over C is a set of conditions over C. If all conditions in a type t have all
of their free variables among X, we write 1(x). A type t(x) is realized in C if there
exists b of the appropriate sort in C such that every condition in t(X) is satisfied
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by b. A type t(X) is approximately realized (or satisfiable) in C if for every finite
subset t(x) of t(x) and every ¢ > 0 there exists b of the appropriate sort in C such
that for every condition ¢(¥) = r in to(X) we have |¢€(b) — r| < e. Such b is a
partial realization of t(x). A type t is omitted in C if no tuple in C realizes t.

In classical logic, a finite type is consistent if and only if it is realized. This
is in general not true in logic of metric structures (see Exercise 16.8.5 and
Example 15.3.3).

Example 16.1.3

1. Every degree-1 type is a type. In Definition 15.1.2 it was postulated that all
variables in a degree-1 type range over the 1-ball. By homogeneity, every degree-
1 type in variables belonging to an n-ball is equivalent to a degree-1 type in
variables belonging to the unit ball.

2. A set of relations in some finite set of generators (Section 2.3) is a type. All
conditions occurring in a type of this sort are quantifier-free.

3. Let ty(x) be the type with a single condition, ||xx* — x*x|| = 0. Hence for a
fixed n > 1 the set of normal elements in the n-ball of a given C*-algebra A is
the realization of ty (x) (with the variable x of an appropriate sort). Similarly,
projections in A are realization of the type {||x*x —x|| = 0, ||x* —x|| = 0}. If we
consider the language with a constant for the unit, then the unitaries in a unital
C*-algebra A are realizations of the type

{Ilxx® — x*x[| = 0, lxx* — 1| = 0, lx*x — 1] = 0}.

Analogous remarks apply to all distinguished classes of elements appearing in
Definition 1.4.1.

4. Example 2.3.3 shows that the set of units of type® M, is the realization of the type
in the variables x;;, for i < n and j < n, with conditions ||x;;x¢ — 8 kx|l = 0
and ||x;; — x;?l. | =0foralli, j, k,I.

Definition 16.1.4 If C is a metric structure, X € C, and a is an n-tuple in C, then
the type of a over X, type(a/ X), is the following type in the expanded language L :

type(@/X) = (¢ (%, b) =r: bin C, ¢ € i}, and ¢ (@, b) = r}

where  is a tuple of variables of the same sort as b.

There is some ambiguity in the choice of the sorts of the variables occurring in the
definition of type(a/ X). For definiteness, we always choose the sort associated with
the smallest possible # such that a given variable or constant belongs to the n-ball.

Definition 16.1.5 Given an infinite cardinal x, a metric structure is said to be «-
saturated* if every satisfiable type in %), of cardinality less than « is realized in

3 Just another innocuous clash of terminology. . .

4Some authors (notably, [39, Sect. 5.1]) define «-saturation in a slightly different manner. The two
definitions agree when the language is separable.
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M. An Rj-saturated metric structure is also called countably saturated. A metric
structure M is saturated if it is y (M)-saturated. We will say that M is fully
(countably) saturated whenever it is (countably) saturated and there is a possibility
of confusion with degree-1 saturation or with quantifier-free saturation.

Example 16.1.6 The classical “discrete” logic is a special case of logic of metric
structures in which all structures are taken with the discrete metric. An n; set
(Definition 8.2.2) is, by definition, a countably quantifier-free saturated dense linear
ordering without endpoints. Since the theory of dense linear orderings without
endpoints admits elimination of quantifiers (see [39, Sect. 1.5]), every n; set is fully
countably saturated (see [124]).

The space of formulas Ffip is equipped with the norm (Definition D.2.4)
lell := sup{lpr(Ez)l: M is an Z-structure, a € M}.

and it is an algebra over R with respect to this norm. A type t(x) is separable if it is
a separable in this norm as subset of F,.

Lemma 16.1.7 An Z-structure M is countably saturated if and only if every
consistent separable type over M is realized in M.

Proof We need to prove that if every consistent countable type is realized then
every consistent separable type is realized. Clearly a subset of a consistent type is
consistent. Since the interpretation of a formula is a continuous function, a type is
realized if and only if its dense subset is realized. O

Definition 16.1.8 Suppose « is a cardinal. An Z-structure M is said to be k-
universal if for every £ -structure A of density character smaller than « elementarily
equivalent to M there exists an elementary embedding @: A — M.

An Z-structure M is said to be k-homogeneous if for all £ -structures A and
B of density character smaller than « and elementary embeddings @: B — A
and ¥: B — M there exists an elementary embedding ®: A — M such that the
following diagram commutes:

A structure is said to be separably universal (separably homogeneous) if it is
R-universal (Rj-homogeneous).

A proof of the following standard fact is left as Exercise 16.8.17.



16.2 Reduced Products and Ultraproducts 397

Theorem 16.1.9 Given an infinite cardinal k, a metric structure is k-saturated if
and only if it is k-universal and k -homogeneous. O

16.2 Reduced Products and Ultraproducts

In this section we define ultraproducts and reduced products of C*-algebras and
prove L6§’s Theorem and countable saturation of ultraproducts associated with
countably incomplete ultrafilters.

Given a fa_rnily of C*-algebras B j, for j € J, and an ideal K on ], we let
@/ Bj:={be Hje,]] Bj :lim sup;_, 4 161l = 0} (Definition 2.5.8).

Definition 16.2.1 The reduced product of an indexed family B;, for j € J, of C*-
algebras associated with an ideal _#" on J is the quotient []; B;/ €D , B;. We will
sometimes denote it by []; B;/ 7.

The general definition of a reduced product of metric structures of the same
language is given in Definition D.2.13.

The dual filter of an ideal # on aset Jis Z, = {J\ X : X € 7}
(Definition 9.1.2). Some authors refer to the reduced product [[; B;/ P 7 Bjas
the reduced product with respect to the dual filter.

Two “extreme” cases of reduced products are also the most important ones.

Example 16.2.2 The algebra (P, B; is the direct sum, P,y Bj. An
important example of a reduced product associated to Fin is the algebra
]_[j M;(C)/ EBj M;(©C).1f B, = B for all n, then EB!. B = ¢o(B), ]_[j B =l (B),
and the algebra £, (B)/co(B) is called the asymptotic sequence algebra.

Definition 16.2.3 Suppose that _Z is the dual ideal of an ultrafilter %/ . The reduced
product [ [y B/ 69] Bj is denoted [[; Bj/% and called ultraproduct. If Bj =
B for all j, then ¢z (B) := @ , B hence cyy = b el
In this case the ultraproduct [ | i Bj /% is denoted B? and called ultrapower.

slimj g [1b;]l = 0}

Remark 16.2.4 In the C*-algebra literature, the norm ultrapower as in Defini-
tion 16.2.3 is usually denoted Ag (where © stands for whatever one might use

to denote an ultrafilter). The notation A® is reserved for the tracial ultrapower
of a C*-algebra A such that T(A) # . The tracial ultrapower is the ultrapower
in the language of C*-algebras in which the metric is given by the uniform 2-norm
lall2,u == sup;ctp) T(a*a) 172 As this is just another special instance of the general
definition of an ultrapower, and there are more languages than possible locations for
subscripts or superscripts, from a logician’s point of view the best way to indicate
which ultrapower is being used is to specify the language. All this said, the tracial
ultrapower construction is very important and it deserves a special notation. It will
appear implicitly in Example 16.4.5, Proposition 16.4.6, and Exercise 16.8.23.
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Definition 16.2.5 An element b of [[; B;/ D , B is routinely identified with its
representing sequence (b;). This formally incorrect practice, akin to treating the
elements of an L ,-space as functions and not equivalence classes of functions, is
mostly harmless. A C*-algebra B is identified with its image under the diagonal
embedding b +— (b, b, ...) inside £oo(B)/c y(B) and inside an ultrapower B% .
The relative commutant B’ N B> of B in the asymptotic sequence algebra is known
as the central sequence algebra.

Most known instances of the ultraproduct/ultrapower constructions are instances
of the general model-theoretic Definition D.2.14.° The analog of the following
lemma is true in virtually every category of metric structures equipped with the
ultraproduct functor.

Lemma 16.2.6 If A;, for j € I, are C*-algebras, then the definitions of the
ultraproduct [ [,, A; given in definitions 16.2.3, C.7.1, and D.2.14 agree.

Proof It suffices to see that the n-ball of [],, A; is the ultraproduct with respect
to % of the n-balls of A; fori € I foralln > 1. O

Here is the precise statement for the C*-algebras (see [90]).

Theorem 16.2.7 The functor that associates the metric structure M (A) to a C*-
algebra A (Definition D.2.1) commutes with taking ultraproducts. O

In the ongoing discussion, . will denote an arbitrary metric language. The
distinguishing feature of the ultrapower functor is the fact that it preserves the theory
of a structure.

Theorem 16.2.8 (L.o$’s Theorem) If (M) ey are £ -structures, % is an ultrafil-
ter on J, ¢(X) is a formula, and M := [],, M, then (pM(&) = lim;_, ¢ goM!' (aj)
forall ain ]y M; of the appropriate sort.

Proof The proof proceeds by induction on complexity of ¢ (Definition D.2.2). In
this proof we suppress all redundant parameters of ¢.

If ¢ is atomic, then M = lim;_, 4 ™M by the definition.

Suppose that n > 1, f: R* — R is continuous, ¥ = f(¢o, ..., @,—1), and the
assertion is true for ¢;, for j < n. Then

. : . . . M; . M;
Jim yM = Tim S, pun)™ = SClm g dim g0 =y
by the continuity of f.

Suppose the assertion is true for ¢ (x). Then for every b € M and its representing
sequence (b;) we have lim;_, 4 @(b;)Mi = M (b). Since % is an ultrafilter sup,
and lim;_,4 commute, and the conclusion follows. The proof for infy ¢(x) is
analogous.

5In some situations this is not quite obvious, as finding the correct model-theoretic language for a
given category may take some effort.
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We proved that the set of formulas for which the conclusion of Theorem 16.2.8
holds contains all atomic formulas and that it is closed under both (4) and (5) as in
Definition D.2.2. Therefore the assertion is true for all formulas. O

Lo§’s Theorem is also known as the Fundamental Theorem of Ultraproducts. If
a theory is identified with a character on the space of formulas (Definition D.2.8),
then £0§’s Theorem states that

Th([],, B;) = weak -lim;_,4 Th(B;),

and by expanding the language the analogous formula holds for the type of a tuple a
in [ [,, Bj. This is not the case for reduced products of metric structures in general,
even if the sequence Th(B;), for j € N, converges pointwise. Nevertheless, a useful
analog of L.o§’s Theorem for reduced products exists, but it deserves a section of its
own.

16.3 The Metric Feferman—Vaught Theorem

In this section we prove Ghasemi’s metric Feferman—Vaught Theorem.

We fix an arbitrary metric language .#. The main result of this section is a
mouthful (Definition 16.3.2 and Theorem 16.3.3) but only the following corollary
will be needed later on, and only in Section 16.5 and some of the exercises.

Theorem 16.3.1 For every Z-formula ¢(x) there is a countable set F of £-
formulas all of whose free variables are included in those of ¢ (x) with the following
property. If (M;) jey and (Nj) jey are ZL-structures and _Z is an ideal on J, then
supgep limsup; 1 16(@@;)™i —6(bj)Ni| = 0 implies

p@MI7 = o)t/

forallaj € M; and l;j € N; of the appropriate sort.

Let .i”];; be the language of Boolean algebras with the standard symbols
A, V, C, 0, and 1, equipped with constants Zf for every .Z-formula ¢ and t € Q.

Definition 16.3.2 and Theorem 16.3.3 are stated for .Z-formulas whose range is
included in [0, 1]. Since the range of every .Z-formula ¢(x) is a bounded interval,
the range of r(¢p(x) — ¢) is [0, 1] for appropriately chosen real numbers r and ¢ and
this will not be a loss of generality.

Definition 16.3.2 For k > 2, an .Z-formula ¢(X) is k-determined if objects with
the following properties exist:
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1. A finite set F[g, k] of .Z-formulas whose free variables are included in the free
variables of ¢(x),
2. fé&-formulas Q;O’k for 0 < < k, such that

a. all variables of Hl(p’k are among Zf for ¢ € Flp, k] andt € Q N[O, 1], and
b. the formula Gl(p’k is increasing, in the sense that if X; < le for all i then
67" (X) implies 67" (X').
Given .Z-structures (M;)jcy and an ideal # on J, for {(x) e Flg, k], we
write Gl‘p’k[&] for the value of 6 *in 2(7)/ 7 with®

Zf[[z] =1[{j: (;(&j))Mf' >t, forz € [0, 1]}] #.
Then the following holds (writing M := Hj M;/ 7):

3. (p(Ez)M > (I + 1)/ k implies Gl‘p’k[&] and
4. 67" [a) implies @)™ > (I — 1)/k.

In particular, Definition 16.3.2 asserts that the value of ¢(a) is determined up to 2/ k
by a finite set of formulas B;ﬂ’k for 0 <[ < k, which are in turn determined by the
evaluations of formulas in the finite set F[¢, k] in every M.

The proof of the following theorem of Ghasemi is only notationally different
from the original [115].

Theorem 16.3.3 Every .Z-formula is k-determined for all k > 2.

Proof The proof proceeds by induction on complexity of ¢, simultaneously for
all k > 2. By using Proposition D.2.6, it suffices to prove that the set of all k-
determined formulas satisfies the following closure properties:

1. All atomic formulas are k-determined.

2. If ¢ is k-determined, so is %(p.

3. If ¢ and v are 2k-determined, then ¢—1/ is k-determined.

4. If ¢ is k-determined, so are sup, ¢ and inf, ¢ for every variable x.

For readability of the ongoing proof, we will describe the required Boolean formulas
le’k informally. We will also combine the recursive construction of these objects
with a proof that they have the desired properties for arbitrary (M;) ey and _Z,
with M =[] iM j/ % and a € M of the appropriate type. (Needless to say, the
constructed objects will not depend on the choices of (M;), #, and a.) This will
make this subtle proof proceed smoother.

Let Gl(p’k = Falseifl/ > k and Ql(p‘k := True if [ < 0. This convention will be
used tacitly.

SHere [X] _# denotes the equivalence class of X modulo 7.
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If ¢ is atomic or constant (i.e., a scalar), then let F[¢, k] := {¢} and let O;p’k be
the formula Zf,; # 0. Clearly Ql‘p’k is increasing. Since

@™ =limsup;_, ,p(@p™,

we have that @™ > (I + 1)/k implies 67*[a]. Similarly, 6/*[a] implies
(p(&)M > (I — 1)/k, as required.

Suppose that p(x) = %1//()2) and the induction hypothesis holds for 1. Let
Fle, k] := F[y, k] and let 9;0 g 9;/;’](. These objects satisfy the requirements
by the definitions.

Suppose that ¢ = —n and the induction hypothesis holds for v and 7. Let

Flo, k] :==F[y, 2k]U {1 — ¢ : ¢ € Fln, 2k]}

In order to define 9;” ’k, we need an additional bit of notation. Given a Boolean
formula 6 in variables Z§, letif X; = z§, then X ;j denotes Z S] -t

(X0, ..., Xu—1) :=—0(Xo, ..., Xp_1).

The following claims are proved by an easy computation.

Claim If 6 is increasing, then so is 6. m]

Claim Suppose that Oln’k satisfies (3) and (4) of Definition 16.3.2. Then for every
M =[[;M;/ 7 anda € M we have that él"’k[c_z] implies (@™ < (I +1)/k and
n@™ = (I —1)/k implies 6,""[a]. a

We will prove that the formula

& 2k— 2k 02k
On" = \/1;0 m)(egnﬂ AOT)

satisfies the requirements. By the first Claim, it is increasing.
Suppose that 62 [a] holds.

Fix [ such that both 63 [a] and 6,"**[@] hold. Then (2m +1 — 1)/2k < y(@™

and the second Claim implies (I 4+ 1)/2k > n(a)™. Therefore (@) = y (@)™ —
n(Ez)M > (m — 1)/k as required.

Now suppose that (@)™ > (m + 1)/k. This implies that (@) > 0 and
therefore p(a)" = (@)™ — n(a)™. Fix [ such that

Qm+1))2k <y @M < @m +1+1)/2k.
Then

@M < @m+1+1)/2k — 2m +2)/2k < (I — 1)/2k,

2k

hence 92‘[;’1%:([ [a] A 077_’21]{ [a] holds. By monotonicity both ngn’l Holal A él"_’zlk [a] and

gek

1 lal hold, as required.
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Now suppose that ¢ (X) = sup,, ¥ (%, y) and the induction hypothesis holds for .
Let

X =t Zf occurs in 9;'/”1( for some 0 < < k}
and
% = {o : there is F C F[y, k] such that o : F — Z}.
Since Z is finite, so is . We’ll need the set 6 := {« € € : dom(x) = F[y, m]}

of “maximal” elements of & . For a € % consider the .Z-formula

§(X) :=sup min ({(x,y) —a(f)).
y ¢edom(x)

The salient property of this formula is that for every a € [] iMj/ 7, with the
interpretations of the Boolean constants as in Definition 16.3.2, we have

bap = ¢ la
Zy'lal = /\;edom(a) ZO!(Z)[a]'

Let Flo, k] :==F[y, kU {&, : a € €}.
ForO <m < klet G,ﬁ’k be the Boolean formula asserting that there exist elements
Y[«], for @ € €, such that

1. Y[a] < Zg” for all o.
2. If o € ¥ and dom(«) = G U H, with both G and H nonempty, then

Yl | GIA Y[ | H] = Y[l

3. The elements Y[y], for y € %), form a partition of unit, i.e., \/Ve% Y[yl=1
and Y[y] A Y[B] = 0if y and B are distinct elements of %j.

4. The formula obtained from Qm]/’ ok by replacing Zg( o) with Y[«] forall ¢ € F[y, k]
and o € ¥ with dom(«) = {¢} holds.

We claim that O,ﬁ’k for 0 < m < k are as required.

Suppose that <p(Ez)M > (m + 1)/k. Fix b such that i (a, M > (m + 1)/k and
identify both a and b with their representing sequences, (a;) and (b;) for j € J,
respectively. For each j € J define y;: F[y, k] — Z by

yiQ):=max{t e Z : t < {(dj,bj)Mf}.
Then y; € % for every j and the sets Yiyl={j:y = yj} for y € 6o form a
partition of J. _
Therefore Y[y] := [Y[y]] 7> for y € %y, form a partition of unit as required
in (3). For a € ¥ let

Vil :={j:a() =max{t € Z :t < &(a;,bj)™i} foralli € dom()}
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and let Y[a] := [Y[«]] 7 This definition is compatible with the above definitions
in the case when y € %), and these elements satisfy (1) and (2) from the definition
of Q,ﬁ’k. Moreover, by the inductive hypothesis on , the formula obtained from
0,',/,/ ok by replacing Zgi(l.) with Y[«] for all i € m and o € % such that dom(«x) = {¢}
holds. This is (4) of Definition 16.3.2, and therefore Gﬂ’k[&] holds as required.

Now suppose that O,ﬁ’k[c_z] holds. Fix Y[«], for « € ¥, that satisfy (1)—(4), as
asserted by G,ﬁ’k[&]. Fix Y[a] C J that lifts Y[«] for every @ € %. Since there
are only finitely many requirements on Y[«], for « € ¥, after removing a set in
# we may assure that these lifts satisfy the analogs of conditions (2) and (3).
Since removing a set in _# from J does not affect || iM; / # , for simplicity of

notation we may assume that the lifts f’[oz], for o € ¥, satisfy the exact analogs of
conditions (2) and (3). Thus, Y[o | G]A Y[ | H] = Y[F, o] whenever and & € %,
dom(x) = G UH, G and H are nonempty, and in addition Y[y], for y € %, form
a partition of J.

_ _ £,
Fix j € J. Then j € Y[y] for a unique y = y; € %p. Since [Y[yj]]/ < ZOV’

(this requirement is embedded in Gl‘p’k), we have
sup min (Z(@;,b)Mi —y;()) > 0.
yp;“EIF[I/f,k] f(aj, bj vi(¢

Therefore we can choose b; such that ¢ (a;, bj)Mf > y;(¢) forall ¢ € F[y, k]. This
defines a representing sequence of b € ]_[j M ; which satisfies Zf/(;)[c_z, bl = Y[y].

Since 9}3 s increasing, the inductive hypothesis implies

¥(@,b) > supy @ Wi/” > m —1)/k,

as required.
The proof in the case when ¢(x) = infy ¥ (x, y) is analogous to the one in the
case when ¢ (x) = sup,, ¥/ (X, y). This completes the proof. |

Proof (Proof of Theorem 16.3.1) By Theorem 16.3.3, for every sentence ¢(x) and
every k > 2 there is a finite set F[¢, k] of formulas such that the value <p(&)n/ M7
is determined up to 2/ k by the sets

Zila. M :=[{j €J: c@p™ > 1] ,
for ¢ € Fle, k] and ¢ in some finite set. Similarly, the sets

Z{bN1:=[{j € T: ¢b)N > 1}] 4,
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determine the value of (p(l;)ni Nil s up to 2/k. Let F := | J, Flg, k]. Suppose that
[1;M;/ 7 and []; N;/ 7 satisty limsup;_, ,10@@;)™ —6(b;)"7| = 0 for all
6 € . Hence Zf[Ez, M] = Zf [b, N1 for all IS Uk Fle, k] and all ¢. Since k was
arbitrary, (p([z)n/ Mjl7 (p([l)nf NilZ follows as required. O

16.4 Saturation of Ultraproducts

In this section we prove that the ultraproducts associated with countably incomplete
ultrafilters are countably saturated and briefly consider the trace-kernel ideal and the
tracial ultrapower of a C*-algebra.

An ultrafilter %7 on a set X is countably incomplete if there exists a partition
of X into countably many sets X;, for j € N, neither of which belongs to % . The
most common examples of countably incomplete ultrafilters are the nonprincipal
ultrafilters on N.

Theorem 16.4.1 If % is a countably incomplete ultrafilter on J and M;, for j €
J, are metric structures of the same language, then the ultraproduct [[, M; is
countably saturated.

Proof Let t(X) be a countable type over M := [[, M;, and enumerate its
conditions as ¢, (x) = r, forn € N. Since t(x) is finitely satisfiable, for every n > 1
there exists b(n) € M such that max j<n |(p§” (b(n)) —r il =< % Fix a representing
sequence (b(n) ;) for b(n). By £0§’s Theorem for every n there exists Y,, € % such
that forall j <nandalli € Yj we have max; -, |g0j(l;(n)j)M-i —rjl < % The key
set-theoretic component of the proof follows.” The sets Z; := Mi<j Y \ Uk<; Xk
form a decreasing sequence with an empty intersection and each Z; belongs to 7.
Fori € Z,41 \ Z, let ¢; := b(n);. The choice of b(n); € M; fori ¢ Zy is of no
consequence. Let ¢ be the element of M with the representing sequence (¢;). Lo$’s
Theorem implies go?’l (¢) = rj forall j, and therefore ¢ realizes tin M.

Since t was an arbitrary satisfiable countable type, this concludes the proof. O

Higher levels of saturation can be obtained by using the so-called regular
ultrafilters (Definition 16.8.18).

Corollary 16.4.2 If % is a nonprincipal ultrafilter on N and M, for j € N, is a
sequence of Z-structures, then [ |,, M is countably saturated. O

Corollary 16.4.3 Every countable consistent type over a C*-algebra A is realized
in an elementary extension of A. O

The assumption that the type is countable is not necessary in Corollary 16.4.3
(Exercise 16.8.31). Given an expansion (Definition D.2.10) of a C*-algebra A by

7A joke.



16.4 Saturation of Ultraproducts 405

a predicate or a function (e.g., a state, an automorphism, the distance function to
a C*-subalgebra,. . .) its ultrapower is a countably saturated expansion of A% . The
following may be the most important example.

Proposition 16.4.4 Suppose A is a C*-algebra and n is a seminorm on A
dominated by the operator norm. For an ultrafilter %, w? (a) = lim; 4 u(a;)
defines a seminorm on A% . The expansion (A, ) is an elementary submodel of
(A%, /ﬂ/), and the latter structure is countably saturated.

Proof Since p is dominated by | - ||, it is uniformly continuous and expanding
the language by adding a function symbol for u is justified. By £.6§ Theorem
(A, ) is an elementary submodel of (A” , 1), and countable saturation follows
by Corollary 16.4.2. Finally, being a seminorm is clearly axiomatizable. O

Example 16.4.5 Suppose B is a unital C*-algebra with a nonempty space T(B) of
tracial states. Consider the uniform 2-seminorm ||a||2,u := Supc1(p) 7(a*a)'/? on
B. By Proposition 16.4.4 it extends to a seminorm on B? | still denoted || - l2.u. If
7 is a nonprincipal ultrafilter on N, then the countable saturation of (B “ - 12.1)
implies that

Ju:={a € B” :||allz, = 0}

is a nontrivial, even nonseparable, ideal in B” . This is the trace-kernel ideal. One
considers the metric structure (B, || - ||2,,,) which has the same algebraic operations
as B, but its metric is defined by || - |2, and the operator norm is not a part of the
language. A routine verification (left to the reader) shows that the so-called tracial
ultrapower) (B, || - |l2.,)% is isomorphic to B¥ /J,,.

The analysis of the interplay between the tracial and norm ultrapowers of a tracial
C*-algebra B plays an important role in the classification programme of C*-algebras
(see e.g., [158, 178]). Also see Exercise 16.8.23.

An ideal J in a C*-algebra with the property that for every countable X C J
there exists ¢ € J4 1 such that cx = x for all x is called a o-ideal. The following
analog of CRISP (Definition 15.3.1) implies that the trace-kernel ideal is a o-ideal.®

Proposition 16.4.6 Suppose B is a tracial C*-algebra, % is a countably incom-
plete ultrafilter, Jp is the trace-kernel ideal (Example 16.4.5), a, € Jo, and
b, € BY for all n. Then there is ¢ € (Jp)4+,1 such that ca, = a, and [c,b,] =0
for all n.

Proof Consider the type
t(x) := {llxan, — anll = 0, ll[x, by]1 = 0, [ x[2., = 0, l|Ix]| = 1, x = x™, x > 0}.

Take a separable elementary submodel (C, || - [|2,,) of (BZ || - ll2..) containing
all b,. Then Jp N C is o-unital, and by Proposition 1.9.3 it has a {b, : n € N}-

8Unlike the definition of CRISP, we do not require a, to be positive.
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quasi-central approximate unit. Thus for every n > 1 there is ¢ € C4 1 such that
lca, — anll < 1/n, ||lc, bylll < 1/n, and |c|l2., = 0. Therefore t(x) is consistent.
Since 7/ is countably incomplete, t(x) is realized by some ¢ € (B%)Jr, 1, and this ¢
is as required. O

See also Exercise 16.8.23.

16.5 Saturation of Reduced Products

In this section we prove that the asymptotic sequence algebras are countably
saturated and discuss saturation of relative commutants.

All results in this section are stated and proved for general metric structures in
some language .. The following is the analog of Theorem 16.4.1.

Theorem 16.5.1 If M;, for j € N, are L-structures then the reduced product
I1 iMj/ Fin is countably saturated.

Proof Fix a countable consistent type t(x) over M, and enumerate it as a sequence
of conditions ¢; (x) = s;, for i € N. By composing each ¢; with a linear function
we may assume that its range is included in [0, 1]. Each ¢; may have parameters
in M, but we can expand the language by constants for these parameters. Applying
Theorem 16.3.1 to each ¢; (x) and k > i, we obtain m (i) € N, formulas ;“J’.‘()E), for

Jj < m(i), and Boolean formulas 91’/,{(, for 0 <[ < k, such that for every a in M of
the appropriate sort, the value of (p,.M (a) is 1/ k-determined by 9;/,2 [a],for0 <[ <k.
The value of this Boolean formula is determined by the isomorphism type of the
finite Boolean algebra generated by the sets Zj.’l/k(c"z) = [{n: g“; (@n)Mr > 1/ k}]Fin.

This isomorphism type is uniquely determined by (let m (k) = max;<x m(i) and
declare hitherto undefined sets to be empty)

Yi(@) := (S S k> x m(k) : s jres zj.,,/k(a) \ z;’(,H)/k(a) is finite}.

Since the type t(x) is consistent, for every k there exists b(k) in M such that
max; < @i (b(k)) — si| < 1/k. Let % be a nonprincipal ultrafilter on N. For a
fixed k there is 7} C P (k* x m(k)) such that {n € N : Tx(b(n)) = Y} € % . For
every k fix n(k) so that Yx(b(n(k))) = T;*. Then

L YE={SNK&* xm(k):S e} forallk <k,

because each one of these sets is equal to 7;*(b(n(k"))). For a in M, k € N, and
S C k% x m(k), let

Ps.x@) = i jyes L@ \ Zj a1/ (@)

If Y (@) = 7}, then @g x(a) is finite if and only if § € 1}*, forevery § C k% xm (k).
Therefore, if Yy (a) = 7;* for all k then a satisfies t(x).
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We will choose finite disjoint sets Yy € N, for 2 < k, such that for all k the
following holds:
2. J S Yj_.
3. | @5k (b(n(k))) N Yi| = nforall § € k% x m(k) such that S ¢ 7, and
4. s bk + 1)) S U, Yj forall S € k* x m(k) such that § € 1.

We proceed to describe the recursive construction of the sequence (Yy). Fori < 2
and § € T the set @5 2(b(n(2)) is infinite and for a large enough m(S) we have
|<155,2(l;(n(2)) Nm(S)| = 2. With m = max{m(S) : S ¢ 7'} the set

Yz = {2} U U{@s3(b(n(3)) : S € 3%* xm(3), S € 1§}

satisfies (2), (3), and (4).
Suppose that the sets Y2, ..., Y have been chosen to satisfy (2), (3), and (4).
The set @g k+1((b(n(k + 1))) is infinite for every S ¢ 177, ,, and therefore a large

enough m satisfies |d>g’k+1(15(n(k+ 1))\Uj§k Yi)| = k+1forall S ¢ Tk*+1' With

Yir :=m\ U< Y))

U (@5 a2k +2)) : S S (k+2)* x m(k +2), 5 € T},

the sets Yo, ..., Y41 satisfy (2), (3), and (4) with k + 1 replacing k.

This describes the recursive construction. The sets Y, for k € N, form a partition
of N into finite sets. Define a € M by its representing sequence a; := b(n(k)) s
if j € Y. To prove that a realizes t(x), it suffices to prove T(a) = Tk* for all
k.Fixkand S C k> x m(k). If S ¢ Y;’, then (3) implies that |®g (a)| > j for
all j > k. Therefore @5 x(a) is infinite, hence § is an infinite set in 1% (a). Now
suppose S € 1}. Then § € Tj* for all j. Fix any [ > k. Then (4) and (1) together
imply @5 ;(@)NY; =@ forall j > [+ 1. Hence @5 ,(a) is finite, and since | > k
was arbitrary, S ¢ T (a). O

Corollary 16.5.2 If M;, for j € N, are C*-algebras then the asymptotic sequence
algebra [[; M;/ @ ; M is countably saturated.

For quantifier-free types and saturation see Definition 15.2.1.

Proposition 16.5.3 If C is a countably saturated C*-algebra and A is a separable
C*-subalgebra of C, then A’ N C is countably quantifier-free saturated.

Proof Let t(x) in x = (xo, ..., xx—1) be a quantifier-free type over A’ N C. Fix a
dense subset {a, : n € N} of A and let

(%) :==t(@) U{lllan, x;1l =0:n €N, j <k}.

Then t'(X) is a consistent type over C. Its realization a belongs to A’ N C and since
all formulas in t are quantifier-free, a realizes t(x) in A’ N C. |
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Every countably saturated C*-algebra is countably degree-1 saturated. We single
out a few corollaries of this fact.

Corollary 16.5.4 Suppose that A is a separable C*-algebra and a C*-algebra
C is of one of the following forms: A% for a nonprincipal ultrafilter % on N,
loo(A)/co(A), B'NAY  or B'N s (A)/co(A) for a separable C*-subalgebra B of
A? or of €so(A) /co(A), respectively.

Then C is an SAW*-algebra, every uniformly bounded representation 7 of a
countable amenable group I' into C is unitarizable, admits the “discontinuous
functional calculus” of Section 15.4.2, and it is essentially non-factorizable.

Proof Combine Theorem 16.4.1, Corollary 16.5.2, and Proposition 16.5.3 with
Lemma 15.3.3, Proposition 15.4.1, Theorems 15.4.3, and 15.4.5. a

16.6 The Back-and-Forth Method II: Saturation

In this section we continue the study of o -complete back-and-forth systems started
in Section 8.2, and apply the Continuum Hypothesis to massive C*-algebras such as
ultraproducts or asymptotic sequence algebras.

Proposition 16.6.1 Suppose C and D are metric structures of density character
R1. The following are equivalent.

1. There exists a o -complete back-and-forth system between C and D.
2. The structures C and D are isomorphic.

Proof If @: C — D is an isomorphism and E is a club in Sep(C), then
F:={(A,®[A],® | A): AecC}

is a o-complete back-and-forth system between C and D.

Conversely, suppose I is a o-complete back-and-forth system between C and D.
By using the fact that C and D both have density character X1, we can choose an
increasing sequence p(y), for y < Ry, in F such that A??), for y < R is a
club in Sep(C) and BPY), for y < R is a club in Sep(D). Then UV ®PY) is an
isomorphism between C and D. O

The following lemma will be used to construct many automorphisms of a given
countably saturated structure of density character 8. For separable types see
Lemma 16.1.7 and the paragraph preceding it. Recall that we write B < A if B
is an elementary submodel of A.

Lemma 16.6.2 Suppose A is a nonseparable countably saturated metric structure,
B < A is separable, and ¥ € Aut(B). For every club C C Sep(A) there is E € C
such that B C E and there are distinct extensions ®° and ®' of ¥ to Aut(E).



16.6 The Back-and-Forth Method II: Saturation 409

Proof Fix a € A\ B. The type of a over B, type(a/B), (Definition 16.1.4) is
separable. With ¢ := dist(a, B), define a 2-type t(x, y) such that a pair c, d realizes
t(x, y) if and only if type(c/B) = type(d/B) = type(a/B) and d(c,d) > €. In
symbols:

t(x, y) := {P(x), P(y) : P(x) is a condition in type(a/B)} U {d(x,y) > &}.

This type is satisfiable in A: Since every finite fragment of type(a/B) is approx-
imately realized in B by elementarity, for every finite fragment to(x, y) of t(x, y)
and every § > O there is b € B which §-approximately realizes the fragment of
type(a/B) that belongs to ty(x, y). Since d(a, b) > dist(a, B) = ¢, the pair (a, b)
§-approximately realizes to(x, y).

By the countable saturation of A, some pair c, d in A realizes t(x, y). In order to
construct C as required, we use Proposition 7.2.7 to find a dense subset D of A such
that the set {p € [D]¥ : DN p = p} includes a club. Then

F:={pe[DI™:peCandDNp = p}

includes a club. By Theorem 6.4.1, fix f: [D]<® — D such that every countable
subset of D closed under f belongs to

Fi:={peF:peC}.

Using the Lowenheim—Skolem Theorem, find a separable Ey < A which includes
B U {c, d}. We have ¢ # d because d(c,d) > e. By the separable universality of
A (Theorem 16.1.9) there exist elementary embeddings @é tEy — A, forj <2,
which both extend ¥ and satisfy @8 (¢) = c and CD(% (c) =d.

We proceed to build separable elementary submodels E, of A, elementary
embeddings @, : E, — A, and p, € F; such that the following conditions hold
for all n:

1. E, <A,
2. C*(En, ®UEn], ®En], pp) € Epy1,and Epqq < A,
3. CD,?H extends (@,?)_1, @jﬂ extends (cD,l,)_l, and

4. pn 2 E,.

Suppose that E;, @?, and @ jl have been chosen for j < n. By the Downward
Lowenheim—Skolem Theorem, some separable elementary submodel E,; of A
includes E,,U@,?[E,,]U@,l [E,]Up,. Since Fl .= ®][E,]isa separable elementary
submodel of A for j < 2, by the separable universality of A the elementary
embedding (®7)"': F/ — A can be extended to an elementary embedding
LS
Once E,, pu, <D,?, and @,1 have been chosen for all n, E := Un E, is a separable
elementary substructure of A. Since 45’? 4o extends (@2 H)_l, which in turn extends

E,+1 — A.Finally choose p,41 sothat E,+1 € Dr11.

@0, #0 := J, ®) is an automorphism of E. Similarly, ®! := J, @21”+1 is an



410 16  Full Saturation

automorphism of E. By construction, ®%Cc) = ¢ and ®!(¢) = d and therefore
@0 =+ @l In addition, the set p := \U,, Pn is dense in E and, being equal to the
union of an increasing sequence in Fy, it belongs to F;. The latter fact has two
consequences. First, p N D = p. Second, p € C. Therefore E € C, as required. O

The proof of the following theorem uses {0, 1}<N1, the complete binary tree of
height R (Section 8.4), as a bookkeeping device.

Theorem 16.6.3 Every countably saturated metric structure A of density charac-
ter N1 has 2% automorphisms. Given any separable X C A, each one of these
automorphisms can be chosen to be equal to the identity on X.

Proof We define a o-complete back-and-forth system [F between A and A with the
property that each one of its conditions has two incompatible extensions in F. (Two
elements of [F are said to be incompatible if they do not have a common extension
inTF.) Let®

F:={(B,B,®): Bisseparable, X C B < A, ® € Aut(B),and @ | X=idy}.

The assumed separable universality of A implies that every condition of [ has a
proper extension in F.

With everything in place, one can now recursively embed {0, 1}="! into [F so that
distinct branches of {0, 1}*! correspond to different automorphisms as follows. Fix
an enumeration A = {ag : § < N1}. We will define ps := (Bs, Bs, Ps) in I for
s € {0, 1}=1 so that the following conditions hold for all s and t in {0, 1}<™1.

1. s C timplies ps < pt.
2. pso and ps; are incompatible.
3. If dom(s) =& + 1 then ag € Bs.

The conditions ps, for s € {0, l}<Nl, are chosen by transfinite recursion on the
well-founded set {0, 1}<% (Proposition A.2.2) as follows.

Suppose that t € {0, 1}<™1 is such that pg has been constructed for all s T t. We
first consider the case when « := dom(#) is a limit ordinal. Since « is countable, we
let B(n), for n € N, be an increasing sequence of ordinals such that sup, S(n) = «.
Since F is a o-complete back-and-forth system, ps = sup,, ps|g() is well-defined.
Ift C s thent C sg(y) for a large enough 7, and therefore ps is as required.

Now suppose that o := dom(t) is a successor ordinal. Fix s such that t is an
immediate successor of S. It does not matter whether t = s0 or t = sl, since
we shall find pgg and ps; simultaneously. Since F is a o-complete back-and-forth
system, we can find r > pg in F such that a, € By. By Lemma 16.6.2, r has
incompatible extensions in [F; these conditions are psg and ps; as required. |

°Tf the definition of F seems like a typo, it may be a good moment to work out Exercise 8.7.12.
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Theorem 16.6.4 Suppose C and D are countably saturated metric structures. The
following are equivalent.

1. The metric structures C and D are elementarily equivalent.
2. There exists a o -complete back-and-forth system between C and D.

Proof Suppose that there exists a o-complete back-and-forth system between C
and D. Since club many separable substructures of any nonseparable structure are
elementary submodels, Lemma 8.2.9(1) implies that C and D are elementarily
equivalent. Now suppose that C and D are elementarily equivalent and let

F:={(A,B,®): (A, B) € Sep(C) x Sep(D) :A<C,B <D,

®: A — B is an isomorphism},

then F is trivially o-complete, but we need to prove that for every (A, B, @) € I,
every ¢ € C, and every d € D there exists (E, F, ¥) € F that extends (A, B, @)
and is suchthatc € E andd € F.

Choose a separable A7 < C such that A € Aj and ¢ € A;. Theorem 16.1.9
implies that some elementary embedding @;: A; — D extends &. Choose a
separable B, < D such that @1[A1] U {d} € Bj. Theorem 16.1.9 implies that
an elementary embedding @;: B, — C extends @, L

The triple (E, F, ¥) := ($2[Bz], Ba, @2_1) belongs to F and it is as required.

O

It should be noted that Theorem 16.6.4 has been proved in ZFC. Although
Corollary 16.6.5 has a more appealing conclusion, Theorem 16.6.4 suffices for all
practical purposes.'”

Corollary 16.6.5 The Continuum Hypothesis implies that countably saturated
structures C and D of density character ¢ are elementarily equivalent if and only if
they are isomorphic.

Moreover, if A < C, B < D, A and B are separable, and (A, B, @) is a partial
isomorphism, then an isomorphism between C and D can be chosen to extend .

Proof This is a consequence of Theorem 16.6.4 and Proposition 16.6.1. O

The assumption that C and D are elementary substructures of A cannot be
dropped from Corollary 16.6.5 even when C = D; see Exercise 16.8.12.

We conclude this section with an off-tangent discussion directed at the readers
left wondering whether a countably saturated structure of density character X can
exist if the Continuum Hypothesis fails. The case when k = R of the following
example gives a positive answer.

Example 16.6.6 Suppose « is an uncountable cardinal. Then each of the following
metric structures is (in ZFC) k-saturated.

10 At Jeast as long as the “practical purposes” concern only separable structures.



412 16  Full Saturation

1. The Hilbert space £>(k), considered in the language of Banach spaces. This can
be proved in more than one way, and it is left as Exercise 16.8.8.

2. The measure algebra associated with the Haar measure pu on {0, 1}. The
language is the language of Boolean algebras and the metric is defined by
d(X,Y) = u(XAY).

The existence of a countably saturated C*-algebra of density character N
is equivalent to the Continuum Hypothesis (Exercise 15.6.4). The dividing line
between the theories that have countably saturated models of density character ¥
provably in ZFC and those that do not (usually not expressed in this way) was
isolated by Saharon Shelah and it has a prominent place in model theory [218].

16.7 Isomorphisms and Automorphisms

Theorem a day, doctor away.
Neil Hindman

In this section we study ultraproducts and other reduced products of C*-algebras.
By using full countable saturation (Section 16.1) and o-complete back-and-forth
systems (Sections 8.2, and 16.6) we prove that the Continuum Hypothesis implies
that many of these quotients are isomorphic.

As famously said by Rufus Willett (and others), to a man with a hammer
everything looks like a nail.'! Now is the time to roll out the sledgehammer which
was developed in the earlier sections of the present chapter and put it to good use:
The present short section has the highest theorem to page ratio in this entire book.

Proposition 16.7.1 Suppose the Continuum Hypothesis. If A is a separable and
infinite-dimensional C*-algebra or a noncompact metric structure, and % is a
nonprincipal ultrafilter on N, then the following holds.

1. Each one of HN A/ Fin (or £ (A)/co(A)) and A has 2¢ automorphisms that
fix A pointwise. 7

2. If A is a C*-algebra, then each one of A’ N loo(A)/co(A) and A’ N A% has 2°
automorphisms.

Proof Since both {¢,,(A)/co(A) and A?  are countably saturated (Corol-
lary 16.5.2),(1) is a consequence of Theorem 16.6.3 applied to X = A and
Loo(A)/co(A). All of these automorphisms fix the relative commutant setwise,
and (2) follows. O

' This is not to be confused with the even more famous A.H. Maslow’s quip “I suppose it is
tempting, if the only tool you have is a hammer, to treat everything as if it were a nail.” Ours is a
good hammer.
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What, if anything, can be said about the structure of the automorphisms of an
ultrapower A% of a separable C*-algebra? A desirable answer to this question
would consist of isolating “obvious” automorphisms, followed by a proof that all
automorphisms are of this kind. We are still far from having a good description
of automorphisms of A%, even assuming additional set-theoretic axioms, but we
can show that the most obvious guess is too simple-minded, at least assuming the
Continuum Hypothesis. All of Chapter 17 is devoted to the analogous problem for
the coronas, and the Calkin algebra in particular.

Assume that A is a separable metric structure and %/ is an ultrafilter on N.
An automorphism @ of A7 is of product type if there exist E and F in Party
(Section 9.7) and an isomorphism ®,: Af» — A" for every n such that
a — (®p(a | Ey)), is a lifting of @. Clearly, every map of this form lifts an
automorphism of A% .

Corollary 16.7.2 Suppose A is a separable, infinite-dimensional, C*-algebra
and % is a nonprincipal ultrafilter on N. If the Continuum Hypothesis holds,
then A” has an automorphism ® which cannot be lifted by an automorphism, or
even an endomorphism, of £oo(A).

Proof Proposition 16.7.1 implies that A% has 28! automorphisms. It will therefore
suffice to show that there are only ¢ automorphisms of A% of product type. Since
R1 < 281, this will complete the proof.

There are ¢ elements of Party. Since A®» and Af» are separable and every *-
homomorphism ®,,: Af» — AFr is continuous, there are only ¢ of them. Therefore
for a fixed pair E, F there are ¢ = ¢ product type automorphisms of A% | and the
conclusion follows. o

By using the Gelfand—Naimark duality and the Stone duality (Section 1.3) we
obtain the following 1956 theorem of W. Rudin.

Corollary 16.7.3 The Continuum Hypothesis implies that the Cech—Stone remain-
der BN\N has 281 autohomeomorphisms and, via the Stone duality, that the Boolean
algebra Z(N)/ Fin has 28" automorphisms. ]

Theorem 16.7.4 The Continuum Hypothesis implies that every separable C*-alge-
bra A satisfies the following for all nonprincipal ultrafilters % and ¥ on N.

1. The ultrapowers A? and A” are isomorphic.

2. The relative commutants A' N A% and A’ N A" are isomorphic.

3. Ifin addition A is infinite-dimensional, then each one ofA% and A’ N A has 2°
automorphisms.

Proof This is an application of o-complete back-and-forth systems (Sections 8.2,
and 16.6) and model-theoretic saturation (Section 16.1). We prove (1) and (2)
simultaneously.

If A is finite-dimensional then A% = A” = A and both statements are
trivial. We may therefore assume A is infinite-dimensional. £o$’s Theorem, The-
orem 16.2.8, implies A < A% . Example 8.1.3(11) and the Continuum Hypothesis
together imply that A% has cardinality 8.
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Fix nonprincipal ultrafilters %7 and ¥ on N. By Corollary 16.6.5, the identity
on A extends to an isomorphism @: A% — A”". This implies both A% = A” and
A'NA% = A'n A7, as required. Clause (3) is a consequence of Theorem 16.6.3.

0

The proof of Theorem 16.7.4 gives the following characterization of ultrapowers.

Theorem 16.7.5 Suppose that A is a separable C*-algebra. If B is a countably
saturated elementary extension of A of density character ¥i,'? then for every
nonprincipal ultrafilter % on N there exists an isomorphism ®: A% — B that
extends the identity map on A.

Proof If there exists a countably saturated C*-algebra of density character R,
then the Continuum Hypothesis holds (Exercise 15.6.4). Therefore our assumption
implies that A% has density character X|. By Lo$’s Theorem, A% and B are
elementarily equivalent. Since the Continuum Hypothesis holds, they are also
saturated, and therefore isomorphic. m]

The following is a special case of the Keisler—Shelah Theorem; for more details
see Notes to this chapter.

Theorem 16.7.6 (Keisler) Assume the Continuum Hypothesis. Two separable
metric structures A and B are elementarily equivalent if and only if A% = B
for some (any) nonprincipal ultrafilter % on N.

Proof By Lo§’s Theorem, if A? = B then A and B are elementarily equivalent.
The converse follows by L0§’s Theorem and Corollary 16.6.5. O

We conclude the present section with a converse to Theorem 16.7.4.

Theorem 16.7.7 For an infinite-dimensional separable unital C*-algebra A the
following are equivalent.

1. For all nonprincipal ultrafilters % and ¥ on N the ultrapowers A% and A” are
isomorphic via an isomorphism that is equal to the identity on A.

2. There are fewer than 2° isomorphism classes of ultrapowers A% | for a nonprin-
cipal ultrafilter % on N.

3. For all nonprincipal ultrafilters % and ¥ on N the relative commutants of A’ N
A and A’ N A7 are isomorphic.

4. There are fewer than 2° isomorphism classes of relative commutants A' N A%,
for a nonprincipal ultrafilter % on N.

5. The Continuum Hypothesis holds."

12If A is infinite-dimensional, then such B exists if and only if the Continuum Hypothesis holds
(Exercise 16.8.8). Compare with Example 16.6.6.

13Clearly (5) does not depend on A, but this is the correct statement.
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Proof Clearly (1) implies (2) and (3). By Theorem 16.7.4(5) implies (1) and (4).
Proofs that (2) implies (5) and that (4) implies (5) are beyond the scope of this book.
A few hints are given in Notes to this chapter. O

16.8 Exercises

Exercise 16.8.1 Suppose % is a principal ultrafilter on J. Verify that [ | i Bj/ U is
isomorphic to B; for some j € J.

Exercise 16.8.2 Suppose that a simple and infinite-dimensional C*-algebra A has a
tracial state. Prove that the ultrapower of A associated with a nonprincipal ultrafilter
on N is not simple.

For Exercises 16.8.3—16.8.6 we recommend using £.0§’s Theorem.
Exercise 16.8.3 Prove that simplicity of C*-algebras is not axiomatizable.
Exercise 16.8.4 Prove that being AF is not axiomatizable. Repeat for AM.

Exercise 16.8.5 Prove that there exists a type over &, which has finitely many
conditions, it is consistent, and it is not realized in 0.

Hint: Prove a more general statement: If A is a finitely generated C*-algebra such
that A ® M, (C) = A (this is true for &) then there exists a type over A which has
finitely many conditions, it is consistent, and it is not realized in A.

Exercise 16.8.6 Prove that a projection in an ultraproduct [, A; can be lifted
to a projection in [ j A . Prove the analogous statements for unitaries and partial
isometries.

The following is a C*-twin of Exercise 15.6.15.

Exercise 16.8.7 Prove that for any unital C*-algebra A the quotient £, (A)/ 2 A
is not countably saturated (2 denotes the ideal of asymptotic density zero subsets
of N, see Exercise 9.10.4).

Exercise 16.8.8

1. Verify that the theory of Hilbert space is axiomatizable (Section D.2.4), and that
€5 (k) is k-saturated for every uncountable cardinal «.

2. Suppose that there exists a saturated C*-algebra of density character ®;. Prove
that the Continuum Hypothesis holds.

Exercise 16.8.9 Prove that an infinite-dimensional and simple AF algebra cannot
be countably saturated, regardless of its density character. Then prove a stronger
statement that every countably saturated AF algebra is subhomogeneous.

Exercise 16.8.10 Suppose that A is a counterexample to the Naimark’s problem of
density character 8. Prove that A cannot be countably saturated.
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The following exercise is analogous to Exercise 13.4.11.

Exercise 16.8.11 Prove that C*-algebras A and B and a countably incomplete
ultrafilter 7 satisfy A? @ B? = (A® B)% if and only if at least one of A and B
is finite-dimensional. Now prove this without using Corollary 16.5.4.

Exercise 16.8.12 Find a separable C*-subalgebra A of (Mzoo)% and an automor-
phism @ of A that cannot be extended to an automorphism of (Mzoo)%.

Hint: The tracial state on (Ma~)? is unique.
Exercise 16.8.13 Prove the following

1. Every saturated C*-algebra of density character « has 2“ automorphisms.

2. If metric structures A and B are elementarily equivalent, saturated, and have
the same density character «, then they are isomorphic. Moreover, there are 2¢
distinct isomorphisms between them.

Exercise 16.8.14 Assume the Continuum Hypothesis. Prove that there is a separa-
ble C*-algebra A such that A = (Mzoo)(’z/, but A is not isomorphic to M.

Exercise 16.8.15 Assume the Continuum Hypothesis. Using the fact that there is
no universal separable C*-algebra [142], prove that there exists a family A, for o <
¢, of nonisomorphic separable C*-algebras such that AZ/ = Ag/ for all nonprincipal
ultrafilters %/ and ¥ on N.

Exercise 16.8.16

1. Prove the Upwards Lowenheim—Skolem Theorem: If a first-order, single-sorted,
theory T has an infinite model then it has a model of an arbitrarily large
cardinality.

2. Prove the metric Upward Lowenheim—Skolem Theorem: If a first-order metric
theory T has a model in which the interpretation of one of the sorts of T is not
compact, then it has a model of an arbitrarily large density character.'*

Exercise 16.8.17 Prove Theorem 16.1.9: Given an infinite cardinal «, a metric
structure is k-saturated if and only if it is x-universal and x-homogeneous.

Definition 16.8.18 Given an infinite cardinal «, an ultrafilter % on a set X is «-
regular if there exists a family X, for ¢ < «, of sets in % such that every x € X
belongs to at most finitely many of the X, ’s.

Exercise 16.8.19 Prove that an ultrafilter is Rg-regular if and only if it is countably
incomplete.

Exercise 16.8.20 Prove that if % is a «-regular ultrafilter then the ultraproduct
[14 Ae is k*-saturated for any family (Ag) of .Z-structures.

14We considered only the single-sorted first-order logic.
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Conclude that for every .Z-structure A and every consistent type t(x) over A
there exists an elementary extension of A that realizes t(x).

Exercise 16.8.21 Suppose that « is an infinite cardinal and T is a complete theory
in a metric language .. Use Corollary 16.4.3 and bookkeeping to prove that 7' has
a r-saturated model. If in addition |.Z| < «, k=¥ = k, then T has a saturated model
of density character at most k.

Exercise 16.8.22 Suppose .# and _¢ are ideals on sets I and J, respectively,
and (A;;) is an indexed family of metric structures. Let A; := ]_[jEJ Aij/ @/ Ajj
fori € I. Prove that [ [;.; Ai/ @, » Ai is isomorphic to a reduced product of (Aij)
associated with an ideal on I x J and describe this ideal.

Exercise 16.8.23 Suppose that B is a C*-algebra, u is a seminorm on B such that
w(bb*) = pu(b*b) for all b € B, and % is a countably incomplete ultrafilter. As
in Proposition 16.4.4 and Example 16.4.5, let J,, := {b € B . w? (b*b) = 0).
Also suppose that A is a separable C*-algebra and that &: A — B%/ J, is a *-
homomorphism.

1. Prove that there exists ac.p.c. map¥: A — B? that lifts @, in the sense that
@ =719 oW, where my : B B%/JM is the quotient map.
2. Prove that ¢ [W[A] N B ] = ®[A]' N BY /J,,.

Exercise 16.8.24 Suppose that A is a non-type I C*-algebra and % is a countably
incomplete ultrafilter. Prove that some C*-subalgebra B of A? has a quotient
isomorphic to [ [,, M, (C).

Hint: Tinker with the proof of Glimm’s Theorem.

Exercise 16.8.25 Assume the Continuum Hypothesis and fix a separable C*-
algebra A. Let % be a nonprincipal ultrafilter on N. Prove that loo(AY) / co(A?)
and ({oo (A)/CO(A))% are isomorphic.

Exercise 16.8.26 Suppose that A,, for n € N, is a sequence of unital C*-algebras.
Prove that there exists an infinite X C N such that the theories of A,, for n in
X, (considered as characters of Sent ¢, see Definition D.2.8) converge in the logic
topology.

Exercise 16.8.27 Assume the Continuum Hypothesis. Use Exercise 16.8.26 to
prove that there exists an infinite X € N such that for any infinite Y C X the algebras

[Liex Mi(©)/ B, cx Mi(C) and [ [,y M;i(C)/ @,y Mi(C) are isomorphic.

Exercise 16.8.28 Prove that there are ¢ many different theories of C*-algebras
of the form [];.x Mi(C)/ @;cx Mi(C) for X < N. Conclude that there are ¢
nonisomorphic C*-algebras of this form.

Exercise 16.8.29 Assume the Continuum Hypothesis. For a separable C*-
algebra A let A1 := €oo(A)/co(A) and let A4+ = €xo(Apn)/co(Ay) forn > 1.
Prove that A,, is isomorphic to A| for allm > 1.
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Exercise 16.8.30 Prove that the Calkin algebra is not countably saturated, and that
it is therefore not isomorphic to any nontrivial ultrapower.

Exercise 16.8.31 Suppose M is a metric structure and t is a consistent type over M.
Prove that M has an elementary extension in which t is realized.

An ultrafilter is countably complete if it is not countably incomplete.

Exercise 16.8.32 Use Ulam’s matrices to prove that the minimal cardinal « that
carries a nonprincipal, countably incomplete, ultrafilter is (if it exists) a regular limit
cardinal.

Exercise 16.8.33 Suppose that « is the least cardinal that carries a nonprincipal,
countably incomplete, ultrafilter 7.

1. Prove that the ultrapower V;Zl (see Section A.5) associated with a nonprincipal,
countably incomplete, ultrafilter is well-founded for all ordinals A.

2. By combining Mostowski’s Collapsing Theorem and £.0$’s Theorem, prove that
for every A > k there exists a transitive set M (1) and an elementary embedding
j: Vi — M) such that j(k) > k and j (o) = « forall ¢ < «.

3. Use this to improve the conclusion of Exercise 16.8.32 as much as you can.

We conclude this section with the definition of a class of large quotient C*-
algebras that plays an important role in the E-theory of Connes and Higson [26, Sect.
25] and in the Phillips—Weaver construction of an outer automorphism of the Calkin
algebra ([198], see also Section 17.1). Fix a C*-algebra A. Let C, ([0, 1), A) denote
the algebra of all A-valued, bounded continuous functions on [0, 1). The algebra
Co([0, 1), A) is an ideal in Cp([0, 1), A), and A is identified with the subalgebra
consisting of the equivalence classes of constant functions in

Aco = Cp([0, 1), A)/Co([0, 1), A).
Exercise 16.8.34 Prove that the density character of Ay is at least ¢ for every C*-

algebra A.

Exercise 16.8.35 For every C*-algebra A prove that every projection p in Ay is
Murray—von Neumann equivalent to a projection in A.

Exercise 16.8.36 Prove that Ay, is not countably degree-1 saturated for some
separable C*-algebra A.

Notes

The results of Sections 16.1, 16.2, 16.4, and 16.6 belong to the folklore of Model
Theory. Model theory of metric structures was introduced in [22] and adapted to
C*-algebras in [87] and [90].
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Section 16.3: Theorem 16.3.3 is the metric version of the classical Feferman—
Vaught Theorem [99] proved in [115].

Section 16.5: Theorem 16.5.1 is [96, Theorem 1.5]. The simplified proofs of
Theorems 16.5.1 and 16.3.3 given here first appeared in the Appendix to [84].
The conclusion of Proposition 16.5.3 can be improved under some additional
assumptions to prove that the relative commutant of a separable C*-subalgebra of
an ultrapower is countably saturated [89].

Section 16.7: The full Keisler—Shelah Theorem asserts that two structures of
the same language are elementarily equivalent if and only if they have isomorphic
ultrapowers (see e.g., [39, Sect. 6] and [22, Theorem 5.7] for the continuous logic).
Theorem 16.7.6 asserts that if the structures are separable and the Continuum
Hypothesis holds then their ultrapowers associated to any nonprincipal ultrafilter
on N are isomorphic. In general, the ultrafilters have to be chosen to be on a
set of cardinality max(2X), 2X(B)) Tt is relatively consistent with ZFC that two
countable, elementarily equivalent, structures do not have isomorphic ultrapowers
associated to ultrafilters on N [220].

Theorem 16.7.4 and parts of Theorem 16.7.7 predate the logic of metric
structures. They were proved in [112] by using classical first-order logic. In [112]
it was also proved that the conclusion of Theorem 16.7.4 is equivalent to the
Continuum Hypothesis.

‘We omitted the proof that the negation of the Continuum Hypothesis implies that
a separable, infinite-dimensional C*-algebra A has 2° nonisomorphic ultrapowers
and 2°¢ nonisomorphic relative commutants A" N A% . This is Theorem 16.7.7,
(2) implies (5) and (4) implies (5). Two ultrafilters giving rise to nonisomorphic
ultrapowers were constructed in [112]'3 and two ultrafilters giving rise to noniso-
morphic relative commutants were constructed in [86, Theorem 5.1]. Using Shelah’s
non-structure theory [224] these estimates were improved to 2° in [94]. Bits and
pieces of the construction of these ultrafilters are scattered through chapters of this
book. A family of 2¢ ultrafilters is constructed by a generalization of the proof of
Theorem 9.4.6. While the latter proof is propelled by chipping off finite fragments
of an independent family in &?(N) (Definition 9.2.3), the proof of Theorem 16.7.7
uses an independent family in N as defined in Exercise 9.10.14. The remainder of
the proof has three distinct stages: (1) The construction of 2* sufficiently different
linear orderings (more precisely, 1-sets) for every k > R». (2) For each one of these
linear orderings L, the construction of an ultrafilter %/ (L) such that L embeds as
a maximal linear subordering into a relation definable in the ultrapower A% (1) (3)
A proof that at most « of the constructed orderings embed into any given A% . For
details see [94].

Ideals of the form @y A, appear in [113], and model-theoretic analysis of the
quotients of the form [], A,/ @y A, using the metric analog of the Feferman-—
Vaught Theorem (Theorem 16.3.1) was given in [115].

In [113] it was proved that the conclusion of Exercise 16.8.27 (which is a result
from [115]) is false in some models of ZFC.

1SMore precisely, it was proved that ¢ = &, implies there are |«| such ultrafilters.



420 16  Full Saturation

By Corollary 16.7.2, the Continuum Hypothesis implies that every nontrivial
ultrapower of an infinite-dimensional separable C*-algebra has “nontrivial” auto-
morphisms. It is not known whether it is consistent with ZFC that for some separable
C*-algebra A and some nonprincipal ultrafilter % on N all automorphisms of A%
have a lifting of product type. The latter statement is relatively consistent with ZFC
in the case of ultraproducts of finite fields and certain graphs (see [220, 221, 223]).

Not all reduced products of the form [[, A,/ P 7 A, for separable and unital
C*-algebras A, and a nonprincipal ideal _# on N are countably saturated, or even
countably degree-1 saturated. See Exercise 16.8.7, taken from [89, Example 3.2].
This has to be taken with a grain of salt.'® Let 2 denote the ideal of the sets of
asymptotic density zero, see Exercise 9.10.4. The Boolean algebra #(N)/ % is a
metric structure with respect to the metric

d# (X, Y) :=limsup, |[(XAY) Nn|/n.

As a metric Boolean algebra, it is countably saturated. A proof of this, as well as a
proof that many other similar-looking quotients #?(N)/Z are elementarily equiv-
alent to #(N)/ %y, and therefore isomorphic under the Continuum Hypothesis, can
be extracted from [144].

Exercise 16.8.2 was first proved in the case of UHF algebras in [112]. The tracial
ideal of an ultrapower, has played an important role in the recent progress in Elliott’s
programme on classification of separable and nuclear C*-algebras (see e.g.,[155,
156, 158, 178]).

Instances of Exercise 16.8.23 appear in [215] and [158]. Exercise 16.8.24 is a
result of Kirchberg, reproduced in [90].

By a result of Kirchberg [155], for every separable infinite-dimensional C*-
algebra A and every nonprincipal ultrafilter % on N the relative commutant A’'NA%
is nontrivial. In [232] Suzuki constructed a simple nonseparable AF algebra A such
that A’ N A% is trivial.

A cardinal « that carries a k-complete nonprincipal ultrafilter (if such a cardinal
exists) is called a measurable cardinal. Exercises 16.8.32 and 16.8.33 provide a
glimpse into the extent of the largeness of these cardinals. Although ZFC does not
handle proper classes well, the conclusion of the latter exercise can be extended to
show that if a measurable cardinal exists, then there exists a nontrivial elementary
embedding of the universe V into a transitive class. The Axiom of Choice implies
that such embedding necessarily moves some cardinal, and the least such cardinal is
the critical point of j. It is not difficult to prove that this critical point is necessarily
a measurable cardinal. The existence of such elementary embedding has nontrivial
consequences to the structure of V, and even to the regularity properties of sets of
real numbers; see [148].

16The following few lines have little to do with operator algebras but are, in the author’s opinion,
an important part of the bigger picture.
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Automorphisms of Massive Quotient e
C*-algebras

But there is always supposed to be an invisible asterisk when scientists say “this is true”—
because nothing is certain. (And, yes, that is true of my work too, including everything in
this book. Sorry about that.)

P.E. Tetlock and D. Gardner, Superforecasting: The Art and Science of Prediction

My bubble, my rules.
Bart Simpson

Mathematics is not a science. We the mathematicians posit axioms and, led by the
infallible' rules of logic, establish truths about any world that these axioms apply
to. This would surely be a rather futile exercise if it was not for the “unreasonable
effectiveness of mathematics in the natural sciences”, to quote E. Wigner. Every
now and then, a natural statement about basic mathematical objects transpires to be
neither provable nor refutable from the established axioms. This chapter is devoted
to an instance of this phenomenon.

The Calkin algebra provides the setting for the Weyl-von Neumann Theorem
and its extension to normal operators by Berg and Sikonia (Corollary 12.4.6). It
also provides the setting for the Brown-Douglas—Fillmore theory of extensions of
C*-algebras—a seminal work that introduced methods of homological algebra and
algebraic topology to operator algebras and for the analytic K-homology ([36],
see also [128]). It is a question of Brown, Douglas, and Fillmore about outer
automorphisms of the Calkin algebra that precipitated some of the most stimulating
applications of set theory to C*-algebras. This question will be discussed in the

IThis is at least what we like to think. However, Godel’s Theorem implies that any sufficiently
strong theory recursively presented in Hilbert-style predicate logic can prove its consistency if and
only if it is inconsistent. The large cardinal hierarchy [148] provides very strong heuristic evidence
that this is not a problem, as long as one has no issue with having turtles all the way down—or
rather, all the way up. In any case, the set of provable statements in a consistent and recursively
axiomatizable theory cannot be recursive. In this book we follow the established practice and
ignore this inconvenience while we can.
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present chapter. We first prove that the Continuum Hypothesis implies that the
Calkin algebra has an outer automorphism. Second, forcing axioms?> imply that all
automorphisms of the Calkin algebra are inner.

In Section 17.1 we prove that the Continuum Hypothesis implies that the Calkin
algebra has 28! outer automorphisms. This is a special case of the theorem that if
A is o-unital and stable C*-algebra then the equality @ = R implies that 2(A)
has 281 automorphisms. These coronas are frequently not countably saturated and
the proof uses an oblique strategy. In Section 17.2 we prove that the approximate
*-homomorphisms between finite-dimensional C*-algebras are Ulam-stable. The
remaining part of this chapter contains a complete proof that forcing axioms (more
precisely, OCAT) imply all automorphisms of the Calkin algebra are inner.

17.1 The Calkin Algebra Has Outer Automorphisms

In this section we prove that a weakening of the Continuum Hypothesis (0 = 8
plus ¢ < 28) implies that the Calkin algebra has 2™ outer automorphisms. Outer
automorphisms of 2(H) will be associated to automorphisms of an inverse limit of
a certain system of quotient groups of T indexed by elements of the poset Party.

The present section relies on Sections 9.5 and 9.7. A unital *-homomorphism
@ of a unital C*-algebra A into 2(H) is called an extension.> An extension is
split if there exists a *-homomorphism @: A — Z(H) such that 7 o @ = idy.
Corollary 12.4.8 implies that every two split extensions of a unital, abelian, singly
generated C*-algebra are unitarily equivalent.

Even singly generated C*-algebras may have non-equivalent extensions (e.g.
C(T) has both nontrivial and trivial extensions, see Proposition 12.4.3). However,
the Brown—Douglas—Fillmore theory [36] provides a characterization of the unitary
equivalence of extensions of unital, abelian, C*-subalgebras of 2(H). For example,
two unital copies of C(T) are unitarily equivalent if and only if the lifts of their
generators have the same Fredholm index.

Recall that Party is the poset of partitions of N into finite intervals (Section 9.7).
Fix a basis &,, for n € N, of H. The corresponding atomic masa in Z(H)
(Example 3.1.20) is identified with £, (N). An element of £ (N) is a unitary if
and only if its range is included in T. We therefore identify the unitary group of the
atomic masa with TV,

As in Section 9.7.1, for E = (E, : n € N) in Party define E®*" and E°% in
Party by

2More difficult to state, but arguably more plausible than the Continuum Hypothesis; see
Section 8.6.

3This is a (standard) abuse of the language, justified by the fact that such @ corresponds to an
extension 0 - J#(H) - E — A — 0 of A by ¢ (H) (see [128] or [26]).
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E;Y" := Ep, U Egpq,

E;;dd = FEy,—1 UE>y,.

To E € Party associate the von Neumann algebra Z[E] of block-diagonal operators
respecting E (Definition 9.7.5) and let

ZIE] := {ap + a1 : ap € D[E"], a; € Z[E°Y]). (17.1)

This is a Banach subspace, but not a subalgebra, of B(H).

Lemma 17.1.1 For E € Party we have

FE] = {a € B(H) : (Ym € N)(Vn € N)
(a&m|€n) # O implies (3j){m,n} € E; UE 41}

Proof Denoting the right-hand side of the displayed equation by %', we clearly
have .Z[E] C .%’. For the converse, fix a € .#'. With g := PrOjspai(s, e EUE 41 )

ap = Zj q2jaqrj isin Z[E®*"l and a :=a — ap is in P[E*4]. O

Proposition 17.1.2 For every separable subalgebra A of 8(H) there is E € Party
such that w[A] C w[Z[E]].

Proof Fix an enumeration a,, for n € N, of a countable dense subset of A. By
Lemma 9.7.6 there are E € Party, aS**" € Z[E®*"], and a,‘l’dd € Z[E*Y], for all
n € Nsuch thata, —a"®" — aﬁzdd is compact for all n. Therefore 7 (a,) € 7[-F#[E]]
for all n. Since .%[E] is norm-closed, the conclusion follows. |

Definition 17.1.3 For E € Party and u and v in TN (identified with U(£o(N))) we
write u ~g v if uau® — vav* € ¢ (H) for all a € #[E].

Evidently, u ~g v if and only if 7 (uv*) € x[F[E]l N 2(H) and ~g is an
equivalence relation (see also Lemma 17.1.9 below).

Lemma 17.1.4 Suppose & is a <*-cofinal subset of Party and ug, € T, forE € &,
satisfy ug ~g up whenever E <* F for E and F in &. Then there exists a unique
automorphism of 2(H) which agrees with Ad 7w (ug) on n[%[E]] for allE € &.

Proof Proposition 17.1.2 implies that 2(H) = (g 7[-#[E]]. Therefore
@ (a) := Ad(r (ug))(a), for E € & such thata € 7[Z[E]],

defines a self-adjoint linear isometry from 2(H) to 2(H). Itis a *-homomorphism
because Proposition 17.1.2 implies that for every pair a, b in 2(H) there exists a
single E € & such that a, b, and ab all belong to 7 [.%[E]].

By an analogous argument, a *-homomorphism ¥ : 2(H) — 2(H) defined by
¥ (a) := Adn(uy)(a), for E € & such that a € w[.#[E]], is an endomorphism of
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2(H).Since @ o¥ =¥ o ® = idg(y), P is an automorphism of 2(H). It clearly
agrees with Ad 7 (ug) on n[.%#[E]] for every E € &. m|

Our next task is to find a practical equivalent reformulation of the equivalence
relation ~g. It will be expressed in terms of a “bi-pseudo-metric” on N x TN, For i
and jinN, x and y in TV, and F € N let

A, jy(x,y) = |x()x(j) — y(@)y(j)l, and (17.2)
Ap(x,y) == max Ay j1(x,y). (17.3)
i,jeF

By diam(X) we denote the diameter of a set X with respect to a metric clear from
the context.

Lemma 17.1.5 [f F C N is nonempty, i, j are in N, and x, y, z are in TN then the
following hold.

L Ay jyx,y) = [x@)y@) —x()y()l

2. Ap(x,1) =diam({x(@) : i € F}).

3. A (x,y) < A jy(x,y) + Ay (x, y), hence A y(x, y) is a pseudometric
on N,

4. Ap(x,2) < Ap(x,y) + AFr(y, 2), hence AF is a pseudometric on TN,

5. Ar(x,y) = Ap(xz, ¥2).

6. mins.e1 sup;ep X (D) — Ay()| < Ap(x, ¥) < 2mimser sup;cp (i) — Ay()L.*

Proof (1), (2), and (3) comprise a proof of (4) broken into small steps, and (5) is
obvious.
(6) Fix j € Fandlet A := x(j)y(j). Then

sup |x(i) — Ay(D)] = sup Ag; jy(x, y) < Ar(x, y).
ieF ieF

The other inequality follows (with j still fixed) from (3). |

Lemma 17.1.6 Let F and E be finite subsets of N. Then foralli € F, j € E, and
all x and y we have Apyup(x,y) < Ap(x,y) + Ap(x,y) + Ay jy(x, ).

Proof Lemma 17.1.5(3) for k € E and [ € F implies that
A y(x, y) < Aiy(x, ¥) + A jy(x, ) + A (e, v),

and the desired inequality follows. O

For E € Party and x and y in TN Lemma 17.1.5(4) implies that
AE()C, y) = lim Supj—)oo AEjUEjJr] (x’ y)

defines a pseudometric on TN,

“4This bit will be needed only in the proof of Theorem 17.8.5.
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Lemma 17.1.7 If E <* F and x,y,z are in TN then Ag(x,z) < Ag(x,y) +
Ag(y, z) and Ag(x, y) < Ap(x, y).

Proof The second inequality follows from the definitions, and the first one follows
from Lemma 17.1.5(4). d

Definition 17.1.8 Let Fg := {x € TV : Ag(x,1) = 0}, Gg := TV/Fg, for E €
Party.

Lemma 17.1.7 implies Fg is a subgroup of TN, AlsoE <* F implies Fg 2 Fp
and therefore Gr = Gg /(Fg /Fr). We moreover have a commutative diagram
whose rows are exact sequences (tpg is the inclusion map and wgg is the quotient
map):

0 Fr T Gp 0
lEF J idJ TEF J
0 Fg TN Gg 0

Lemma 17.1.9 Suppose E € Party and u and v belong to TV. Then u ~x v if and
only if uv* € Fg.

Proof Lemma 17.1.5(2) implies that uv* € Fg if and only if

lim diam({uv*(j) : j € E, U E;41)) = 0.
n

With ¢, := Projm{gj:jeE,,uEnH}» the set {uv*(j) : j € E, U E,41} is equal to the
spectrum of w, := g,uv*, considered as a unitary in %(q,[H]). Thus uv* € Fg if
and only if lim,, diam(sp(w;)) = 0. By considering ||w,, —X-g,|| for A € sp(w;,), one
sees that % diam(sp(wy,)) < dist(w,, Cq,) < diam(sp(w,)). Corollary 3.3.8 implies
diam(sp(wy)) = SUP|4)<1 lla — (Ad wy)a||. Therefore lim,, diam sp(w;) = 0 if and
only if a — (Ad(uv*))(a) is compact for all a € F#[E]; but the latter condition is
equivalent to u ~g v. O

To create some elbow room, we introduce a speedup of the relation <* and write
E «* Fif E <* F and for every m there exist n and k such that U;’:nm_l E; C F.
It is not difficult to see that <«* is a partial ordering on Party.

Lemma 17.1.10 IfE «<* F, then Fg is a proper subgroup of Fg.

Proof We already know that E <* F implies Fy < Fg. Using E «* F, find n(m)
and k(m) such that n(m) +m < n(m + 1) and 1"~ E; € Fy forallm € N,
Define x € TN by x (k) := exp(i27j/m) if k € E,(n)y; for some j and x (k) := 1

if k ¢ \U,, Etn(m),nom)+m)- Then lim; AE;UE;,, (x, 1) = 0, and therefore x € Fg.

Finally, if """ ™" Ej € Fign). then
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AF i (x, 1) = max |1 — exp(i27j/m)|.
j<m

This implies Ap(x, 1) =2 and x ¢ Fy. O
The following is the last ZFC result of the present section.

Proposition 17.1.11 For every <*-increasing sequence E(a), for « < Ny, the
inverse limit l(iLna GE(«) has cardinality 28,

Proof Let F(o) := Fg() and G(@) := Gg(q)-

Claim If « is a limit ordinal then x — (7Eg(g)E@)(X) : B < @) is a surjection from
G(a) onto 1<iLn,3<a G(B).

Proof Let a(n), for n € N, be an increasing sequence of ordinals with the
supremum equal to «. Then 1(1£1ﬂ<a G(B) = Linn G(a(n)).

Fix (x, :n e N) € (']I‘N)N such that xmx;‘ € F(x(m)) whenever m < n. Such a
sequence represents a thread in 1(&1” G(x(n)), and every thread in 1(i£1n G(x(n)) has
a representing sequence of this sort. We write

Ay (x,y) = SUP{AE(@n));UE@(n))ir (X, ¥) : min E(a(n)); > m}.

For m € N and E and F in Party write E <" F if for all j satisfying m < min(F;)
there exists i such that E; € F;. Then E <* F if and only if E <™ F for some
m € N.

Let m(k), for k € N, be an increasing sequence such that for all i < j < k we
have E(a(i)) <"® E(a(j)) and Ain(k)(x(ti), x(t;)) < 1. Define x(j) := x;(j), if

m(i) < j <m(i + 1). Then xxl._1 € F(a(i)) for all i and x is as required. |

Again we use {0, 1}=™ (Section 8.4) as a bookkeeping device. Define x(s) in
G(w) for s in {0, 1}* so that for all s T tin {0, 1}<™ the following conditions
hold:

1. TE@wEE) (x () = x(8) (where o and B are the levels of s and t, respectively),
2. x(s0) # x(sl).

Suppose that x(S) has been defined for s € {0, 1}=%. If « is a successor, fix 8 such
that « = B + 1 and fix x(t) € {0, 1}#. By Lemma 17.1.10 the quotient map from
G(B + 1) onto G(B) is not injective and we can therefore choose distinct x (t0) and
x(t1) as required. If « is a limit ordinal, then by the Claim for s € {0, 1}* we can
find x(S) as required.

By Proposition A.2.3, we can define x(S) for all s € {0, 1}<81. Therefore the
group l(ir_nal< 8, G(w) contains all branches of the complete binary tree of height X

and its cardinality is at least 2% O

Theorem 17.1.12 The equality ® = 8 implies that the Calkin algebra has 2™
automorphisms.
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Proof Theorem 9.7.8 implies that (Party, <*) 1is cofinally equivalent to
(NN, <*). Therefore ? = 8 implies that there exists a <*-increasing and cofinal
N1-sequence, E(), for o < R1. Since Party does not have a <«*-maximal element,
we may assume that this sequence is <« *-increasing. Since this sequence is cofinal,
Proposition 17.1.2 implies l(ir_na FE(@)] = 2(H).

By Proposition 17.1.11, I' = 1(121(1 G(a) has cardinality 28!, Lemma 17.1.4
implies that every element of I' defines an automorphism of 2(H). If two
elements of I" differ on G(w), then the corresponding inner automorphisms differ
on % [E(a)] by Lemma 17.1.9. O

Corollary 17.1.13 Ifd = 8y and ¢ < 2™ then the Calkin algebra has 28" outer
automorphisms. In particular, the Continuum Hypothesis implies that the Calkin
algebra has 28! outer automorphisms.

Proof Since every unitary in 2(H) lifts to a partial isometry in Z(H), 2(H) has
only ¢ inner automorphisms. The first assertion now follows from Theorem 17.1.12.
Since the Continuum Hypothesis implies both @ = ®; and ¢ = 8 < 2%, this
completes the proof. O

Example 17.1.14 For every presently known outer automorphism of 2(H) (The-
orem 17.1.12, [198], [81, §1]), its restriction to any separable C*-subalgebra is
implemented by a unitary (Exercise 17.9.2; cf. Proposition 7.3.9).

Some results about the Calkin algebra readily generalize to coronas of stable,
separable, C*-algebras. (Recall that A is stable A @ # (H) = A.) Here is one of
them; its proof is, being similar to that of Theorem 17.1.12, left as Exercise 17.9.4.

Theorem 17.1.15 Suppose that A is a stable and o -unital C*-algebra. The equality
0 = Ny implies that 2(A) has 2% automorphisms. O

By Theorem 17.1.15 and a counting argument, the Continuum Hypothesis
implies that the corona of every stable and o-unital C*-algebra has an outer
automorphism. However, in many cases “obvious” outer automorphisms exist
(Exercise 17.9.3). In Section 17.3 we will isolate the notion of a “topologically
trivial” automorphism that includes all “obviously defined” automorphisms of
coronas.

17.2 Ulam-Stability of Approximate *-Homomorphisms

To say that something is almost rigorous makes as much sense as saying a woman is almost
pregnant.
Ed Nelson (see [228])

In this section we prove that for a small enough ¢ > 0 a Borel-measurable unitary
e-representation of a compact group into a unital C*-algebra is 2¢-approximated by
a representation, and that a Borel-measurable unital e-*-homomorphism from a full
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matrix algebra into a von Neumann algebra with a faithful tracial state can be 16¢-
approximated by a *-homomorphism.

A reader who is wondering what is a section on almost *-homomorphisms doing
here may want to peek ahead at Proposition 17.5.4.

Definition 17.2.1 An e-representation of a group G in a unital C*-algebra A is
a function ®: G — U(A) such that sup, yeg 1@ (xy) — O(X)O(y)|| < ¢ and
o) =1.

The following is used as a template for Theorem 17.2.3. Its proof can be extracted
from the proof of the latter so easily that this is not even given as an exercise.

Theorem 17.2.2 Assume G is a compact group and A is a von Neumann algebra.
If ¢ < 1/10 then for every Borel-measurable e-representation @ : G — U(A) there
exists a unitary representation A: G — U(A) such that |A — O < 2e. O

By A,, we denote the m-ball of a C*-algebra A.

Theorem 17.2.3 Assume A and B are von Neumann algebras, A is finite-dimen-
sional, ¢ < 1/28, and ®: A1 — By is a Borel-measurable function that satisfies
O[U(A)] CU(B) and |©(ga) —O(g)B(a)|| < eforall g € U(A) andalla € Ay,
and © (1) = 1. Then there exists a Borel-measurable A: A1 — B> which satisfies
A —O| <4eand A(ga) — A(g)A(a) =0 forall g € U(A) and all a € A;.

Proof Let u denote the Haar measure on U(A). Throughout this proof g and x
stand for elements of U(A) and a stands for an element of A;. As in Section 3.3,
define ®': A| — B by

O'(a) ::/@(x)*@(xa)du(x).

Since @ (x) € U(A), we have |© (x)*O (xa)—O(a)|| = |O(xa)—O (x)O ()] < e,
and therefore |©’ — @ || < e. The invariance of p implies

/@(xg_l)*@(xa)du(X) =/@(X)*@(xga)du(X) = 0'(ga).

With @ = 1 and replacing g with g~! this gives ©'(g~!) = ©@'(g)*. Using these
observations, ® (x)*® (x) = 1, and linearity of the integral,

I = f ©O(xg™) — 0O N (Oxa) — OX)O(a)du(x)
=0/(ga) — O'(g)O(a) — O(g )@ (@) + O (g™ H* - 1-0(a)
= 0'(ga) — O'(g)0(a) + O'()(O'(@)—O(a)) — O(g~)*(O'(a) — O(a))
=0'(ga) — O'()0'(a) + (O’ (g™H* — O™ H*")(O (@) — Oa)).
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Since |.7]| < &% and [|(©'(g™")* — ©(¢7)*)(@'(a) — O(a))|| < &, we have
10/ (ga) — ©'(2)0' ()| < 2¢>. (17.4)
There is no reason to expect ®'(g) to belong to U(B), but we can estimate
how far off it lands. Clearly ||©'(g)| < suppeua) 1O (M*O(hg)|l < 1, and
0'(9)*0'(g) < 1.
By (17.4), with a = g and using © (1) = 1, we have
I1—0'(g™He' (@l =1-0"(e)*0 (g <2¢.

By Lemma 1.2.6, ®'(g) is invertible and (using ¢ < 1/28, which is an overkill here)

e’y =11l < S — 1362

1 —
Define ®”: A — By by " (g) := 0'(£)|0’' ()| and ©”(a) := O’ (a). Then we

have ©®"[U(A)] € U(B), |©" — O'|| < sup,cy(a) 10'(2)(10' ()~ = DIl < 3¢?,
and |@” — O] < & + 3&% < 2.5 Also

10" (ga) — ©"(8)0" (@)
< [0'(ga) - 0 ()0 @) + 2+ 10" @IDO" — O < 14¢°.

Therefore ©” satisfies the assumptions of this theorem with & replaced by 14&2.
Let ©,: A — Bj be defined by @9 := © and O, := O, if n > 0. Let
go := ¢ and g4 = 148% for n > 0. Then ®, is an &,-*-homomorphism and
1@nt1 — O] < 2¢, for all n. Therefore A(a) := lim, ©®,(a) is, being a limit of a
Cauchy sequence, well-defined. Since €,41 < &,/2, we have |[A — @] < 4¢ and
| Alab) — A(a) A(b)|| = limy, ||Oy(ad) — On(a)®, (b)| = 0. m

When does a homomorphism between unitary groups of two C*-algebras extend
to a *-homomorphism between the underlying C*-algebras? The following, rather
specific, sufficient condition will do for our purposes.

Lemma 17.2.4 Suppose A and B are unital C*-algebras and A: U(A) — U(B) is
a group homomorphism. If A has a faithful tracial state T, B has a faithful tracial
state o, and o (A(u)) = ©(u), then A has a unique extension to a *-homomorphism.

Proof Everya € A can be written uniquely as a linear combination of four unitaries
(Exercise 1.11.16). We claim that

By now it should be evident that no attempt has been made to determine the optimal constants.
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is a well-defined, unital, *-homomorphism from A into B. To see that @ is well-
defined, it will suffice to prove that for an arbitrary linear combination of unitaries
Zj<n )Ljuj, Zj<n )\.juj = Oimplies Z'<n )\.jA(uj) =0.

But };_, Ajuj = 0ifand only if (3_;_, Aju)* 3, _, )L_juj) = 0, and since
7 is faithful and T((Zj<n )»ju.,')*(zjq Ajuj)) = Zj’kq )\.j}\,kf(ujuk), this is

equivalent to jk<n X jkkr(u}fuk) = 0. Since o is faithful, an analogous computa-

tion implies that 3~ _, A; A(u;) = Oif and only if 3", , _, % jAko (AWiur) = 0.
By our assumption, r(u’;uk) = U(A(ujuk)) for all j and k, and therefore
Y jenrjuj = Oifand only if 3, _, 2;A(u;) = 0. Since this was an arbitrary
linear combination of the unitaries in A, this completes the proof that @ is well-
defined. It is linear by the definition.

The verifications that @ is self-adjoint and multiplicative are straightforward. It
is therefore a *-homomorphism. The uniqueness of @ follows from the fact that
every element of A is a linear combination of four unitaries used in the beginning
of this proof. O

Since a *-homomorphism is uniquely determined by its restriction to the unit
ball, we require an &-*-homomorphism between C*-algebras to be defined only on
a unit ball (in some literature the domain of an &-*-homomorphism is a C*-algebra).

Definition 17.2.5 Given ¢ > 0 and C*-algebras A and B, some ®: A| — Bj is an
e-*-homomorphism if for all x, yin A; and A € C, |A| < 1, each one of ® (x*) —
OX)*,Ox+y) —Ox) —O(y),Okxy) —OKx)O(y), and ®(Ax) — LO(x) has
norm not greater than ¢. It is unital if in addition @[U(A)] € U(B) and @ (1) = 1.

Theorem 17.2.6 Suppose ¢ < 1/28, m > 1, A is a von Neumann algebra with a
faithful tracial state o, and ® : M,,(C) — A is a unital e-*-homomorphism. Then
there exists a *-homomorphism @ : M,,(C) — A such that |© — @| < 16e.

Proof By Theorem 17.2.3, there is A: U(M,,(C)) — A such that A(uv) =
A(u)A(v) for all u and v, and ||A — @] < 4e For a projection p, the unitary
up :=1—2p is self-adjoint and satisfies A(up)2 = A(uf,) = 1. Therefore A(u,)
is self-adjoint and /I(p) = %(1 — A(1 — 2p)) is a projection.

Claim Suppose p and g are projections.

. If p and g are Murray—von Neumann equivalent, then so are A(p) and A(q).
. If p and g commute, then so do A(p) and A(g). ~

. If pg = 0, then A(p)A(q) = 0and A(p +q) = A(p) + A(q).

. We have A(1) = 1. y

. Iij<m pj = 1 for projections p;, for j < m, then Zj<m A(pj) = 1.

DN A W -

Proof (1) Since p and ¢ belong to M,,(C), Murray—von Neumann equivalence
coincides with the unitary equivalence. If w is a unitary and wpw* = ¢ then
wul = ug, and A(w) A(u,) A(w)* = A(uy). Therefore

A(p) = AW)F(1 — A(up) A(w*) = $(1 — Aug)) = A(q).
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(2) Since [p, g] = 0if and only if [up, uy] = 0, apply A as in the proof of (1).

(3) We have pg = 0if and only if p + g is a projection, if and only if uu, =
U pyq. We can now apply A to this equality and obtain both conclusions.

(4) For p := 1 we have u, = —1. Since © is unital,

[AG@up) + 11 ~2¢ 1O (up) + 1| ¢ |O(=up) — 1] = 0.

Since A(u,) = 1 —2A(p), we have | A(p) — 1| = 2| Axup) + 1| < 3e < 1. By
Lemma 1.5.7, A(p) and 1 are unitarily equivalent in A, thus A(p) = 1.
(5) This follows immediately from (4) and the additivity claim in (3). |
Let t be the unique tracial state on M, (C). Our next task is to prove that
(1) = o (A(u)) for every unitary u and every tracial state o of A. (Since A is finite-
dimensional, it has a tracial state.) By the spectral theorem, u = ) j<m €Xp(iA;p i)s

where p; are rank-1 projections and exp(iA ;) are the eigenvalues of u (eigenvalues
of multiplicity n are repeated n times). Fix a tracial state o of A. Since all p; are

Murray—von Neumann equivalent, all A(p j) are Murray—von Neumann equivalent
and therefore o(A(p;)) = o(A(px)). Also Yiem A(pj) = 1. Therefore
o(A(pj)) = 1/m forall j. Then (using }_;_,, A(p;) = 1 in the last equality)

A@) =TT < @A A(pj)) = [1j 2 (exp(r ) Alpj) + 1) = 3,y explir ) Alp)).
Since a(/i(pj)) =1/m = 1(p;) for all j, we have

Since A is finite-dimensional, o can be chosen to be a faithful trace.
By Lemma 17.2.4, <D(Zj<4 Ajuj) = Z./<4 )\j/i(uj) is a well-defined *-
homomorphism.

Also, [|®(a) — @ (a)|| < 4sup,cym,, ) 1P @) — A@w)|| < 8¢, as required. O

17.3 Liftings of *-Homomorphisms Between Coronas

In this section we study liftings of *-homomorphisms between coronas and outline
how the machinery of Section 17.1 applies to construct many automorphisms of
coronas other than the Calkin algebra. Liftings will be used in the proof that OCAT
implies all automorphisms of 2(H) are inner.

Definition 17.3.1 A lifting of a *-homomorphism @ : 2(A) — 2(B) is a function
@, : M(A) — . (B) such that the following diagram commutes (74 and 7p
denote the quotient maps).
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) —2 )

7 | 7 |

2(4) —2 . 9(8)

If this diagram commutes on some 2~ C .# (A), then @, is called a lifting of @
on %2 . When convenient, instead we say that @ is a lifting on w[.Z"].

The Axiom of Choice implies that every *-homomorphism between coronas has
a lifting.® Our proof that OCAT implies all automorphisms of the Calkin algebra
are inner (Theorem 17.8.5) can be summarized as a struggle to obtain liftings with
better and better properties. For every @ we will fix a lifting @, with the properties
guaranteed by the following Lemma.

Lemma 17.3.2 Every *-homomorphism @ : 2(A) — 2(B) has a lifting @, such
that || Py (a)|| < |la|l for all a. If .# (B) has real rank zero then we can assure that
D.(p) is a projection for every projection p.

Proof This is the question of the existence of lifts. The first property can be secured
by Lemma 2.5.4(2). For the second, use Lemma 3.1.13. |

Definition 17.3.3 A *-homomorphism & between coronas of separable C*-
algebras is said to be fopologically trivial if it has a lifting which is
Borel-measurable with respect to the strict topology (this is a Polish topology,
see Lemma 13.1.8).

This definition is more natural than it may appear (see Exercise 17.9.7). We have
the following.

Proposition 17.3.4 If a *-homomorphism between coronas can be lifted by
a *-homomorphism between the corresponding multiplier algebras, then it is
topologically trivial. In particular, all inner automorphisms are topologically
trivial. O

Example 17.3.5 There is a separable abelian C*-algebra A such that 2(A) has
a topologically trivial automorphism that cannot be lifted by a *-homomorphism.
Let X be a connected space obtained by adding a compact space to R so that X does
not have an orientation-reversing homeomorphism. (One can for example attach
two nontrivial and non-homeomorphic connected compact spaces to R at 0 and
at 1.) Then 2(Cy(X)) is isomorphic to 2(Cy(R)), but the orientation-reversing
automorphism of 2(Cy(X)) cannot be lifted by a*-homomorphism. It is not difficult
to see that this automorphism is nevertheless topologically trivial.

SWe are not assuming that &, has any additional properties—it is not necessarily a *-
homomorphism, and it is not necessarily measurable with respect to any reasonable o -algebra.
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The reader may want to verify that the inner automorphism of 2(H) imple-
mented by the unilateral shift cannot be lifted by a *-homomorphism, but its inverse
can.

Lemma 17.3.6 If A is a separable, non-unital C*-algebra then 2(A) has at most ¢
topologically trivial automorphisms.

Proof Since .#(A) is a Polish space (Lemma 13.1.8), there are only ¢ Borel-
measurable functions from .# (A) to itself (Example 8.1.3 (6)). |

Together with Theorem 17.1.15, this gives the following.

Corollary 17.3.7 If the Continuum Hypothesis holds and A is a separable, stable,
non-unital C*-algebra then 2(A) has topologically nontrivial automorphisms. O

17.4 Aacai, I: Discretizations and Liftings of Product Type

Nicht diese tone.
Ludwig van Beethoven’

In Sections 17.4-17.8 we prove that OCAt (see Section 8.6) implies all
automorphisms of the Calkin algebra are inner (Theorem 17.8.5). These sections
heavily rely on the material from Sections 8.6, 9.5, 9.7, 9.9, and the earlier parts
of Chapter 17. The proof is presented in the order that I believe makes it easiest
to digest. Aacai stands for “All automorphisms of the Calkin algebra are inner”.
Forgive me, Gert Pedersen, wherever you are.

In this section we introduce “discretizations” of Z[E], pass from continuous
liftings to liftings of product type, and make connection with Ulam-stability.

Definition 17.4.1 Throughout Sections 17.4-17.8 we fix a separable Hilbert
space H with an orthonormal basis (§,). If E € Party and X C N then
p)l‘% = projm{&:ieunex E,)- If @ is an endomorphism of 2(H) we write

ax = Pu(pY)-
By the choice of the lifting @, (Lemma 17.3.2), q)l? is a projection. Also let
IxIE] := py Z[E]py.

We omit E whenever it is clear from the context and write px and gx in place of p)]f
and q)lg.

7"No, it was not Schiller. Snoopy, yes, but not Schiller.
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Definition 17.4.2 Let A(n) := Z;,)[E]. Then A(n) = M, (C) with m = |E,|.
Let D(n) be a finite, 27"-dense,® subset of the unit ball of A(rn). Fix an infinite
X € Nand let D := [, D(n) and Dx[E] := [][,,cx D(m). Then D[E] is a dis-
cretization of Z[E] and Dx[E] is a discretization of Px[E]. It will be convenient to
assume that D(n) contains both 0 and 1 and that D(n) N U(A(n)) is 27" -dense in
U(A(n)). For a € D let supp(a) := {n : a(n) # 0} and identify Dx[E] with
{a € D[E] : supp(a) < X}.

We omit E whenever it is clear from the context and write D and Dy in place of
D[E] and Dx[E].

When [ [, A(n) is identified with Z[E] and considered with the weak operator
topology, then the subspace topology on D[E] is compact and it agrees with the
product topology, compatible with the metric

d(a,b) :=1/(1 + min{n : a, # b,}).

Also, D[E] inherits the algebraic operations from Z[E]. While D[E] is not closed
under these operations, if @ and b in D[E] are disjointly supported, then a + b €
D[E]. For concreteness, we fix a discretization D[E] of each E € Party. By
Lemma 17.4.7, the actual choice of D[E] is inconsequential.

Lemma 17.4.3 If H is a separable Hilbert space then the relation %8// on B(H)<i
defined by x %8/ yif |lm(x — y)|| < € is Borel in the weak operator topology for
every ¢ > Q0.

Proof If {e,} is an approximate unit of Z"(H) and {7,,} is dense in the unit sphere
of H, then x %8// y if and only if inf, sup,, [[(1 —e,)(x — Y)(n) |l < €. O

Definition 17.4.4 A function ® : Dx[E] — Z(H)<\ is an e-approximation of &
on Dy if ®(a) %f @, (a) for all a € Dx.

A function between Polish spaces is C-measurable if it is measurable with
respect to the o -algebra generated by analytic sets (see Section B.2.2).

Lemma 17.4.5 IfE € Party and an endomorphism of 2(H) has a C-measurable
e-approximation on D[E] for every ¢ > 0, then it has a continuous lifting on Dy[E]
for some infinite Y C N.

Proof Let @ be an endomorphism of 2(H) and fix a C-measurable 1/d-ap-
proximation ®4 on D[E] for every d > 1. Since C-measurable functions are
Baire-measurable (see Section B.2.1), Corollary 9.9.2 implies that there are an
infinite X € N and b € Dyx[E] such that for every d > 1 the function
a + Og4(a + b) is continuous on D¢[E]. Then the function on D¢[E] defined by

@} (a) == Og4(a + b)q)}g is continuous. Also,

8 A subset of a metric space is &-dense if the open e-balls around its elements cover the space.
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1 E 7% E %
O,a) = Oy(a + b)CIx ~1/d Py(a + b)Qx R Dy(a)

hence ® C} is a 1/d-approximation of @ on Dg[E]. Lemma 17.4.3 implies that the
set

Wa = l(a, b) € DXIE] x B(H)<1 : O4(@) ~{7, b}

is Borel for every d > 1, and therefore #/ := (), #a is Borel as well. By
Theorem B.2.13, # has a C-measurable uniformization, ®2. For every (a,b) € W
we have @, (a) — b € J# (H), hence this uniformization is a lifting of @ on Dx[E].
By Corollary 9.9.2, there exist an infinite Y € X and ¢ € Dyy\y[E] such that the
function on Dy[E] defined by

3 . 2 E
©7(a) .= O7(a + c)gy

is continuous. For every d > 1 we have O3 (a) %‘fj//d Dy(a + c)qg ~* ®,(a), and
therefore @3 is a continuous lifting of @ on Dy[E]. O

In the following, (D(n)) is any sequence of finite sets and D := [, D(n).

Definition 17.4.6 A function Z: D — Z(H)< is of a product type if there are
orthogonal projections r, € #(H) and &,: D(n) — r,(#A(H)<1)r, forn € N
such that’ Z(a) =Y, &,(ay) forall a € D.

n

Lemma 17.4.7 Suppose that E € Party and D[E] and D'[E] are two discretizations
of Z[E].

1. There exists a continuous function of product type © : D[E] — D'[E] such that
x —O(x) e F(H) for all x.

2. If E € Party and @ is an endomorphism of 2(H), then @ has a continuous
lifting on some discretization of Z[E] if and only if it has a continuous lifting on
every discretization of Z[E].

Proof (1) Fix a linear ordering <, of each D,. Define ®,: D'(n) — D(n) by
O,(x) :=yif|lx —y|| <27 and ||x — z|| = 27" for all z € D(n) such that
z <y, y. Since D(n) is finite and 27"-dense in A(n), such y exists and @, is well-
defined. Identify x € D'[E] with (x,) € [], D), and define ®: D'[E] — DI[E] by
O(x) := ), On(xy). Then O is continuous and x — O (x) € # (H) for all x.

To see that @ is of product type, for n € N let r,, be the unit of A(n).

(2) Compose the lifting with & provided by (1). O

9We have || 5, (a,)|| < 1 for all # and that 5, (a,) are pairwise orthogonal. Therefore the series on
the right-hand side of the displayed formula converges strongly to an element of Z(H)<;.
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Lemma 17.4.8 If @ is an endomorphism of the Calkin algebra which has a
continuous lifting © on D[E] for some E € Party, then it has a lifting of product
type on Dy[E] for some infinite X C N.

Proof We recursively find an increasing sequence (n(j));, s(j) € Du(j).n(j+1)
(with n(0) := 0), and an increasing sequence of finite-rank projections (r;); so that
the following holds for all j, all @ and b in Dyg ,,(, and all ¢ and d in Dy, (j+1),00):

5 1@a+s()+0) =00k +s() +o)d —rjll <27/,
6. (1 =r))(@a+s()+c)—Ob+s()+o)l <27/,
@@ +s()+o)—Oa+s()+d)rjll <27/,
Nrj@a+s() +c)—Oa+s()+d)ll <277.

Set n(0) := 0. Suppose that n(j), s(j), and r;, for j < k, have been chosen to
satisfy (5)—(8). Assume that n(k) and s(k) that satisfy (5) cannot be found. We will
recursively find an increasing sequence m (i) € N and #(i) € Dyn@),m@i+1)), so that
m(0) = n(k — 1) + 1, and for every i there are a(i) and b(i) in Dy 1)) and c in
Don(i+1),00) such that p; := projm{&:iﬁ” (with &; as in Definition 17.4.1) satisfies

[e BN

1@ @) + X< t(D) +¢) = OBG) + Xy t (D) + ) (A = pp)|| = 2751

Our assumption implies that such a(i), b(i), and c exist for every choice of # (/) and
m(l"), for] < iand!’ < i + 1. By the continuity of ®, there is a large enough
m(i + 2) such that with #(i + 1) := ¢ Nm(i 4+ 2), for all 4 in D (141),00) We have

1@ @@+ 1D +d) = OBE) + Y i 1A+ D) +d)(1—p)|| = 275,

Since there are only finitely many choices for a(i) and b (i), some pair @, b appears
as a(i), b(i) infinitely often. Let r := ), (/) (the partial sums converge to an
element of D). Then |(@(d + 1) — OB + 1))(1 — p)|| = 27%*! for all i, and
O@+1) — O + 1) is not compact. But (a + t) — (b + 1) has finite rank. This
contradicts the assumption that & lifts @.

We can therefore choose no(k), so(k) € D(,,(k)’no(k)], and r,? such that (5) holds.
An analogous argument shows that we can find ! (k) > n%(k), s' (k) € Dntiy.n! (01
extending s°(k), and r; such that (6) holds. This extension does not affect the
condition (5).

Since each one of x > @ (x)r; and x — r;®(x) is a continuous function with a
compact range, we can find n(k) > nl(k) and s(k) 2 sl (k) to produce a basic open
set [(n(k — 1), n(k)), s(k)] such that both (7) and (8) hold for all a, ¢, and d. This
describes the recursive construction.

Let X := {n(j) : j € N}. The sum s := st(j) converges to an element

of Dn\x. Define &;: Dy(jy = (rj41 — ;) B(H)<i(rj41 — rj) by

Ej(x) = (rjp1 —r)O(s + X)(rjp1 — 1))
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The function of product type determined by (& ) is not necessarily a lifting on Dg.
Letting El.o(a) = qu:'(a)qx we obtain a function £%(a) := > Eio(a,,(,-)) that is a
lifting on Dy, but not obviously of product type.

Since rj, for j € N, form an approximate unit for # (H), there exists an infinite
Y € Nsuch that foralli < jinY we have ||ri11gx(1 —rj)|| <277/ . For j e Y
let j© := min(Y \ (j + 1)) and define Ej: Dy = (rj+ —rj)BH)<1(rj+ — 1))
by

o

j(xX) ==+ —rp)gx(rje1 —rj))Os +x)(j+1 —rjgx(j+ —rj).

Then || Z(a) — éj (@) <27/ forall j e Yandalla € D,.(j), and the projections
rj, for j €Y, separate the ranges of =; for j € Y.

Let Z: Dy — Z(H)<1 be the function of a product type determined by ().
For every a € Dy the operator = (a) — ®(a) is compact, and & is a lifting of a
product type of @ on Dy. ]

17.5 Aacai, II: The Isometry Trick

What if hokey pokey is what it’s all about?
Anonymous

In this section we introduce the “isometry trick” that will be used to cut several
corners in the proof of Theorem 17.8.5.

We will use the notation from Definition 17.4.1. Thus (§;) is an orthonormal
basis for H. If g: N — N is an injection, then v(§;) := &(;) defines an isometry
on H. Anisometry of this form is, locally to this chapter, called a injection isometry.

Lemma 17.5.1 Suppose E and F are in Party, X and Y are infinite subsets of N, and
lim,ex | E,| = 00. Then there exist a permutation isometry v such that a — vav*
defines an isomorphism from Pv[F] onto vv* Dx[E]vv*.

Proof For m € Y choose n(m) € X such that |E, )| > F,, and m # m’ implies
n(m) # n(m’). Let g: N — N be an injection such that for all m € Y and all
i € F,, we have g(i) € Ej, (). Define v by v(§;) := &,(;). Then v is an isometry.
For a moment fix m € Y. Then

qm = prOjW{Eg([) ieF,}

is a projection and g, < p?:n(m)}. Both corners pfm}@\([F]pfm} and q(my Zx[Elgm)
are isomorphic to M;(C), where [ := |F,|. A computation of the images of &;’s
shgws that v*pfi(m)}v = v*guv = pfm} and vpfm}v* = gm. Hence ¢ := Y .y gk
satisfies vv* = q.
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For a € 2y[F] we have (with the SOT-convergent sum identified with its limit)

vav* = v oy pfk}av* = rey vp?;(}av* € qZx[Elq,

and since v is an isometry, v*(vav*)v = a. Therefore a +— wvav* is an
isomorphism from Zy[F] into a von Neumann subalgebra of g Zx[E]qg. Since
this *-homomorphism sends the central projection p{Fm} of the domain to the
central projection g,, of the range, and since it is an isomorphism between the
corresponding corners, it is an isomorphism. O

Lemma 17.5.2 Suppose ®: 2(A) — 2(B) is a *-homomorphism between
coronas of non-unital C*-algebras, ' C .# (A), v is an isometry in M (A), and T
is a lifting of ® on v Z v*. Then b > @, (V)*T (VbV*) D, (v) is a lifting of ® on Z .

Proof If b € 2 then since v is an isometry we have b = v*vbv*v and therefore
@ (r(b)) = @ (7 (v*))D (7w (vbv*))D (7w (v)) is lifted by @, (vV)* T (VOV*) D, (v). O

The isometry trick is a simple idea used in Lemma 17.5.3 and elsewhere. The
reader is spared from a laundry list of all of its variants. A lifting of product type on
2[E] is a lifting on Z[E] which happens to be of product type (Definition 17.4.6).

Lemma 17.5.3 Suppose E and F are in Party, X C N, v € %(H) is an

injection isometry such that a +— vav* defines an isomorphism from Z[F] onto

vv* Ix[Elvv*, and @ is an endomorphism of 2(H).

1. If the restriction of @ to Px[E] is implemented by w, then the restriction of @ to
D[F] is implemented by any lift of @ (7w (v*))7 (wv).

2. If @ has a lifting of product type on Dx[E] and v then it has a lifting of product
type on D[F].

3. If © is a C-measurable e-approximation of ® on Px[E] then

ar> OO (wav*) D, (v)

is a C-measurable e-approximation of @ on Z[F].

Proof (1) As in the proof of Lemma 17.5.2, if b € 2[F] then b = v*vbv*v and we
have

@ (7w (b)) = @ (w(v*)P (7w (vbv™)) P (7 (v))
= & (r (V)7 (wv)m (b)) (v w*)P (7 (v))

and any lift of @ (7 (v*))7r (wv) implements @ on Zy[F].

(2) Let ¢ := vv™*. Since a + vav* is an isomorphism of product type from
2[F] onto q Zx[Elq, b — v*bu is its inverse. Since v is an injection isometry,
v*Dx[E]v is a discretization of Z[F]. By Lemma 17.4.7 there exists a continuous
function ® : D[F] — v*Dx[E]v of product type such that a — ®(a) € £ (H) for
all a € D[F]. If & is a lifting of product type of @ on Dx[E], so is its restriction
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to v*Dyx[E]v and a > @, (v*)E (O (vav*))d,(v) is a lifting of product type of &
on D[F], as required.

(3) Since the composition of a continuous function with a C-measurable function
is C-measurable, this is immediate. m]

We temporarily trade discretizations for e-*-homomorphisms. Recall that the
domain of a (unital) e-*-homomorphism is the unit ball of a C*-algebra (Defini-
tion 17.2.5).

Proposition 17.5.4 Suppose @ is an endomorphism of the Calkin algebra which
has a continuous lifting @ on D[E] for some E € Party such that lim,, |E,| = oo,
Then for every F € Party, @ has a lifting (©)) of product type on P[F] such
that each O, is a unital, Borel-measurable, €,-*-homomorphism on Z[F] for some
sequence (g,) converging to (.

Proof By Lemma 17.4.8 followed by Lemma 17.5.3(2), @ has a lifting (&,) of
product type on D[E].

Leta, := &, (1751}) forn € N.Forevery X € N, )y PF;:} is a projection and
Y nex an lifts its @-image. The latter is therefore equal to a projection modulo the
compacts, and since a, belong to orthogonal full matrix subalgebras of Z(H), we
have |la, — a|| — 0 and ||a,2l — ay]l - 0asn — oo. By Exercise 2.8.10 (2),
there are projections g, such that ||a, — g, || — 0. The ranges of the =,,’s belong to
orthogonal full matrix subalgebras of Z(H), and by carrying out this argument in
these algebras the projections ¢, can be chosen to be orthogonal.

As in Definition 17.4.2, let A(n) = Z[El If u, € A(n) is a unitary
and b, = &,(u,), then ||b,b} — 1aeyll — 0 and ||b}b, — Lol — O as
n — oo. By Exercise 2.8.10 (5), there is a unitary v(u,) in p,%(H)p, such that
by, — v(up)|| — 0asn — oo for any choice of (u).

We can therefore modlfy (&n) and obtain a lifting (&) of @ of product type on
2[E] such that ||un — &yl = 0,9, = E, (p{n}) are orthogonal projections, and &,
sends unitaries of A(n) to unitaries of g, Z(H)qy.

Recall that the unitaries in D(n) are 27"-dense in the unitaries of A(n). Let
X0, ..., Xm—1 be an enumeration of D(n) in which xy = 1 and the unitaries in the
list are listed first. Define ©,, (a) := ©;,(x;), where j is the smallest index such that
la—xjll < 27" and x; is a unitary if a is. Then ®;, sends the unit to the unit and the
unitaries to unitaries, hence it is unital in the sense of Theorem 17.2.6. The range of
O, is finite and the preimage of every point is a difference of open balls, hence it is
Borel-measurable. Therefore @ is Borel-measurable and it sends the unit and the
unitaries to the right spot.

We now check that for every ¢ > 0, ©), is an &¢-*-homomorphism for all large
enough n. If lim sup, max, pea) 110}, (ab) O, (a)O, (b)||>0, then there are ¢ >0
and a pair a(n), b(n) in A(n) such that ||®’ (a(n)b(n)) — O (am)O' (b)) > ¢
for all n in some infinite X € N. Witha := )", _ya(n) and b := ),y b(n) (these
operators are well-defined, since all elements of every A(n) have norm at most 1)
the difference ' (ab) — ©'(a)®’(b) is not compact; contradiction.
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Analogous proofs show that each of max, peam) 19, (a +b) — O, (a) — O, (b) |,
MaXgeAn),1eC, |1 <1 O, (Aa) — 1O, (a)|| and max,ca) [0, (a*) — O, (a)*|| con-
verges to 0 as n — oo. Therefore for every ¢ > 0 and all large n, ©), satisfies the
requirements from the definition of a unital e-*-homomorphism.

By Lemma 17.5.3(2), this lifting can be transferred to Z[F] for any F € Party
while preserving its relevant properties. O

Here is the reason for the presence of Section 17.2 in this text.

Proposition 17.5.5 Suppose @ is an endomorphism of the Calkin algebra which
has a continuous lifting on D[E] for some E € Party such that lim, |E,| = oo.
Then for every F € Party, @ has a lifting on 2[F] which is a *-homomorphism.

Proof Fix F. By Proposition 17.5.4, @ has a lifting of product type on Z[F] whose

nth component &, is a unital 1/n-*-homomorphism. By Theorem 17.2.6, there

exists a unital *-homomorphism
=/, ~/ ¢ F ~/ F
[/ -@{n}[F] — &y, (P{n})a@(H)ﬂn (P{n})

such that |Z) — E//|| — 0 and E,/l’(pfn}) are orthogonal projections for n € N.

Therefore a — Y, &,/ (pfn}apfn}) is a *-homomorphism and a lifting of @&
on Z[F]. O

We have not used the assumption that @ was an automorphism. . . yet.
Let ry := projcg, (where (§;) is a fixed basis of H as in Definition 17.4.1).

Lemma 17.5.6 Suppose @ : Lo — B(H) is a lifting of a *-homomorphism from
Lo /co into 2(H) whose range is a masa. Then ®(r,) is a projection of rank at
most 1 for all but finitely many n, and 1 — ), ®(r,) has finite rank.

Proof Assume otherwise. Then for infinitely many n there exists a nonzero
projection g, < @(r,) such that @(r,) — g, is nonzero. The sum of all g, is
a projection that commutes with the image of £,/co but does not belong to it,
contradicting the assumption that the image of {,/co was a masa. Since @ (r,)
are orthogonal, ¢ := ), @(r,) is a projection. If 1 — g is not compact, then the
annihilator of the image of ¢, /co is nontrivial, again contradicting the assumption
that the image of £, /co was a masa. O

Proposition 17.5.7 Suppose that @ is an automorphism of the Calkin algebra
which has a continuous lifting ® on DI[E] for some E € Party such that |E,)| — oo.
Then for every F € Party, @ has a lifting on D[F] of the form Ad u for some partial
isometry u.

Proof Proposition 17.5.5 implies that & has a lifting (Z,) which is a *-homo-
morphism, and a *-homomorphism is automatically of product type. Since @ is
an automorphism, it sends masas to masas. By Lemma 17.5.6 each &) is an
isomorphism between corners of ZA(H), and it is therefore implemented by a

partial isometry v,,. Since the v,,’s have orthogonal range projections and orthogonal
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domain projections, ), v, strongly converges to a partial isometry v. Clearly Ad v
agrees with = on Z[E], and © is implemented by v on Z[E]. |

17.6 Aacai, III: Open Colourings and o -Narrow
Approximations

The reader may wonder how this proof works.
Barry Johnson [138]

In this section we (at last) apply OCAT to produce a o-narrow 1/d-approxima-
tion to a given automorphism of 2(H) on a discretization Dx[E].

Welcome to the middle of the proof that OCAt implies all automorphisms of
2(H) are inner! The story so far: Assuming @ € Aut(Z(H)) and that for some
E € Party and X € N we can produce C-measurable ¢-approximations of @ on
Dx[E] for all ¢ > 0, in Section 17.4 we produced a lifting of product type on Dy[E]
for some infinite Y € X. In Section 17.5 we saw how to transfer essentially any kind
of a lifting of @ on Dy[E] to a lifting of the same kind on D[F] for any E and F in
Party, as long as sup, .y | E,| = o0.

All we need is to produce such E, X, and a reasonable lifting of @ on Zx[E].
Lemmas 17.6.3 and 17.7.1 are the places where the magic happens. The former
lemma is one of the two places in the proof of Theorem 17.8.5 where OCAT is
used. The applications of OCAT bookend the proof: Lemma 17.6.3 is really the first
step (held back until now), and the second application of OCAr, Corollary 17.8.4,
completes the proof. Each time, OCAT is used ¥ times.

Recall that for @ and b in Z(H) and ¢ > 0 we write a %S/ bif||m(a —b)|| <¢
anda ~* bifa—be H(H).

Definition 17.6.1 A subset Z of %(H)il is narrow if for every a € (H)< and

all (a, b) and (a, ¢) in & we have b ~X c. 1tis e-narrow if for every a € B(H)<i
and all (a, b) and (a, ) in 2 we have b ~7 c.

A function f: B(H)<1 — HB(H)< is o-narrow if its graph can be covered by
a countable family of narrow Borel sets. It is o-e-narrow if its graph can be covered
by a countable family of e-narrow Borel sets.

An endomorphism @ of 2(H) has a o-narrow lifting if its restriction to the unit
ball has a lifting which is o -narrow. It has a o -narrow e¢-approximation if there is a
o-g-narrow function @ such that every a € #(H )< satisfies @, (a) %8‘%/ O(a).

A o-narrow lifting on Z[E] and a o-narrow e-approximation on Z[E] are
defined analogously.

If the notion of a o-narrow lifting seems a bit awkward, then the following
example may be appreciated.

Example 17.6.2 There exists a unital endomorphism ¥ of ¢, /co that has a o-
narrow lifting, but no continuous (or even Baire-measurable) lifting. Let %,, for
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n € N, be distinct nonprincipal ultrafilters on N. Define 7: Z(N) — Z(N)
by T(A) := {n : A € %,}. Then 7 is an endomorphism of the Boolean
algebra & (N) which lifts an endomorphism of Z(N)/Fin. By the Gelfand-
Naimark/Stone dualities (Section 1.3.1) it determines an endomorphism ¥ of
€so/co. A verification that ¥ has a o-narrow lifting, but no Baire-measurable one,
is left as Exercise 17.9.11.

Lemma 17.6.3 Assume OCAr. If @ is an endomorphism of 2(H) and ¢ > 0, then
& has a o-narrow e-approximation on Dg[E] for some E € Party and infinite X.

Proof It will be convenient to use the notation Zx[E] and Dx[E] with the intervals
in E indexed by {0, 1}<N and X C {0, 1}=<N. Fix E so that lim, min 5=, |E;| = cc.
If X C {0, 1}<N is infinite and included in a branch of {0, 1}<N, then this branch is
denoted B(X). Fix a discretization D[E] of Z[E]. The definition of a discretization
depends on the indexing of the intervals of E by N, but all that we need is that for
every n and every s € {0, 1}" the set D, is 27"-dense in the unit ball of Z,[E].
Also fix d > (2¢)~ L. Let (omitting [E] when clear from the context)

Z :={(X, a) : B(X) is defined and a € Dx}.
and let {(X, a), (Y, b)} € Mg if the following conditions are satisfied:

(ME1)  B(X) # B(Y),
(M82)  pxb = pya, and
(ME3)  max(||®s(a@)gy — gx P+, llgyP.(a) — P+ (b)gx|) > 1/d.

These conditions are symmetric and define a partition [.2]> = Mg UM f. In order
to topologize 2, identify (X, a) € 2" with

(B(X). X, a, gx, @+(a)) € {0, 1N x 2({0, 1)) x D x B(H)%,

where {0, 1}, 22({0, 1}<), and D are equipped with their standard compact metric
topologies and Z(H )< is equipped with the weak operator topology. Consider .2~
with respect to the subspace topology.

Claim The partition [2']> = Mg U Mld is open.

Proof The condition (M(‘)i 1) is open. Once it is satisfied, pxb and pya are taking
values in the finite set [ [~y D(s) and therefore (Mg 2) is open relative to (Mg D).
Since the set {b : ||b|| > 1/d} is WOT-open, the condition (Mg?a) is open. m|

Claim There are no uncountable Mg -homogeneous subsets of 2" for any d > 1.

Proof Assume otherwise and fix d such that some J# C 2  is uncountable and
Mg—homogeneous. Since apy = bpy for all (X, a) and (Y, b) in JZ, there exists
¢ € D such that cpx = a for all (X, a) € 2 and ||c|| < 1. (Let c(s) = a(s) for any
(X, a) € 2 such that X € [s].)
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Fix 6 < 1/(6d). Since @, lifts @, gxP.(c) — ®4(a) and P, (c)gx — P« (a) are
compact for every (X, a) € . Some compact positive contraction g = g(X, a)

satisfies max(||(1 — ¢) (P« (c)gx — P«(@)]l, (1 — @) (gx P+« (c) — Px(a))])) < 6.

By Lemma 6.6.5 there is a positive, finite-rank, operator ¢’ such that
74 = {(X,a) : lg(X,a) — q’|| < 8} is uncountable. Then every (X,a) € J4
satisfies

max([[(1 — ¢")(P+(c)gx — Px(@)l, (1 = ¢")(gxPs«(c) — Px(a)]) < 28.

Since ¢’ #(H )<, is separable, there are an uncountable % C J# and dy, d; in
%(H) such that max(||lq'(@s«(a)gy — do) I, llg"(qy P« (a) — d)) < & for all (X, a)
and (Y, b) in J4. Fix (X, a) and (Y, b) in J%. Then

(1 = HPu(a)gy % (1 — ¢"gx P (c)gy & (1 — ¢ )qx D (b)
and therefore
P, (@)qy — gxP«B)]l < llg'(P(@)qy — gxP«(b))]| + 45 < 65 < 1/d.

An analogous argument shows that ||gy @.(a) — @.(b)gx|l < 1/d. This implies that
{X,a),(Y,b)} e M4 contradiction. O

By OCAT and the last Claim, 2" can be covered by M f-homogeneous sets %,d,
for n € N. Fix a countable éond - %”nd dense in the topology described after the
definition of M(‘)l . Since Mg is open, the closure of any M' f -homogeneous set is M f-

homogeneous. Fix any branch B of {0, 1}=N that does not belong to the countable
set {B(X) : (X,a) € U, &4,
For distinct (X, a) and (Y, b) in Z and k € N write

A(X, a), (Y, b)):=min{k : 3s € {0, 1}*)(seXAY ors € XNY and a(s) # b(s))}.

Fix an approximate unit, e,,, form € N, of JZ (H).
Fix n and k. Both sets {0, 1}<k and D{0’1}<k are finite, each e; has finite rank, and

&4 is dense in 2,¢. Hence we can choose Fy, € & so that for every (X, a) € 2,4
there exists (Y, b) € F_, that satisfies A((X, a), (Y, b)) > k and

max([|(P«(px) — Px(py)erll. [(Px(a) — Pu(b))ex])) < 1/k.

Then (J;cy Fx,n is dense in %’d for every infinite Y € N. Let £(0) := 0 and for
J € Nletk(j + 1) > k(j) be the minimal such that (writing B [ k for the node s in
Bwith [s| =k)B [ k(j + 1) #B(Y) [ k(j + 1) forall (Y, b) € U, < Fi(j).n- Let
X = {B [ k(j) : j € N} and consider the compact metrizable space Dy x %(H)<1;
It is descriptive set theory time again! For (Y, b) € 2" and k € N the set
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W (Y, b,k) = {(a,c) € Dg x B(H)<1: X,a) € Z', AKX, a), (Y, b)) >k,
max (|| (P (b) — O)exll, 1(gg — gv)exl) < 1/k}

is closed. Therefore 2, := (-, {# (Y, b,k())) : (Y, D) € Fi(j).n} is Borel.

j=n
Claim

1. If (X, a) € Z,¢ then (a, @+(a)) € Z,.

2. If (a, ¢) € Z,, then ggc %'ﬁfd Dy (a).

3. The set 2, := {(a, gx¢) : (a, c) € Z;,} is 2/d-narrow.

Proof (1) follows from the density of UjeN Fi(j)n in 3&”
(2) Suppose that (a, ¢) € Z;,. Assume for a moment that

I|‘P*(a)q)~( - q)~(c|| > 25+ 1/d.

for some § > 0. Choose j large enough to have |(Px(a)gg —gg)expll > 28+ 1/d
and j > max(n,2/8).If (Y, b) € Fy(j , is such that (a, c) € #(Y, b, k(j)), then

max([[(P«(b) — Aexpll, 1lag — avIexp ) = 1/k(j) < 6.

Also, {(X, a), (Y, b)} € M{ and (M{ 1) holds. By the choice of k(j+1) and of X, for
every s € X we have Is| < k(j)or|s| > k(j+ 1), hence A(()N(, a), (Y, b)) > k(j)
and (M§2) holds as well. Therefore (M{3) fails, and [|@.(a)gy — gz @«(B) || < 1/d.
Writing x /s ¢ y if ||(x — y)ek|| < §, we have

D (a)gg ~s.k(j) Px(@)qy ~17a qxPx(b) s k(j) gxC-

Therefore ||(<D*(a)q)~( — qf(c)ek(j)n < 28 + 1/d; contradiction.
Since § > 0 was arbitrary, ||q§*(a)q)~( — q)~(c|| < 1/d. Since @, (a) — <D*(a)q)~( is
compact, @, (a) ~ 1 7d 9%€ follows.

(3) To prove that 2, is 2/d- narrow note that by (2) for all (a, ¢) and (a, ¢) in
2y we have ggc Nl’f//dcp (a) = l/d qxc’- ]

The sets 2, for n € N, defined in Claim are Borel, each one of them is 2/d-
narrow, and they cover the graph of the restriction of @, to D¢[E]. Since 2/d < ¢,
this restriction is a o -narrow g-approximation of @ on D¢[E]. O

17.7 Aacai, IV: From o-Narrow to Continuous
Approximations

In this section we start from a o-narrow 1/d-approximation of an automorphism @
of 2(H) obtained in Section 17.6 and produce a C-measurable 3/d approximation
of @, both on appropriate subalgebras of 2(H).
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Our immediate goal is to, starting with X C N and a o-narrow 1 /d-
approximation of the automorphism @ on Dg[E] as obtained in Lemma 17.6.3, find

an infinite A C X such that there exists a C-measurable 3 /d-approximation of @ on
Da[E] (Lemma 17.7. 2) Recall that @ : Dx — Z(H)< is a 1/d-approximation of
@ on Dy if @(a) ~ l/d @, (a) for all a € Dy (Definition 17.4.4).

Lemma 17.7.1 Suppose @ is an endomorphism of 2(H), d > 1, and E € Party. !0
Then for every A C X such that both A and X \ A are infinite at least one of the
following applies.

1. There is a C-measurable 3 /d-approximation of @ on Da. ~
2. For every 1/d-narrow analytic set 2° C Dy x %(H)<| there are B C X\ A,

a € Dp, and b € Dg such that both B and X \ (A U B) are infinite and every
uniformization 5 of Z and ¢ € Df(\(AuB) such that a + b + ¢ € dom(Z) satisfy

E(a+b+c)gn 2, Pu(a).
Proof Fix a 1/d-narrow analytic set 2. The set

¥V :={(a,b,c) € Dpo x Dy, X Z(H)<1 :

X\A

3 € B(H)<D(a+b.¢) € Z, ¢ ~{); qn)

is analytic as a continuous image of 2 x {x € Z(H)<; : dist(x, # (H)) < 1/d}.
Suppose for a moment that for every a € Dp the set

W(a):=1{be D)?\A :(a,b, Dy(a)) € V'}
is relatively comeager in D)~(\ a- The set
{(a,c) e Dax#(H)<1:{b € Dy XA : (a, b, c) € 7} is relatively comeager in Dy\a}

is analytic by Theorem B.2.14. By Theorem B.2.13, it has a C-measurable uni-
formization ©.

Fix a € Da. Since the intersection of two comeager sets is nonempty, there
exists b € D)~(\A such that both (a, b, ®(a)) and (a, b, @«(a)) belong to . Then

there are ¢’ such that (a + b,c¢’) € Z and ©(a) %177 4 €'qx and ¢” such that
(a+ b,y € & and Dy(a) %‘fifd c/q)~(. Since & is 1/d-narrow, ¢’ Nfi/d c”’

and therefore ® (a) %‘3)7 4 Px(a). Since a € Dp was arbitrary, a — ©(a) is a
C-measurable 3/d-approximation of @ on Dp, and (1) follows.

We can therefore assume that there is a € Da such that % (a) is not relatively
comeager in D)~(\ A- Since #/(a) is, being a continuous image of an analytic set,

1011 this lemma and its proof we will again write D and D>~( for D[E] and D)~( [E], respectively.
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analytic, it has the Property of Baire (Section B.2.1). There is therefore a nonempty
open U C D)~(\ a such that % (a) N U is relatively meager in U. By Theorem 9.9.1
there are / (n) € N and s(n) € Dy, such that

Uuni{b: 3®mb | I(n) = s(n)}

is disjoint from % (a). Fix a basic open subset [J,r] of U and let k be large
enough to have I2n)NJ = P foralln > k. LetB := J U Unzk I(2n) and

b:=r+ ank s(2n). Both B and X \ (A U B) are infinite and every ¢ € D)?\(AUB)
satisfies b+c ¢ # (a). Therefore (a, b+c, @ (a)) ¢ ¥ and if ZF is a uniformization

of % then
E(a+b+c)ga #y Px(a)

and (2) follows. |

Lemma 17.7.2 Suppose @ is an endomorphism of 2(H), d > 1, E € Party, and
& has a o-narrow 1/d-approximation on Dg[E]. Then the following holds.

1. There are an infinite A C X and a C-measurable 3/d-approximation to @
on DA[E].
2. There is a C-measurable 3 /d-approximation of ® on D[F] for all F € Party.

Proof (1) Assume otherwise. Fix 1/d-narrow analytic sets Z;,, for n in N, that cover
the graph of a 1/d-approximation of @ on Dy (needless to say, in this proof we will
omit the parameter E). For each n fix a uniformization &), of %,. We will find a
partition X = | |, A(n)ul |, B(n) into infinite sets, a(n) € Da(y), and b(n) € Dgg,),
si)1 that a := ), a(n) and b := )", b(n) satisfy 5,,(a + b) 5{;{7({ P.(a + b) for
all m.

Fix an enumeration X = {x, : n € N} and write C(n) := )~(\ Ujfn (A(j)UB()))
for n € N such that A(j) and B(j) have been chosen for j < n. We will recursively
choose A(j), B(j), a(j), and b(j) so that for every n € N, every ¢ € D¢, satisfies

En(X j<p a() + X< b() + Oqawm) #17g Prla(n). (17.5)

Choose any A(0) < X such that xo € A(0) and X \ A(0) is infinite. By our
assumption and Lemma 17.7.1 there exist a(0) € Da(), B(0) € X\ A(0), and
b(0) € Dg such that X \ (A(0) U B(0)) is infinite and

Eo(a(0) + b(0) + c)qa@) #{7g P+(@(0))

forall c € DC(O)-

Now suppose that A(j), B(j), a(j), and b(j) as required have been chosen for
all j < n. Choose A(n + 1) € C(n) so that x,, € UanJrl AHulU;.,B() and
both A(n + 1) and C(n) \ A(n + 1) are infinite. The set

js<n
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{la,0) € 24 (Vj =m)@a [ A(j) = a(j),a | B(j) = b(j))}

is analytic as an intersection of an analytic set with a closed set. Again
Lemma 17.7.1 implies that there are a(n + 1), B(n + 1), and b(n + 1) as in (17.5).
Since every x, belongs to Uan A(jHU Uj<n B(}), the sets A(j) and B(j) form
a partition of X. Leta := Y ,a(m)and b := )", b(n). By our assumption, there is
m such that (a + b, @.(a + b)) € Z;,. This implies E,,(a + b) %‘gd D.(a+Db),
hence Ey, (a + b)gam) %‘fifd @, (a(m)); contradiction.
Clause (2) follows from (1) and Lemma 17.5.3(3). |

17.8 Aacai, V: Coherent Families of Unitaries

In the present section we use OCAT to prove that every automorphism given by
a coherent family of unitaries is inner, completing the proof that OCAT implies
all automorphisms of 2(H) are inner (Theorem 17.8.5). In addition to the usual
suspects, this section relies on Sections 17.1, 9.5, and 9.7.

As in Section 17.1, we identify U(£+,) with TN, From this section we also import
the notation Aj(u, v) (see (17.3)), ~g (Definition 17.1.3), and .7 [E] (see (17.1))
for E € Party. This happens to be the cast of characters of Lemma 17.1.4, which
provides the motivation for the following definition (for a commutative analog, see
Exercise 9.10.31).

Definition 17.8.1 A family FF of pairs (E, x) for E € Party and x € T is a coherent
family of unitaries if {E : (E, x) € F for some x} is <*-cofinal in Party and u ~g v
whenever (E, u) and (F, v) belong to F and E <* F.

By Lemma 17.1.4, every coherent family of unitaries F defines a unique
automorphism @ = & of 2(H) such that the restriction of @ to .7 [E] agrees
with Adu for every pair (E, u) € F. In Theorem 17.1.12 we used a weakening of
the Continuum Hypothesis to construct an outer automorphism of the form @p; this
cannot happen under OCAT.

Theorem 17.8.2 If OCAT holds then the automorphism @ is inner for every
coherent family of unitaries IF.

Proof Fix d > 1 and define a partition [F]? = L& U L{ by {(E, u), (F, v)} € L if
(Lg). For some m, n, I := (E,, U E;; 1) N (F, U F, 1) satisfies Ay (u, v) > 274,

This is an open partition if IF is equipped with the subspace topology inherited from
Party x TN,

Claim All Lg-homogeneous subsets of [ are countable.

Proof Suppose otherwise and let 57 C F be Lg—homogeneous and uncountable.
Since OCAT implies b > 81 (Proposition 9.5.7) and Party is Tukey-equivalent to
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(NN, <*) (Theorem 9.7.8), there are (M, w) € I and an uncountable .74 C 7
such that E <* M for (E, u) € 4.

Therefore for each (E, u) € 5 there is i := i(E, u) such that for every j > i
there exists / which satisfies Ag,ug;,, (u, w) <279 Vand E;UE ;11 © M{UM; 4.
By replacing .7} with an uncountable subset, we may assume that neither i nor
k := min(E;) depend on the choice of (E, u) in 7.

Since T is separable and metrizable, by Lemma 6.6.5 there are w € T* and an
uncountable .73 C .74 such that |w; — v| < 279! forall/ < k and (F, v) € /4.
Since 77 is Lg—homogeneous, we can fix distinct (E, #) and (F, v) in /% and a
pair m, n such that I := (E,, U E;uy1) N (F, U Fy ) satisfies Ay(u, v) > 279,
By the proximity of w to both u [ k and v | k, we have min(m, n) > i, hence
1 € M; U M4 for some [. Therefore A;(u,v) < Aj(u, w) + A;(v, w) < 2-d.
contradiction. |

For X C Fwrite Xo := {E : (E, u) € X}. Since Party is o-directed, Lemma 9.5.2
implies that if X is <*-cofinal in Party and X is partitioned into countably many
pieces, then for one of these pieces, Y, the set Y is <*-cofinal in Party. By Claim
and OCAT, F can be covered by countably many L‘li—homogeneous sets. We can now
recursively choose F(d) € F ford > 1 so that [F(d)]* € L‘f, F(d) CFd+1),and
F(d)g is <*-cofinal in Party for all d.

By Lemma 9.7.9, for every d there are infinitely many k such that the set
\{En : E € F(d),n € N,k = min E,} is infinite. We can therefore recursively
choose an increasing sequence k(d), for d € N, such that for every d and [ > k(d)
there are (E(d, 1), u(d, 1)) € F(d) with E(d,1); 2 [k(d), I] for some j. Since T is
compact and metrizable, by going to a subsequence if necessary we can find u(d) in
TN such that lim; u(d, ) = u(d). Since Ap(-, -) is jointly continuous for a fixed F
and L‘f is closed, the L é—homogeneity of F(d) implies that if (F, v) € F(d) and m is
such that k(d) < min F,, then Af, uF,,,, (v, u(d)) < 27%. Since F(d) € F(d + 1),
we have

Alk(d+1).00) (u(d), ud + 1)) <277
By (6) of Lemma 17.1.5, for every d there exists Ay € T such that
SUP;= (a1 lu(d)i — Agu(d + 1);] <279

Let w(0) := u(0) and w(d) := [[;,_;Aju(d) ford > 1. Then for all d < d’
we have sup; ;) [w(d); — w(d);| < 274, By the second inequality in (6) of
Lemma 17.1.5, this implies Ak, 00)(w(d), w(d')) < 279%2.

Define w € TN by w; :=w(d); ifk(d) < j < k(d + 1), using k(—1) := 0. We
claim that w implements @. Fix d for a moment. Then

j<d

Ak(ay.o0) (W, w(d)) <2 sup |w;—w(d);| <2sup sup |w(d);—w(d);|<2792.
i>k(d) d'>d i>k(d)
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Using the triangle inequality for Af,uF,,.,, for (F,v) € F(d) and k(d) < min F},
we have

AFyUFy s (0, W) < AR, UF,,, (0, w(d) +27912 <5.27¢

and ||@p) — Adw| < 10- 274 The uniqueness of & implies OF = D(q) for all
d, and therefore ® = Ad w. O

Together with Corollary 17.1.13, Theorem 17.8.2 implies the following:

Corollary 17.8.3 The assertion “Every automorphism of 2(H) determined by
some coherent family of unitaries is inner” is independent from ZFC. O

Corollary 17.8.4 Assume OCAt. Then an automorphism ®@ of 2(H) is inner if
and only if the restriction of ® to Px[E] is implemented by a partial isometry for
some X and E such that sup,cx |E,| = oc.

Proof Only the converse implication requires a proof. By Lemma 17.5.1, the
restriction of @ to Z[F] is implemented by a partial isometry vy for every F € Party.
Since Z[F] is a unital C*-subalgebra of 2(H), vp is a Fredholm operator and
@1 := Ad(vg) o @ is an automorphism of Z(H). It will suffice to prove that @ is
inner. For every E, @ is implemented by a partial isometry ug on Z[E], because @
is. Moreover, the restriction of @1 to the atomic masa A diagonalized by (&;) is equal
to the identity. Equivalently, 7 (ug) belongs to A’ N 2(H) and by Theorem 12.3.2
we can choose ug in A. Therefore ug has Fredholm index 0, and we can choose
it to be a unitary. Since ®; = @ for F = {(E,ug) : E € Party}, OCAT and
Theorem 17.8.2 together imply that @ is inner. O

Theorem 17.8.5 Assume OCAr. Then every automorphism of 2(H) is inner.
Let us relax and let the whole proof flash before our eyes.

Proof Fix an automorphism @ of 2(H). For a moment fix d > 1. By OCAt
and Lemma 17.6.3, @ has a o-narrow 1/d-approximation on Dx[E] for some
E € Party and X such that lim, |E,| = co. By Lemma 17.7.2, there is an infinite
A(d) € X such that @ has a C-measurable 1/d-approximation on Da([E]. By
Lemma 17.5.3(3), @ has a C-measurable 1/d-approximation on D[E] for all d > 1.

By Lemma 17.4.5, @ has a continuous lifting on Dy[E] for some infinite Y. By
Proposition 17.5.4, this lifting can be chosen to be of product type so that its n-th
component &, is a unital 1/n-approximate *-homomorphism for every n and =, (1)
is orthogonal to =, (1) for all m # n. By Corollary 17.5.5, for every F € Party,
some *-homomorphism serves as a lifting of @ on Z[F]. By Proposition 17.5.7,
this restriction is implemented by a partial isometry for every F € Party. By OCAt
and Corollary 17.8.4, @ is inner. m]
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17.9 Exercises

Exercise 17.9.1 Find separable C*-subalgebras A C B of the Calkin algebra and
an injective unital *-homomorphism @: A — 2(H) that cannot be extended to an
injective unital *-homomorphism @: B — 2(H).

Exercise 17.9.2 Prove that for every separable C*-subalgebra A of 2(H) and
every automorphism @ of 2(H) constructed in Theorem 17.1.12, the restriction
of @ to A is implemented by a unitary in 2(H). Conclude that none of these
automorphisms sends the image of the unilateral shift to its adjoint.

Exercise 17.9.3 Suppose that A is a unital C*-algebra with an outer automorphism.
Prove that 2(A ® co(N)) has an outer automorphism.

Exercise 17.9.4 Suppose that A is a unital C*-algebra. Prove that 9 = R implies
that the corona of A ® ¢ (H) has 2™ automorphisms.

The following two exercises show that the result of Exercise 17.9.4 can be, to
some extent, improved.

Exercise 17.9.5 Suppose that A is a C*-algebra with an approximate unit consist-
ing of projections, r,,, for n € N. Suppose ? = Rj.

1. Suppose that for all m < n we have r,, A(1 — r,) # 0. Prove that the corona of
A has 28! automorphisms.

2. Suppose instead that for all m we have r,,, A(1 —r,;;) = {0}. Prove that the corona
of A has 2% automorphisms.

Exercise 17.9.6 Prove that there exists a separable C*-algebra with an approximate
unit g,,, for m € N, consisting of projections but with no approximate unit r,,, for
m € N that consists of projections and satisfies the assumptions of (1) or (2) from
Exercise 17.9.5.

The following exercise promised after Definition 17.3.3 is for the readers
sufficiently familiar with descriptive set theory and Shoenfield’s Absoluteness
Theorem (Theorem B.2.12).

Exercise 17.9.7 Fix separable, non-unital, C*-algebras A and B. Prove the follow-
ing.

1. For a given Borel-measurable map f: .# (A); — .# (B)», the assertion “f is a
lifting of a *-homomorphism between 2(A) and 2(B)” is Hi.

2. The assertion that there exists a topologically trivial isomorphism between 2(A)
and 2(B) is X é It is therefore absolute between transitive models of ZFC that
contain all countable ordinals.

Exercise 17.9.8 Show that Claim in the proof of Proposition 17.1.11 cannot be
extended to uncountable cofinalities: There exists a < *-increasing sequence E(),
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for « < Ry, in Party such that for every upper bound F of this sequence the map
X > (TFE(@e) (X) 1 a < Vp) is not surjective onto 1(i£1a G(E(x))."!

Exercise 17.9.9 Assume OCAT. Prove that every *-homomorphism between coro-
nas of the form [ [, .y M,(C)/ D, cx M»(C) can be lifted by a *-homomorphism
on [[,cy Mn(C)/ B,y Mn(C) for some infinite Y.!2

Exercise 17.9.10 Prove (in ZFC) that every topologically trivial automorphism of
the Calkin algebra is inner.

Exercise 17.9.11

1. Prove that the surjective endomorphism ¥ of ¢, /co defined in Example 17.6.2
has a o-narrow lifting, but not a continuous, or even a Baire-measurable, lifting.

2. Modify the definition of ¥ to obtain an injective endomorphism of €, /co with a
o-continuous lifting, but not a continuous lifting.

Exercise 17.9.12 Consider &?(N) as a group with respect to the symmetric differ-
ence; then Fin is a subgroup.

1. Prove (in ZFC) that & (N)/ Fin has 2¢ automorphisms.

2. Prove (in ZFC) that Z(N) and £ (N)/ Fin are isomorphic as groups.

3. Suppose that a group automorphism &?(N)/ Fin has a Baire-measurable lifting.
Prove that it has a continuous lifting.

Exercise 17.9.13 Prove that there exists small enough &€ > 0 such that for every
¢ < ¢ and every Borel-measurable e-representation ® : G — GL(A) of a compact
group G that satisfies sup, . [©(x)~!|| < 2 there exists a unitary representation
A: G — U(A) such that || A — @] < 3e.

Exercise 17.9.14 Use Exercise 17.9.9 and Exercise 16.8.27 to find infi-
nite subsets X and Y of N such that CH implies that the C*-algebras

[Tex Mn(C)) B,,ex Ma(C) and [],cy Mu(C)/ @, cy Mn(C) are isomorphic,
but OCAT implies that they are not.

Notes

Section 17.1: The first construction of an outer automorphism of the Calkin algebra
assuming the Continuum Hypothesis was given in [198] (Philips and Weaver
also constructed 2% outer automorphisms). This proof uses the full power of the
Continuum Hypothesis and the highly nontrivial machinery of K-homology and E-
theory in particular. Exercise 15.6.16 is an instance of some of these arguments

UITf this were not the case, it would then be possible to construct an outer automorphism of 2(H)
assuming ¢ < N, contradicting Theorem 17.8.5. There is, however, a direct proof.

I21f OCAr is boosted with Martin’s Axiom, then & can be lifted by a *-homomorphism [181].
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simple enough to have an “elementary” proof. Our elementary'? proof was adapted
from [81, §1] and [438].

The assumption ¢ < 28! used in Corollary 17.1.13 together with the equality
0 = R is known as the weak Continuum Hypothesis and it has surprisingly strong
consequences (subsumed in the “weak diamond”, see [55]). The weak Continuum
Hypothesis is not a consequence of the equality ® = 8. The models of ZFC in
which the former fails and the latter holds include the Laver model and both iterated
and product Sacks models (see [20]). It is not known whether the weak Continuum
Hypothesis is a necessary addition to @ = X in Corollary 17.1.13.

Constructions of automorphisms of quotient structures related to 2(H) using
the Continuum Hypothesis go at least as far back as W. Rudin’s construction of 281!
automorphisms of #(N)/ Fin [209].'# This is Corollary 16.7.3; see the introduction
to [198] for a discussion. This being the commutative version of the problem about
automorphisms of the Calkin algebra discussed in this section, it may be worth
noting that the two problems are different. It is relatively consistent with ZFC
that all automorphisms of £?(N)/ Fin are trivial while the Calkin algebra has 2%
outer automorphisms ([95, Corollary 2]). In this model the assumptions of Corol-
lary 17.1.13 hold, while all quotients of the form &?(N)/_# for an analytic ideal ¢
have only topologically trivial automorphisms. (An automorphism of & (N)/.# is
topologically trivial if it has a continuous lifting, where &?(N) is considered with the
Cantor set topology.) This result was refined in [113], where it was proved that in a
closely related model of ZFC (still satisfying the assumptions of Corollary 17.1.13)
all coronas of the form [ [, M,(C)/ P 7 M, (C) (see Section 16.7) for an analytic
ideal _# have only inner automorphisms. Exercise 17.9.9 is related to a weak form
of a result from [181].

Additional evidence that the two problems are unrelated comes from the fact that
if @ is an automorphism of 2(H) which sends the atomic masa A to itself, then the
restriction of @ to A is trivial. This can be proved using the main result of [11].

Section 17.2: It was Ulam who first asked under what conditions an approximate
homomorphism between metric groups can be uniformly approximated by a true
homomorphism. The relevance of Ulam-stability of approximate homomorphisms
in a given category to the existence of liftings of homomorphisms between quotients
was apparently first observed in [76] and [77]. The proof of Theorem 17.2.3
has been adapted from the proof of [37, Theorem 3.1]. A form of this “Newton
approximation” argument appeared as early as [138, Theorem 3.1] in the context
of Banach algebras as an application of an approximate diagonal. The analog of
Theorem 17.2.3 is true even when the target is a C*-algebra; this is the main result
of [182]. A weaker version appeared in [81, §5].

Section 17.3: It has been conjectured in [48, Conjecture 1.2] that the Continuum
Hypothesis implies that every corona of a separable and non-unital C*-algebra

13 As elementariness is in the eye of the beholder, I rephrase: Quite elementary, to a set theorist.

140r equivalently, using the Gelfand—Naimark and Stone dualities, an autohomeomorphism of
BN\ N or an automorphism of £, /cg.
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has 2% nontrivial automorphisms. Exercises 17.9.4 and 17.9.5 show that this is
true in the case of the coronas of some separable C*-algebras. This conjecture
has also been confirmed in [96] for A = Cp(R) and in [250] for A = Cyp(X)
for every noncompact, locally compact, metrizable manifold X. Another sweeping
conjecture, [48, Conjecture 1.3], asserts that sufficiently strong forcing axioms
imply that all automorphisms of every corona of a separable C*-algebra are
topologically trivial. In a reverse to the historical trend (the CH results have usually
been proved decades before the corresponding forcing axiom results), Vignati
confirmed this conjecture in [251]. In general, the “isometry trick” does not apply
and because of that OCAT often has to be replaced by a strengthening, OCA,
and supplemented with Martin’s Axiom. In [251], Vignati also proved that every
isomorphism between coronas of separable abelian C*-algebras is induced by a
homeomorphism between co-compact subsets of their spectra, thus confirming a
strong form of the abelian case of [48, Conjecture 1.3].

Analogous result for not necessarily abelian C*-algebras is still out of reach. It
would require (among other things) a proof of the Ulam-stability for approximate
*-homomorphisms between arbitrary C*-algebras.

The remaining parts of Sections 17.2—17.8 are based largely on [81], with a few
details borrowed from [181, 251], and [182]. Every corner has been cut, resulting
in a proof that may be over-optimized (cf. the intriguing discussion of Roman
aqueducts in [235, p. 223]). This result belongs to a long line of proofs of rigidity
statements, starting with Shelah’s groundbreaking proof that all automorphisms of
& (N)/ Fin are trivial [217]. See also [143, 247] (the partition used in Lemma 17.6.3
essentially comes from there), [76], and the references thereof.

While the assertion “Every automorphism of 2(H) determined by some coher-
ent family of untiaries is inner” is independent from ZFC, it is not known whether
the conclusion of Lemma 17.6.3 can be proved in ZFC.

Example 17.6.2 is essentially [76, Example 3.2.3]. A much more impressive
example of a highly nontrivial endomorphism of £4,/co (presented in the dual,
topological form) can be found in [62]. Example 17.3.5 is due to N.C. Phillips.
Exercise 17.9.1 appears in [198] where it was attributed to John McCarthy.
Exercises 17.9.9 and 17.9.14 are due to Ghasemi [113].



Appendix A
Axiomatic Set Theory

Nothing will come of nothing.
Shakespeare, King Lear

Standard sources include [165] (with its prequel, [164]), [133], and [216].

In the first-order logic quantification is allowed only over the elements of the
domain of discourse, and in the second-order logic quantification is allowed over
subsets, relations, and functions on the domain of discourse. The Zermelo—Fraenkel
Set theory with the Axiom of Choice (ZFC) is a theory of first-order logic in
language whose only non-logical symbol is binary relation symbol, €. Its models
are structures (M, E), where E is the interpretation of €. It is a distinguished partial
ordering on M. A model of ZFC satisfies every theorem of ZFC (and therefore all
of mathematics, as we presently know it). Since ZFC is a first-order theory, it is
consistent if and only if each of its finite subsets is consistent.!

A.1 The Axioms of ZFC

The first axiomatization of set theory was introduced by Zermelo in order to
formalize his proof that the Axiom of Choice is equivalent to the assertion that every
set can be well-ordered. The Axiom of Replacement has been added by Frankel
(see [148]).

!'After ZFC has been developed in a rudimentary language, it is used to properly define syntax,
semantics, and all of model theory (Section D.1). Only then one can consider ZFC as a formal
first-order theory. King Lear may not have been referring to this issue, but his statement stands
nonetheless.

© Springer Nature Switzerland AG 2019 455
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in Mathematics, https://doi.org/10.1007/978-3-030-27093-3
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We will use the logical connectives — (negation), A (and), V (or), — (implies),
< (if and only if), and quantifiers V (for all) and 3 (there exists). The axioms are
more conveniently stated using the following common abbreviations:

(A!'x)e(x) stands for “there exists a unique x that satisfies ¢(x)” (in symbols,
@) (@) A (Vy)(e(y) = x =),

(Vx € y)go stands for “every x in y satisfies ¢”, i.e., (Vx)(x € y — ¢), and

(3x € y)¢ stands for “some x € y satisfies ¢”, i.e., (Ax)(x € y A ¢).

Another common abbreviation is x C y, for (Vz)(z € x — z € y).

The universal closure of a formula ¢ is the sentence (Vxg)(Vxy)...(Vx,—1)¢,
where xq, ..., x,—1 is the list of all variables freely occurring in ¢. ZFC consists of
universal closures of the following axioms and axiom schemes.?

1. (Extensionality) (Vz)(z € x <> z€y) —> x = y.

2. (Foundation, or Regularity) (y)(y € x) > @y)(y e x AV)(z ¢ x vV z ¢ y).

3. (Comprehension Scheme) For every formula ¢ of the language of ZFC in which y
does not occur freely (Fy)(Vx)(x € y < (x € 2 A ¢p(X))).

4. (Pairing) (Az)(x e zAy € 2).

5. (Union) @y)(V2)(Vt)((t e zAz) €x >t € Y).

6. (Replacement Scheme) For every formula ¢ of the language of ZFC in which ¢
does not occur freely (Vy € x)(3!2)p(y,2) — @)Yy € x)(3Fz € H)p(y, 2).

7. (Infinity) 3x)(@ € x A (Vy € x)(y U {y} € x)).

. (Power Set) Ay)(V2)(z S x — z € y).

9. (The Axiom of Choice, AC) For every set x all of whose elements are nonempty
sets there exists a function f with domain x such that f(y) € y forall y € x.

o]

Translations of selected axioms of ZFC into the English language follow. “Formula”
stands for “first-order formula in the language of ZFC”.

10. Comprehension Scheme: Every subset of a set that is definable by a formula is
also a set.

11. Union: If x is a set, then there exists a set that includes | ] x, the union of all
elements of x.3

12. Replacement Scheme: If x is a set and a formula ¢ defines a function
f with domain x via f(y) = z if and only if ¢(y, z), then the image
olx] :={f(y) : y € x} exists.

13. Infinity: There exists a set whose elements are {0, 1,2, ...,n,n+1,...}.

14. Power Set: It literally states that for every set x there exists a set y that includes
the power set 22 (x) of x.*

15. AC: For every set x all of whose elements are nonempty sets there exists a
function f with domain x such that f(y) € y forall y € x.

2Each of (3) and (6) is not a single axiom, but a scheme that associates an axiom to every formula
of the language of set theory. It is known that ZFC is not finitely axiomatizable.

3By applying the Comprehension Scheme one proves that | J x exists.
4By applying the Comprehension Scheme one proves that Z(x) itself exists.



A.2 Well-Foundedness, Transfinite Induction, and Transfinite Recursion 457

By ZF we denote the axioms of ZFC without the Axiom of Choice. Since by Godel’s
theorem one cannot prove the consistency of ZFC within ZFC, metamathematical
considerations usually start from a “sufficiently large finite fragment of ZFC”. This
fragment depends on the context and it is denoted ZFC".

A proof of the following can be found in every introductory book on set theory
and most sufficiently old introductory functional analysis texts.

Theorem A.1.1 The following statements are provably equivalent in ZF?

1. The Axiom of Choice.

2. Zorn’s Lemma: If a partially ordered set P contains an upper bound for every
linearly ordered subset, then it has at least one maximal element.

3. Hausdorff’s maximality principle: If P is a partially ordered set, then every
linearly ordered subset of P is contained in a maximal (under the inclusion)
linearly ordered subset.

4. Tychonoff’s theorem: the product of compact topological spaces is compact.

5. The Cartesian product of any family of nonempty sets is nonempty. O

With the axioms of ZFC in place, one proceeds to define ordered pairs, Cartesian
products, functions, and all other mathematical objects, as sets. Using the axioms of
ZFC, one can then prove the existence of these objects. The details can be found in
any basic text on axiomatic set theory.

A.2 Well-Foundedness, Transfinite Induction, and
Transfinite Recursion

Let i be an element of j and let j be an element of ;.0
Anonymous (as shared by Alan Dow)

Suppose E is an ordering (i.e., a transitive, antisymmetric, and irreflexive binary
relation) and Y is a subset of its domain. Some a € Y is a minimal element
of Y if there is no b € Y such that bEa. An ordering on X is well-founded if
every nonempty subset of X has a minimal element. An ordering which is both
linear and well-founded is a well-ordering. The Axiom of Choice implies that E is
well-founded if and only if there is no infinite decreasing sequence of elements of
its domain. The Axiom of Foundation implies that € is well-founded. The utility
of well-foundedness is most obvious from the principles of transfinite induction
and transfinite recursion. We state only a weak variant of each one of them (see
Remark A.3.1).

5Notably, the justification of this theorem was Zermelo’s motivation for introducing axiomatic set
theory; see [185].
OThis is a set theorist’s way of saying “Let & < 07, only worse.
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Proposition A.2.1 (Transfinite Induction) If E is a well-founded relation on X,
@ (x) is a formula, and (Vx € X)(Vy Ex)p(y) — ¢(x), then (Vx € X)p(x). O

Every object in a model of ZFC is a set and any formula of the language of
ZFC can be evaluated at any set. An example of the effect of this flexibility on the
readability of formulas is (inadvertently) provided in the Definition by Transfinite
Recursion stated below. The formula ¢ occurring in it has two parameters. One of
them is “the function defined up to x” and the other is “the value of the function
at x”. By f | X we denote the restriction of a function f to a subset X of its domain.

Proposition A.2.2 (Definition by Transfinite Recursion) Suppose E is a well-
founded relation on a set X, ¢(x,y) is a formula, and for every x there exists a
unique y such that ¢(x, y) holds. Then there exists a unique function f: X — Z for
some set Z, such that o(f | {y € X : yEx}, f(x)) holds for all x € X. O

Some applications of this theorem are the Mostowski Collapsing Theorem
(Theorem A.6.2) and the definition of the rank of a well-founded tree (Propo-
sition B.2.8). Both Propositions A.2.1 and A.2.2 are theorems of ZF. All of the
recursive constructions presented in this book rely on the following variant of the
latter. Its proof requires the Axiom of Choice.

Proposition A.2.3 Suppose E is a well-founded relation on a set X, ¢(x,y) is a
formula, and for every x there exists y such that ¢(x, y) holds. Then there exists a
function f: X — Z, for some set Z, such that o(f | {y € X : yEx}, f(x)) holds
forall x € X. O

If the set {y : (Ix)ep(x, y)} as in Proposition A.2.3 is equipped with a well-
ordering <, then ¢'(x,y) := ¢(x,y) A ((V2)o(x,z) — y < z) satisfies the
assumptions of Proposition A.2.2, and the particular instance of this proposition
does not require the Axiom of Choice.

A.3 Transitive Sets: Ordinals

For a set X define |JX = {z : 3y € X)z € y}.” (Some authors use
Uyex v instead.) A set X is transitive if every element of X is a subset of
X. Every set X has the transitive closure: the smallest transitive set Y that
includes X. For n > 1 define the operation | J* by recursion on n as follows:
U'X := UXand [J"™' X := (J(U" X) for n > 1. The transitive closure of X
is equal to |,y U" X.

An ordinal is a set which is both transitive and linearly ordered by €. The
examples include @, {@}, {#, {#}},. .. The class of all ordinals is denoted OR. (There

TThis makes sense only if X is a set of sets, but in this appendix every object is a set and therefore
every object is a set of sets.
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is no consensus; some authors use ORD, some authors use ON.) If o and 8 are
ordinals, then so is « N B. The Extensionality axiom implies that for all ordinals we
havea N B =a ora NP = B. Therefore v € B, B € o, or « = B. Since « and B
were arbitrary, OR is linearly ordered by €. For ordinals o and 8 one usually writes
a < Binplace of @ € B, and we have @ = {8 : B < «, B € OR]} for every « € OR.
The successor function S is defined on OR by S(«) := « U {e}. If « € OR, then
S(a) € OR is the least ordinal greater than «; it is often denoted o + 1.

The intersection of all sets satisfying the Axiom of Infinity is an ordinal. It is the
least infinite ordinal, denoted w. The ordering (w, €) is isomorphic to (N, <) and
the set N is interpreted in ZFC as the set of all finite ordinals. An ordinal « is a
successor ordinal if « = B + 1 for some ordinal S. It is otherwise a limit ordinal.
Two ordinals are equal if and only if they are order-isomorphic. Hence for every
well-ordering (X, <) there exists a unique ordinal « isomorphic to it; this is the
order type of (X, <), denoted otp(X, <). In particular,

w = otp(N, <).

The sum of two ordinals is @ + f := otp({0} x « U {1} x B), where the set on the
right-hand side is taken with the lexicographical ordering. Similarly, the product of
two ordinals is « - B := otp(a x B), the Cartesian product being taken with the
lexicographical ordering. Hence 2 -w = w + wbutw - 2 = w.

Remark A.3.1 Since o < S(), there is no largest ordinal and OR is not a set but a
proper class.® 1t is, however, set-like: for every o € OR the class {8 € OR : 8 < «}
is a set. The analogs of Propositions A.2.1 and A.2.2 hold for set-like classes.

A.4 Cardinals: Cardinal Arithmetic

Twenty-four is the highest number.
Bob Odenkirk, Mr. Show with Bob and David, episode 7

Two sets X and Y are equinumerous if there exists a bijection between them.
Therefore X is equinumerous with a subset of Y if and only if there exists an
injection from X into Y. This easily implies that there exists a surjection from Y
onto X.’

8ZFC does not handle proper classes well. There are alternative axiomatizations of set theory which
do allow proper classes as parameters in formulas. Every one of these theories has other issues, and
we stick with ZFC. See, e.g., [165].

9The Axiom of Choice implies the converse that if there exists a surjection from Y onto X then
there exists an injection from Y to X. However, in the context in which the Axiom of Choice does
not hold this breaks down. Quotient maps associated with Borel equivalence relations rarely have
Borel selectors (see however Theorem B.2.13), and taking quotients in general leads to an increase
in complexity (see Notes to Section 3.10).
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The Axiom of Choice is not needed in the proof of the following fundamental
result. The cardinality of X is not greater than the cardinality of Y (]X| < |Y]) if X
is equinumerous with a subset of Y. Equinumerosity is the symmetrization of this
relation.

Theorem A.4.1 (Schoder—Bernstein) There is a bijection between X and Y if and
only if there is an injection from X into Y and an injection from Y into X. O

The Axiom of Choice implies that every set can be well-ordered, and is therefore
equinumerous to an ordinal. The least such ordinal, called the cardinality of X, is
denoted |X|. An ordinal is a cardinal if it is not equinumerous to any smaller ordinal.
By Theorem 8.1.2 and the Axiom of Choice, there is no largest cardinal. Since the
supremum of any set of cardinals is, by Replacement, a cardinal, the class CARD of
all cardinals is not a set. (It can also be proved that CARD is cofinal in OR without
using the Axiom of Choice.)

The smallest cardinality of a cofinal subset of « is its cofinality, denoted cof(w).
A cardinal « is regular if cof(k) = k and singular otherwise. The successor of a
cardinal « is the least cardinal greater than «, denoted « . A cardinal « is limit if it
is not a successor and a strong limit if 2* < « for all cardinals A < k.

Cardinals R, for « € OR are defined by transfinite recursion on OR: 8¢ := |N]|
and Rg 1= sup, _g R} for B > 0. Some authors distinguish between the cardinal X,
and the corresponding ordinal w,, and write e.g., |X| = R, (cardinality) and x,,, for
o < wqy (order-type). Other authors use wy to denote the cardinal X, . Due to several
factors (such as the shortage of fonts, w already being overused in operator algebras,
and my personal bias), I will use 8, to denote both cardinals and ordinals, with one
exception. The symbol w is used to denote the least infinite ordinal in situations in
which any other symbol would look awkward. (Needless to say, I reserve the right
to decide what is awkward-looking in a given context.)

The Axiom of Choice implies that every successor cardinal is regular.!” The
least limit cardinal greater than 8¢ is X, = sup, _, N,. Since cof(¥,) = cof(x)
if @ is a limit ordinal, cof(R,) = w. A regular limit cardinal, if there is one,
is called weakly inaccessible. The limit cardinals are “typically” singular.!! The
Replacement Scheme implies that there exist arbitrarily large strong limit cardinals.
A cardinal « is strongly inaccessible if it is a regular, strong limit, cardinal.

Definition A.4.2 (Cardinal Arithmetic) The sum of two cardinals k + A is defined
to be |k x {0} U A x {1}]. It is equal to the cardinality of the disjoint union of any
two sets whose cardinalities are « and A. The product of two cardinals « and A is
defined to be |« x A|. The power «* is defined to be |{f : f: A — «}|. In particular
2¢ = | P(k)|. We write ¢ := 250,

101y L(R), the most important model of ZF in which the Axiom of Choice fails, the standard large
cardinal assumptions imply that X, is singular for 3 < n < w (see [148, §28]).

'There is no proof in ZFC that regular limit cardinals exist; see the discussion following
Theorem A.5.2.
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Cantor’s Continuum Hypothesis (CH) asserts that ¢ = 8; (Section 8.1).
The Generalized Continuum Hypothesis (GCH) asserts that 2¢ = « for every
cardinal «.

Theorem A.4.3 Suppose that 2 < «k and A is infinite.
1. k + X =« -2 =max(k, A).

2. A<N0 =,
3. Ifk < 2* then i* = 2*,
4. (Konig’s Theorem) If 2 < k, then A < cof (k). O

At a deeper level it may appear that almost every nontrivial statement of cardinal
arithmetic is independent from ZFC (see [165, Corollary IV.7.18]). At an even
deeper level, a beautiful theory of cardinal arithmetics provable in ZFC emerges (see
[219] and [1]).

A.5 The Cumulative Hierarchy and the Constructible
Hierarchy

Von Neumann’s cumulative hierarchy is defined by transfinite recursion on ordinals.
The sets V,, for « € OR, are defined recursively as follows:
Vo := 9, Voq1 1= P (V,), and Vg := Ua<ﬁ Vy if B is a limit ordinal.

Example A.5.1

1. The standard definitions of Z and Q as quotients of N2 show that N, Z, Q belong
to Vw+1.

2. As the set of Dedekind cuts in Q, R belongs to V15 and C is in V3. Most of
mathematics can be interpreted within V,,, for a large enough n.

3. By using codes defined in Section 7.1.2, every metric structure of density
character « has an isomorphic copy in V,3. Therefore the theory of C*-algebras
of density at most k can be developed in V., for a large enough n.!?

The Axiom of Foundation implies that every set belongs to V,, for some «. No
mathematical application of this axiom is known and it is unlikely that there will
ever be one. This is because the restriction of € to V is well-founded by definition
and every concrete mathematical object can be constructed within V' (or at least as
a subclass of V, like for example in the case of categories). Metamathematically,
pinning down every set to some V, comes very handy. If x € V, then the rank of
x is the minimal « such that x € V. One can therefore apply transfinite induction
and transfinite recursion to the € relation. The sets V,, are the rank-initial segments
of the universe.

12This should not be interpreted as saying that there is no reason to study higher realms of von
Neumann’s hierarchy, see page xv.
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Within any model of ZF one constructs Godel’s constructible universe, L. The
hierarchy L, for @ € OR, is a pared-down analog of von Neumann’s hierarchy.
Godel’s L is the smallest (under the inclusion) transitive model of ZF containing all
ordinals.

Theorem A.5.2 (Godel) The constructible universe L satisfies the following:

1. The Axiom of Choice.

2. The Generalized Continuum Hypothesis.

3. (Jensen) < for every uncountable regular cardinal k.

4. There exists a projective,'> and even A;, well-ordering of the reals. O

Every cardinal remains a cardinal in L, and every weakly inaccessible cardinal
is strongly inaccessible in L. For a strongly inaccessible « both V, and L, are
models of all axioms of ZFC (and L, is also a model of V = L). Therefore
Godel’s Incompleteness Theorem implies that the existence of strongly inaccessible
cardinals cannot be proved within ZFC either.'* Every weakly inaccessible cardinal
is strongly inaccessible in the constructible universe, and therefore the existence of
weakly inaccessible cardinals cannot be proved in ZFC. Inaccessible cardinals are
at the bottom of the large cardinal hierarchy (also known as the hierarchy of strong
axioms of infinity); see, e.g., [148].

A.6 Transitive Models of ZFC”

All models are wrong; some models are useful.'>
George E. P. Box

A structure (M, €) is a transitive model if its domain is a transitive set and E
coincides with €. We shall be interested in transitive models of ZFC and its large
enough finite fragments. Given ¢, 9™ denotes the relativization of ¢ to M, obtained
by relativizing all quantifiers occurring in ¢ to M (one can think of ¢ as the
interpretation of ¢ in model M, as defined in Section D.1). As pointed out in
Section A.l1 “a sufficiently large finite fragment of ZFC” is commonly denoted
ZFC".

ZFC is sufficiently strong to prove the existence of a model of any of its finite
fragments. The following is proved by a closing-off argument similar to that in the
proof of the Lowenheim—Skolem Theorem formalized within ZFC.

13The family of projective subsets of R” is the smallest family containing all Borel sets that is
closed under continuous images and complements.

14Unless ZFC is inconsistent. But in the unlikely case that ZFC was inconsistent, this would hardly
be the only book that required a complete rewrite.

I5Whether the first part of Box’s aphorism applies to models of ZFC™ is besides the point. These
models are useful regardless of whether they are right or wrong, or whether the question of their
correctness is meaningful at all.
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Theorem A.6.1 (Reflection) If ¢ is a formula (possibly with parameters) of ZFC,
then there exists an ordinal o such that " < ¢"«. We say that ¢ reflects to V,. For
a fixed ¢ the class of all a such that ¢ reflects to Vy is a closed proper class. O

Theorem A.6.2 (Mostowski’s Collapsing Theorem) Suppose (M, E) is a well-
founded model of a sufficiently large fragment of ZFC. Then (M, E) is isomorphic
to a unique transitive model.

Proof Since E is well-founded, the collapsing function w(x) = {7 (y) : yEx}
on M is well-defined by Proposition A.2.2. Since E is extensional, m is an
isomorphism. The facts that X := m[M] is transitive and that  is an isomorphism
are proved by transfinite induction (Proposition A.2.1). O

A.7 The Structure H,

All of mathematics as we know it can be interpreted within ZFC. One of the
consequences of this overarching assertion is the fact that the directed and o-
complete poset (Definition 6.2.3) of countable elementary submodels of a large
enough model of ZFC" ordered by inclusion is, in a certain sense, universal. All
we need is a model of a large enough fragment of ZFC, like ones ZFC provided by
the following definition.

Definition A.7.1 If « is a cardinal, then H, is the set of all sets X whose transitive
closure (Section A.3) has cardinality smaller than «.

Example A.7.2

1. The set of all hereditarily finite sets is Hy,. The structure (Hy,, €) satisfies all
the axioms of ZFC except the axiom of infinity. The elements of Hy, can be
recursively identified with the natural numbers (Exercise [165, 1.14.14]), and the
study of Hy, is the subject of number theory.

2. The set of all hereditarily countable sets is Hy,. Every countable structure in a
fixed countable language has an isomorphic copy in Hy,.

3. The Lowenheim—Skolem and Mostowski Collapsing Theorems together imply
that for every « there exists a hereditarily countable and transitive set M such
that (M, €) is elementarily equivalent to (V,, €). Therefore all large cardinal
axioms expressible in V. reflect to Hy,. This has far-reaching consequences to
the structure of definable sets of real numbers [148].

4. Every separable metric structure in a fixed countable language can be identified
with an element of H.+ and much of contemporary mathematics takes place
in H.+ (but see page xv).

If k is an uncountable cardinal, the structure H, considered with respect to the
membership relation € is a model of a significant fragment of ZFC (see Section A.1
and Exercise 6.7.21).
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Example A.7.3 Suppose k is an infinite cardinal.

1.
2.

Since each ordinal is transitive, « is the least ordinal that does not belong to H,.
By the Axiom of Choice and (1), every structure (discrete or metric) of
cardinality « in a language of cardinality « has an isomorphic copy in H,+.

. Suppose in addition that A¥0 < « for all cardinals A < «. Then the small category

of metric structures in a fixed countable language of density character strictly
smaller than « belongs to H,.+. Since the cardinality of a complete metric space
of density character A is at most A%, this is a consequence of (2).

. If « is an inaccessible cardinal, then V., = H,. Also, both {V,} and {H,} are

increasing families of sets indexed by all cardinals, continuous under limits,
whose union is a proper class including all of the universe.'® Any two such
hierarchies have to agree for a closed proper class of ordinals by an analog of
Proposition 6.2.9).

See Exercise 6.7.22.

16The last bit is a consequence of the Axiom of Regularity.



Appendix B
Descriptive Set Theory

I always thought that the descriptive set theory was this thing about counting quantifiers,
but then Boban [Veli¢kovié] told me ‘No, descriptive set theory is group theory!”!
Simon Thomas

The standard references include [151] and [111].

Definition B.0.1 A topological space is Polish if it is separable and completely
metrizable. If considering a space which carries more than one natural topology is
given, we may talk about Polish topology on this space. Descriptive Set Theory is
the study of definable subsets of Polish spaces.

B.1 Trees

In order to remove the “noise” not relevant to set-theoretic considerations of Polish
spaces, one considers trees and spaces of their branches (see Remark B.1.6).

A poset (T, <7) is a tree if the set of predecessors (-, t]<; == {s € T : 5 <7 ¢}
of t € T is well-ordered by <7. The elements of a tree are called nodes. A node is
terminal if it has no successors in T.

Suppose Z is a set. By Z<N and ZN we denote sets of all finite (infinite,
respectively) sequences of elements of Z (Z<N is sometimes denoted Z<® or
Seq(Z), and ZN is sometimes denoted Z%). Notation Z=N is used for the union of
these two sets whenever convenient. We have Z<N = [ J, y Z" with the convention
that Z° has exactly one element, the empty sequence (). The length of a sequence s,
denoted 1h(s), is n such that s € Z" orco if s € Z¥. For s € Z<N and 1 € Z=N we
write s C ¢ (or ¢ 2 ) if s is an initial segment of ¢ and say that ¢ is an end-extension
of s, and that s is an initial segment of t. 1t € Z<N and n < 1h(¢) orif r € ZN, then

f this does not seem to make sense, see, e.g., [237].
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t | n denotes the unique initial segment of ¢ of length n. A subset T of Z<N is a tree
on Z if the set of all initial segments of each of its nodes is included in T. If T is a
tree on Z, then an x € ZN is a branch of Tif x [ n € T for all n € N. The set of all
branches of T is denoted [T].

An immediate successor of s € T is t O s such that lh(z) = lh(s) + 1. A tree T
is finitely branching if the set of immediate successors of every s € T is finite.

Theorem B.1.1 (Konig’s Lemma) If T is a finitely branching infinite tree, then it
has an infinite branch. O

Definition B.1.2 For x and y in ZN let A(x, y) :==max{n e N:x [ n =y | n}.

Thend(x, y) := A(+y)+l defines a metric on ZN. If s € Z", then

[s]::{erN:sI;x}

is the clopen 1/(n 4 1)-ball centred at any of its elements. If s € Z" and z € Z, then
s7"zist € Z" ! such that 1 (j) = s(j) if j < n and t(n) = z.

The space Z is a complete metric space, and it is compact if and only if Z is
finite. The two most important examples of spaces of the form ZV follow.

Example B.1.3 (The Cantor Space) By mapping x C N to its characteristic
function x, € {0, 1}Y (xx(n) = 1ifn € x and x,(n) = 0if n ¢ x) we obtain
a bijection between & (N) and {0, 1N, This equips Z(N) with compact metric.
Also, the map {0, N s x - > <. 37" € [0, 1] is a homeomorphism between
{0, 1}V and Cantor’s ternary set.

nex

Example B.1.4 (The Baire Space) Consider N with the discrete topology. Then NN
considered with respect to the product topology is the Baire space. Some authors
use .4 to denote the Baire space. The Baire space is homeomorphic to the space
of the irrationals, via identifying x € [0, 1] \ Q with the infinite sequence n, for

J € N, corresponding to the continued fraction x = ng + 1 — [151].
ny+...

Theorem B.1.5 Suppose that X is a zero-dimensional Polish space without isolated
points. If X is compact, then it is homeomorphic to the Cantor space. If every
compact subset of X is countable, then X is homeomorphic to the Baire space. O

Remark B.1.6 A customary (and innocuous, see Theorem B.2.4) practice in set
theory is to refer to Z(N), NN, R, or any other uncountable Polish space as “the
reals”.

B.2 Polish Spaces

Many familiar topological spaces are Polish.
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1. A metric space is compact if and only if it is totally bounded and complete.
Therefore every compact metric space is separable, and in particular Polish.

2. All of the spaces R,C, T :={z € C: |z] =1},D:={z € C: |z| < 1} are
Polish.

3. Every separable C*-algebra A is Polish. Therefore any closed ball in A, and any
norm-closed subset of A or A, such as Z(A), % (A), or %/(A), is Polish.

4. If H is a Hilbert space, then the unit ball Z(H)<; is WOT-compact. It is
metrizable, and therefore Polish, if H is separable.

5. More generally, if M is a von Neumann algebra with separable predual M., then
its unit ball is, by the Banach—Alaoglu Theorem, compact and metrizable in the
weak*-topology obtained by identifying M with the dual space of M,.

6. If K is a compact metrizable space, then the space Exp(K) of closed subsets
of K with respect to the Vieforis (also known as the exponential) topology is
compact and metrizable. Given a compatible metric d on K, the Hausdorff
distance dy(X,Y) = max(sup,cg infyer d(a, b), sup,; infaek d(a, b)) is a
metric on Exp(K) compatible with the Vietoris topology.

The following theorem dates back to the times when set theory and functional
analysis were one subject (see also Sections C.2 and 8.5).

Theorem B.2.1 (Baire Category Theorem) Assume (X, d) is a complete metric
space or a compact Hausdorff space. An intersection of a countable family of dense
open subsets of X is dense in X. O

A subset of a topological space is meagre (or of the first category) if it can
be covered by countably many nowhere dense sets. The Baire Category Theorem
asserts that if X is a complete metric space or a compact Hausdorff space then X is
not meagre in itself.

Definition B.2.2 A subset of a topological space X is Borel if it belongs to the
o-algebra generated by the open subsets of X. A subset of X is G if it is an
intersection of a countable sequence of open sets. It is F, if it is a union of a
countable sequence of closed sets. A subset of X is Fys if it is the union of a
countable sequence of G sets, G, if it is the intersection of a countable sequence
of F, sets, and so on.

While this old-fashioned terminology works just fine in handling the finite-level
Borel sets, one clearly needs a better notation to handle pointclasses of higher
complexity. The recursive definition of ¥ 2 and IT 2 pointclasses for all @ < N
can be found in [151]; we need not go that far.

A function f between Polish spaces is called Borel-measurable (or Borel) if the
preimage of every Borel set is Borel. It is a Borel isomorphism if f is a bijection
such that both the f and f~! are Borel.

Lemma B.2.3 Suppose A is Borel set in a Polish space X.

1. Then A is countable or it contains a homeomorphic copy of the Cantor space.
2. There is a Borel injection from A into the Cantor space.
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Proof There is nothing new to say about the proof (1) but here is an elegant proof
of (2) due to Jenna Zomback.?

Let Uy, for n € N, be an enumeration of the basis for X. Define f(x) € Z(N)
by f(x)(n) = 1if x € U, and f(x)(n) = 0 otherwise. |

Lemma B.2.3 and the Borel variant of Theorem A.4.1 imply the following:

Theorem B.2.4 (Kuratowski) Every two uncountable Polish spaces is Borel-
isomorphic. O

Proposition B.2.5 A subset of a Polish space is Polish in the relative topology if
and only ifit is Gs. O

Together with the relevant bit of Theorem B. 1.5, this implies the following:

Corollary B.2.6 If X is a Polish space without isolated points, then it has a
dense Gs subset homeomorphic to the Baire space. O

At this point it will be convenient to turn all trees upside down—the trees in
descriptive set theory are commonly visualized as growing downwards.

Definition B.2.7 A tree T is well-founded if it has no infinite branches. Thus T is
well-founded if and only if the poset (T, >T) is well-founded. A tree with an infinite
branch is said to be ill-founded.

If X € ZN, then Ty := {x T n:x € X,n € N}, the set of all initial segments
of elements of X is a tree. It is equal to Z<N if and only if X is dense in ZN. In
general, the set [Tx] is equal to the topological closure of X. Since Ty) = T, the
map T — [T] is a bijection between trees on Z<N and closed subsets of ZN.

Proposition B.2.8 A tree T is well-founded if and only if there is a function
o1: T — |T|T such that t <1 s implies p1(t) > p7(s) for all s and t.

Proof Suppose p1: T — ORis such that s <7 ¢ implies p7(s) > p7(¢). If T has an
infinite branch b, then p1(b | n), for n € N, is be an infinite decreasing sequence of
ordinals; contradiction. If T is well-founded, then p7(s) := sup{o7(?) + 1 : 5 <71}
defines a function from T into OR by Proposition A.2.2. By induction on s € T one
proves | p1(s)| < |T| and therefore pt[T] < |T|™. O

The function p7 defined in the proof of Proposition B.2.8 is the rank function
on T. If T is well-founded, then the range of pt is an ordinal, called the rank of T.
For every ordinal « the tree of all finite decreasing sequences of ordinals less than
« has rank « and cardinality |o]|.

2I am grateful to Anush Tserunyan for communicating this proof and to Jenna Zomback for her
kind permission to include it.
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B.2.1 Analytic Sets and the Property of Baire

Suppose X is a Polish space. A subset of X is analytic if it is the range of a
continuous function f: NN — X and coanalytic if it is a complement of an analytic
set.

The projection of atree T on Z x N, p[T], is defined as

pTli=xeZV:@Fr eNYVn)(x I n, f | n) eT).

Theorem B.2.9 A subset of ZV is analytic if and only if it is equal to the projection
of some tree T on Z x N. O

A subset A of a Polish space X has the Property of Baire if there exists an open
U C & suchthat AAU is meagre. Subsets of X that have the property of Baire form
a o -algebra that includes all analytic sets, and therefore all C-measurable functions
have the Property of Baire. A function between Polish spaces is Baire-measurable
if it is measurable with respect to this o -algebra.

Proposition B.2.10 A function f: X — Y between Polish spaces is Baire-
measurable if and only if there exists a dense G5 subset of X such that the restriction
of f to X is continuous. O

In the following Proposition, ZFC™ stands for “a fragment of ZFC large enough
to imply Proposition B.2.8”.

Proposition B.2.11 Suppose M is a transitive model of a large enough fragment
of ZFC, Z is a countable set, and T is a tree on Z x N that belongs to M. Then
pITIM = p[T]1 N M. In other words, for every x € ZNN' M, (x € p[TDM if and
only if x € p[T].

Proof Suppose that x € ZN N M. If (x € p[TDM, then there exists f € NN M
such that (x [ n, f | n) € T for all n, and therefore x € p[T]. Conversely, if
(x ¢ p[TDM, then the tree

Te={t:(x|t],1) € T}

is well-founded. This tree belongs to M, and by applying Proposition B.2.8 within
M we conclude that there exists a function p7: T — |T|* in M such that s <7t
implies p1(s) > p7(¢) for all s and ¢ in T,.. This function witnesses that T is well-
founded, and therefore x ¢ p[T]. ]

Proposition B.2.11 implies that M correctly computes every analytic set “coded”
in M. In order to properly formulate a question that begs itself, we introduce some
terminology.

The projective hierarchy X ,11, n J, for n > 1, of subsets of any Polish space is
defined by recursion. A set is Z'} if it is analytic. For n > 1, a set is H,ll if it is
a complement of a X set. A setis ¥ rll 41 if it is a continuous image of a IT I set.
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A statement is ¥ ,11 if it asserts that some ¥ ,ll set is nonempty. Every X ,ll statement
depends on a parameter, a tree T on Z x N”. The space of all trees on a countable
set is a closed subset of the power set of this set, and therefore a compact metric
space. Proposition B.2.11 implies that every transitive model M of a sufficiently
large fragment of ZFC is correct about every X % statement with parameters in M.
This is the X %-absoluteness Theorem.

Every IT } subset of ZN for a countable set Z is the projection of a tree T on
Z x Ry, called the Shoenfield tree. Using the argument of Proposition B.2.11, this
implies the following (see, e.g., [148, Theorem 13.15]).

Theorem B.2.12 (Shoenfield’s Absoluteness Theorem) Every transitive model
of a large enough fragment of ZFC that contains all countable ordinals is correct
about all ¥ ; statements with parameters in M. O

One consequence of this theorem is that ¥ é statements are immune to the
standard methods for proving independence from ZFC. One instance of this
phenomenon, the absoluteness of trivial automorphisms of coronas of separable C*-
algebras, has already been discussed in Notes to Chapter 17. Many famous open
problems in operator algebras, such as the free group factor isomorphism problem
and the Connes Embedding Problem, are subject to this theorem. This does not
mean that the answers to these problems cannot be independent from ZFC, but it
means that if they are independent then proving their independence would require
novel methods.

This is not the end of the story. Given the right assumptions, it is possible to
present X % sets, and even X ’11 sets for all n, as projections of a tree on Z x « for
some k and obtain analogous absoluteness result; see, e.g., [148]. More substantial
large cardinal assumptions imply that the pointclass of subsets of Polish spaces that
can be represented as projections of trees in a manner that implies absoluteness
between sufficiently closed countable transitive models of ZFC forms a o -algebra
closed under the continuous images of its elements (see [101]).

B.2.2 Uniformization

For A C X x Y we write wx[A] := {x : 3y)(x,y) € A}. A uniformization of
A C X x Y is a function f: wx[A] — X whose graph is included in A. While
a uniformization can be found using the Axiom of Choice, not every Borel subset
of a product of Polish spaces can be uniformized by a Borel function. A function
between Polish spaces is C-measurable if the preimage of every open set belongs to
the o -algebra generated by analytic sets. (Some authors call such functions o (¥ {)-
measurable.) Since analytic sets are universally measurable, C-measurable functions
share many regularity properties of Borel functions. In particular, they are Baire-
measurable.
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Theorem B.2.13 (Jankov, von Neumann) [f X andY are Polish spaces, then every
analytic A € X x Y can be uniformized by a C-measurable function. ]

The following is not a uniformization theorem, but it will be used in Section 17.7
in conjunction with Theorem B.2.13. It is proved as [151, Theorem 29.22].

Theorem B.2.14 (Novikov) If X and Y are Polish spaces and A € X x Y is
analytic, then the set {x € X : A, is nonmeagre} is analytic. |



Appendix C
Functional Analysis

The standard texts include [194, 210, 267], and [10]. More information on specific
topics can be found in [16, 227] and [226].

C.1 Topological Vector Spaces

A vector space X over a field K (where K is R or C, with the standard Polish
topology) is a topological vector space if it is equipped with a Hausdorff topology
such that both vector addition and scalar multiplication are jointly continuous.

If X is a topological vector space and Y C X, then the closed linear span of Y,
denoted span(Y), is the closure of the set of all linear combinations of elements of
Y. Every subset of X of the form span(Y) is a closed linear subspace, and Y is a
closed linear subspace if and only if Y = span(Y).

Morphisms in the category of topological vector spaces are continuous linear
maps. A linear map between topological vector spaces is continuous if and only if
it is continuous at 0.

A seminorm on a vector space X is a function || - ||: X — [0, co) such that
llxll = 0, [lx + yll < llxll 4+ llyll, and |lsx|| = |s|llx]|| for all x, y in X and every
scalar s. It is a norm if ||x|| = O implies x = 0.

A normed space (X, || - ||) is a metrizable topological vector space, with respect
to the metric d(x, y) = ||lx — y||.

The n-ball of a normed space X is X<, := {x € X : ||x|| < n}. The 1-ball is
called the unit ball. A subset A of a topological vector space X is bounded if for
every open neighbourhood U of 0 there is n such that nU O A (where nU stands
for {nx : x € U}). Therefore a subset of a normed space is bounded if and only
if it is included in the n-ball for a large enough n. An m-dimensional topological
vector space is linearly homeomorphic to K. Therefore the closed n-ball of a finite-
dimensional normed space is compact by the Heine—Borel theorem.
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Proposition C.1.1 (Riesz Lemma) If X is a normed space and Y is a proper

closed subspace of X, then for every ¢ > O there exists x € X such that || x| = 1
and dist(x,Y) > 1 —e. m]
Definition C.1.2 Banach space is a complete normed vector space (X, || - |).

A linear space is a pre-Hilbert space if it is equipped with the inner product (-|-)
which is sesquilinear, i.e., linear in the first coordinate and conjugate linear in the
second. A norm on a pre-Hilbert space is defined by ||€ |2 := (£]&)!/2. A pre-Hilbert
space is a Hilbert space if it is complete.

Example C.1.3 The space £2(N) := {a@ € Loo(N) : >, |an|2 < oo} is a Hilbert

space with respect to the inner product (a|b) := > anb,.

A family of vectors &;, for j € J in a Hilbert space is orthonormal if
(&il€j) = &;j (where §;; = 0ifi # j and §;; = 1). It is an orthonormal basis if
H = span{§; : j € J}. By the (transfinite) Gram—Schmidt orthogonalization
process, every Hilbert space has an orthonormal basis (or shortly, basis).

Since the rational linear combinations of vectors in an orthonormal basis are
dense in H, H has a basis of an infinite cardinality « if and only if its density
character is x. Such « is also called the dimension of H. (The Hilbert space is
quite exceptional: there are Banach spaces, even separable Banach spaces, without
a basis.) The dimension of a finite-dimensional Hilbert space is the cardinality of
any orthonormal basis of H. Two Hilbert spaces of the same dimension (and over
the same scalar field) are isometrically isomorphic. In particular, up to isomorphism
there is only one complex, separable, infinite-dimensional Hilbert space. (For most
practical purposes, this is the Hilbert space.)

Example C.1.4

1. The space £~ (N) of all bounded sequences in C with respect to the supremum
norm, ||a|l« := sup, |a(n)| is a Banach space.
2. The space co(N) := {a € looc(N) : lim, |a,| = 0} is a closed subspace of £, (N),
and therefore a Banach space with respect to || - || co-
. The space coo(N) := {a € loo(N) : (V*°n)a, = 0} is norm-dense in co(N).
4. The space £1(N) :={a € £oo(N) : >, |an| < 0o} is norm-dense in co(N). It is a
Banach space with respect to the norm ||all{ := ), |ax|.

(O8]

Given an arbitrary index set J, the spaces coo(J), co(J), €ec(l), and £1(J) are
defined analogously. It is common to write £, €0, €00, £1,- - - for £oo(N), co(N),
coo(N), or £1(N).

We move on to consider the function spaces.

Example C.1.5 Suppose X is a locally compact Hausdorff space and K is R or C.

1. A continuous function f: X — C vanishes at infinity if for every ¢ > 0 the
set {x € X : |f(x)| = e} is compact. The space Cyp(X, K) of all continuous K-
valued functions vanishing at infinity is a Banach space with respect to the sup
norm,



C.2 Consequences of the Baire Category Theorem 475

[ flloo := sup{x € X : [ f(x)[}.

By the compactness of X, for every f € Co(X, K) the norm of f is attained at
some x € X. In this book Cy(X) stands for Cy(X, C).

2. The vector space of all complex Radon measures over X is denoted M (X). A
norm on M (X) defined by |u| := sup{ffd,u cf e CoX), I fllee < 1}is
complete. The space of real Radon measures on X is defined analogously.

The standard analog of a basis for a Banach space, Schauder basis, is defined
and discussed in Definition 7.4.5. Not every Banach space has a Schauder basis, but
every infinite-dimensional Banach space has an infinite-dimensional subspace with
a Schauder basis.

Suppose (X, || - ||) is a normed space and Y is a closed subspace of X. On the
quotient vector space X/ Y the quotient norm is given by [|x+Y || := inf)cy [[x+ .
The quotient (X/Y, || - ||) normed space is a Banach space if X is a Banach space.

This construction is used to prove the following:

Theorem C.1.6 Suppose that (X, || - ||) is a normed vector space. Then there is an
isometric isomorphism of X into a dense subspace of a Banach space, unique up to
the isomorphism. This space is the completion of X. O

Example C.1.7 If u is a positive Radon measure on a locally compact Hausdorff
space X, the Hilbert space L»(X, 1) (and any other L, space) can be presented in
two different ways. The space {f € Co(X) : [ | f1>du < oo} is a pre-Hilbert space
with respect to the inner product (f|g) := [ fgdu, and Ly(X, ) is isomorphic to
its completion.

Alternatively, denoting the o -algebra of all u-measurable sets by X, consider the
space of all X¥-measurable functions f: X — C such that | f|? is p-integrable. On
this space || f||2 is a seminorm, and the quotient is isomorphic to Ly (X, ).

C.2 Consequences of the Baire Category Theorem

Every Banach space is completely metrizable and therefore subject to the Baire
Category Theorem (Theorem B.2.1). Since every finite-dimensional subspace of a
topological vector space is closed, the Baire Category Theorem implies that the
vector space dimension of an infinite-dimensional Banach space is uncountable.

When combined with clever geometric arguments, the Baire Category Theorem
has far-reaching consequences to the structure of Banach spaces.

Theorem C.2.1 (Open Mapping Theorem) Suppose X and Y are Banach spaces
and f: X — Y is a bounded linear map such that f[X] is of second category (i.e.,
nonmeagre) in Y. Then f is open. O
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Corollary C.2.2

1. Every bounded bijection between Banach spaces has a bounded inverse.
2. If f: X — Y is a bounded linear map between Banach spaces, then f[X] is

either equal to Y or it is of the first category in Y. O
Corollary C.2.3 Suppose X is a vector space, || - || and || - ||| are two Banach space
norms on X, and there is r < 00 such that ||a|| < r||al| for all a. Then there is
s > 0 such that ||a|| > s||al| for all a. |

If X and Y are normed spaces, then X x Y is normed by
|(x, Y| := max(|lx]|, [|yl). If X and Y are Banach spaces, so is X x Y. The
graph I'y := {(x, f(x)) : x € X} of a linear map is a vector subspace of X x Y.

Theorem C.2.4 (Closed Graph Theorem) If X and Y are Banach spaces and
f: X — Y is a linear map, then f is continuous if and only if I'y is a closed
subspace of X x Y. O

If X and Y are normed spaces, let #(X,Y) denote the vector space of all
bounded linear operators from X to Y. On #(X,Y),

I£]l :=inf{r > 0: f(BX) C rB"}

defines the operator norm

Proposition C.2.5 If X and Y are normed spaces so is (X, Y). If in addition Y
is a Banach space, then (X, Y) is a Banach space.

The following is also known as the Uniform Boundedness Principle

Theorem C.2.6 (Banach—Steinhaus Theorem) If X and Y are Banach spaces,
F C B(X,Y), and for every x € X the set O, := {f(x) : [ € F} is bounded,
then sup{|| f 1l : f € F} < oc. O

C.3 Duality

Definition C.3.1 Suppose X is a normed space. A linear functional is
a linear map ¢ from X into the field of scalars K. It is bounded if
ll@ll == supex jxj<1 l9(x)| s finite.

The dual space of a topological vector space X, denoted X*, is the space of all
continuous linear functionals on X.

A linear functional between normed spaces is bounded if and only if it is
continuous. Therefore the dual X* of a normed space X is naturally isomorphic
to A(X,K) and it is a Banach space by Proposition C.2.5. In addition to the
norm topology (also known as the uniform topology) X* carries other important
topologies (Section C.4).
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A proof of the following theorem requires a fragment of the Axiom of Choice. If
all sets of reals have the Property of Baire, then the quotient Banach space £+, /co
has no nonzero bounded linear functionals (cf. Exercises 9.10.15 and 12.6.6).

Theorem C.3.2 (Hahn-Banach Extension Theorem) Suppose X is a normed
space, Y is a subspace of X, and ¢ is a bounded linear functional on Y. Then ¢
can be extended to a functional W on X such that |V | = |l¢]. |

Corollary C.3.3 Assume X is a normed space and x € X. Then there exists ¢ € X
such that |p(x)| = ||x|| and ||¢|| = 1. |

The functional ¢ as in Corollary C.3.3 is called the norming functional for x.

Corollary C.3.4 Assume X is a normed space and Y is a proper closed subspace
of X. Then for every vector x € X \ Y there exists a functional ¢ € X* such that
lell =1, Y C ker(p), and ¢(x) = dist(x, Y). O

If X is a normed space, then every x € X defines a linear functional x** on X*
by x**(¢) := ¢(x). By Corollary C.3.3, ||x**|| = |x||. Therefore x > x** is an
isometry of X into a subspace of X** and we have the following.

Corollary C.3.5 If X is a normed space, then the completion of X is isometrically
isomorphic to a subspace of the second dual X** of X. O

Definition C.3.6 Two linear spaces X and Y over K are in algebraic duality if
there is a bilinear form (-, -): X x ¥ — K such that the functionals (-, y) fory € Y
separate points in X and the functionals (x, -) for x € X separate points in Y. If
in addition X and Y are normed spaces, and all functionals (-, y) and (x, -) are
bounded, then the spaces X and Y are said to be in duality.

Example C.3.7

1. Any pair X, X* is in duality with the bilinear form given by the functional
evaluation, (x, @) := ¢(x).

2. By the Frechet—Riesz Theorem, if H is a Hilbert space then every ¢ € H* is of
the form ¢(§) = (§|n,) for some n, € H. The function ¢ + 1, is a conjugate-
linear isometry of H* onto H.

3. The dual of ¢g(N) is isomorphic to £1(N), and the dual of £; (N) is isomorphic to
£ (N). Both dualities are implemented by (a, b) := >on a(n)b(n).

The spaces Co(X) and M (X) were defined in Example C.1.5. Note that cg is
isometrically isomorphic to Co(N) (where N is taken with the discrete topology),
and its dual is £1. If X does not have a dense set of isolated points, then the dual of
Co(X) is considerably richer.

Theorem C.3.8 (Riesz Representation Theorem) If X is a locally compact Haus-
dorff space, then Co(X)* is isometric to M (X) via (f, ) := fX fdu. |

The annihilator of a subset Y of a normed space X is defined as

Yt = {p € X*|Y C ker(p)}.
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The annihilator of Z € X* is Z+ := {x € X|p(x) = 0forall ¢ € Z}.

Proposition C.3.9 Suppose Y is a closed subspace of a Banach space X. Then
Y*=X*/Y+and (X/Y)* =Y O

Proposition C.3.10 If X is a normed space and Y is a subspace of X, then (Y 1)+
is the norm-closure of Y.
In particular, if Y is a closed subspace, then (Y )L =Y. O

Example C.3.11 Ttis not true that if Z is a subspace of X* then (Z1)' is the norm-
closure of Z. For example, take X = ¢1 and Z = ¢y, as identified with a subspace
of £s. Then Z is norm-closed, but (Z1)L = £, (but there is a more suitable
topology for this situation; see Proposition C.4.11).

A Banach space is reflexive if every functional in X** is implemented by a vector
in X. Every Hilbert space is reflexive (Example C.3.7), and Hilbert spaces are the
only reflexive Banach spaces that appear in this book.

The shift on €5, (N) is a linear operator defined by S(x), := x,41 for all n.
The linear functional Lim whose existence is guaranteed by the following theorem,
proved using the Hahn—Banach extension theorem, is called the Banach limit.

Theorem C.3.12 On the real Banach space L (N) there is a bounded linear
functional Lim such that Lim(S(x)) = Lim(x) and

liminf, x, < Lim(x) < limsup, x,

forall x € loo. O

C.4 Weak Topologies

In this subsection we introduce a family of vector space topologies hinted at in
Example C.3.11.

Definition C.4.1 A family § of seminorms or functionals on a vector space X is
separating if for all nonzero x in X there is u € § such that u(x) # 0. The weak
topology on X induced by a separating family § is the weakest topological vector
space topology on X with respect to which all © € § are continuous.

With § as in Definition C.4.1, we can identify x € X with the evaluation function x
on §, x(¢) := @(x). If F is sufficiently rich, the weak topology induced by § is the
subspace topology on X when identified with {X : x € X} C [[ z K.

A vector x in a Banach space X is identified with the linear functional
X** on X*.

Example C.4.2 The weak topology on X* induced by {x** : x € X} is called the
weak*-topology.Therefore a net {¢,} in X* converges to ¢ if lim, ¢, (x) = ¢(x)
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for every x € X. If we identify elements of X* with functions on X the weak™*-
topology coincides with the topology of pointwise convergence. The weak topology
on a topological vector space X is the weak topology induced by X*.

Theorem C.4.3 (Hahn-Banach Separation Theorem) Suppose X is a topologi-
cal vector space and W and A are its disjoint convex subsets. Suppose moreover
that W is open. Then there exist a continuous linear functional ¢ € X* andr € R
such that R(x, ¢) <r <N(a, ¢) forallx € W and all a € A. O

The following lemma is known to logicians as the assertion that logic-continuous
functions on the type space correspond to formulas (see Section 16.1).

Lemma C.4.4 Suppose Y is a vector space. For n € N, functionals ¢;, for j < n,
and v on Y the following are equivalent:

1. The functional v is a linear combination of ¢;, for j < n.
2. There exists r > 0 such that |y (y)| < max;<, rlg;j(y)| forally €Y.
3. kerwgﬂj<nker<pj. |

Corollary C.4.5 Suppose that X is a topological vector space and W and A are
disjoint convex subsets of X* and W is open. Then there exist x € X andr € R
such that R(x, ¢) <r < R(x, ) forall o € W and all y € A. m|

Corollary C.4.6 If X is a normed space. If X* is taken with respect to the weak*-
topology, then its dual is naturally isomorphic to X. O

A clever application of Tychonoff’s theorem gives the following.

Theorem C.4.7 (Banach—Alaoglu) Suppose X is a topological vector space
and U is a neighbourhood of 0 in X. Then the polar of U,
Z :={p € X* :sup, .y lox)| < 1} is weak*-compact. O

Corollary C.4.8 The unit ball of the dual of a normed space is compact in the
weak™*-topology. O

Definition C.4.9 Given normed spaces X and Y, the transpose of a linear map
T: X > YisT*: Y* — X* defined by T*(¢) :=¢poT.

Proposition C.4.10 If X and Y are Banach spaces and T € B(X,Y), then T* is
bounded and weak*-weak* continuous. Every weak*-weak*-continuous linear map
S € B(Y*, X*) is of this form, and the map T +> T* from B(X, Y) into B(Y*, X*)
is a linear isometry.

A consequence of the Hahn—Banach separation theorem complements Proposi-
tion C.3.10 and Example C.3.11.

Proposition C.4.11 If X is a normed space and Z is a subspace of X*, then (Z*+)*
is equal to the weak™ closure of Z. O
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C.5 Convexity

Convex is good (a smiley), concave is bad (a frowny).
Nassim Nicholas Taleb, Antifragile: Things That Gain from Disorder

A subset K of a topological vector space X is convex if it includes the line
segment {ra + (1 —r)b : 0 <r < 1} forall a and b in K. A convex combination
of a finite set of elements a;, for j < n, of X is a vector of the form Zj<n ria;
where 0 < r; < 1forall jand ) iri= 1. By induction on n one can prove that a
set is convex if and only if it contains all convex combinations of its elements. The
convex closure of Y C X, denoted conv(Y), is the topological closure of the set of
all convex combination of elements of Y. It is equal to the intersection of all closed
convex sets that include Y.

A topological vector space is locally convex if it has a basis consisting of convex
sets.

Theorem C.5.1 A fopological vector space is locally convex if and only if its
topology is a weak topology induced by a family of seminorms. O

A face of a convex set K is a nonempty L € K such that a convex combination
of two points of K belongs to L if and only if both points belong to L. In particular
every face is convex. A point x of a convex set K is an extreme point if {x} is a face.

Lemma C.5.2 A face of a face is a face. An extreme point of a face is an extreme
point of the original convex set. O

Theorem C.5.3 (Krein-Milman) Suppose A is a compact convex subset of a
locally convex topological vector space X. Then the set of all convex combinations
of extreme points of A is dense in A. m|

A measure pu on X is a point mass measure concentrated at some y € X if if
w(A) =1if y € A and wu(a) = 0 otherwise.

Example C.5.4 Suppose that X is a compact Hausdorff space and consider the
space M 1(X) of all probability Radon measures on X. By Theorem C.3.8, it can
be identified with a subset of the unit ball of C(X)*. Since it is clearly closed, it is
compact by the Banach—Alaoglu Theorem. It is also clearly convex, and therefore
abundant in extreme points by the Krein-Milman Theorem. It is good to know that
the extreme points are exactly the point mass measures. Every point mass measure is
clearly an extreme point of M 1 (X). Conversely, if ¢ is not a point mass measure,
then there is a measurable A C X such that £(A) # 0 and w(X \ A) # 0. Then
W can be expressed as a convex combination of vy(B) = w(A) (BN A) and
vi(B) := (X \ A)~ (B \ A), and it is therefore not an extreme point.

Definition C.5.5 An algebra over a field K is a K-vector space (X, +) equipped
with multiplication - such that (X, -, +) is a ring. It is a Banach algebra if it carries
a Banach space norm that is submultiplicative, i.e., ||xy|| < |x||||y]| for all x and y.
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Theorem C.5.6 (Stone-Weierstrass) Suppose X is a compact Hausdorff space
and A is a subalgebra of C(X,R) containing all constant functions. Then A
separates points in X if and only if it is dense in C(X). O

The complex version of the Stone—Weierstrass theorem requires an additional
assumption. Let D = {z € C : |z] < 1} and let A € C(ID) be the set of all analytic
functions. Then A is a complex algebra that separates the points of . However, the
complex conjugation, z — Z, is a continuous function that does not belong to the
uniform closure of A.

Theorem C.5.7 (Stone—Weierstrass, Complex Version) Suppose X is a compact
Hausdorff space and A is a self-adjoint subalgebra of C(X) containing all constant
functions. Then A separates points in X if and only if it is dense in C(X). O

We will also need the lattice version of the Stone—Weierstrass theorem in
Section 16.3.

Theorem C.5.8 (Stone-Weierstrass, Lattice Version) Suppose X is a compact
Hausdorff space and A is a sublattice of C(X, R) containing all constant functions.
Then A separates points in X if and only if it is dense in C(X). O

Definition C.5.9 A convex cone, or simply a cone, is a convex subset of a vector
space closed under multiplication by positive scalars.

A convex cone is automatically additive, i.e., closed under addition of its
elements.

C.6 Operator Theory and Spectral Theory

Throughout this section H denotes an infinite-dimensional Hilbert space. Since H is
reflexive, its weak topology coincides with the weak*-topology and, by the Banach—
Alaoglu theorem, the closed unit ball is weakly compact.

Conditions (3) and (4) of the following theorem are not necessarily equivalent
for an arbitrary Banach space.

Theorem C.6.1 For an operator a € B(H) the following are equivalent:

1. a is in the norm-closure of % ¢(H), the algebra of finite-rank operators on H.
2. The restriction of a to the unit ball of H is weak-norm continuous.

3. The a-image of the unit ball of H is norm-compact.

4. The norm-closure of the a-image of the unit ball of H is norm-compact. |

An operator satisfying any of the equivalent conditions in Theorem C.6.1 is
called compact and the algebra of compact operators on H is denoted % (H). A
strengthening of the following standard fact is proved in Proposition 12.3.4.
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Proposition C.6.2 The algebra ¢ (H) is a self-adjoint, two-sided, norm-closed
ideal of (H). If H is separable, then the only other self-adjoint, two-sided, norm-
closed ideals of 8(H) are {0} and 2(H). O

The quotient 2(H) := AB(H)/ % (H), called the Calkin algebra, is a C*-algebra
that plays a major role in this text. An operator a € % (H) is Fredholm if both ker(a)
and ker(a*) are finite-dimensional and its range a[ H] is a closed subspace of H. The
Fredholm index of a Fredholm operator is defined to be

index(a) := dim(ker(a)) — dim(ker(a™)).

Theorem C.6.3 (Atkinson’s Theorem) An operator a is Fredholm if and only
if (a) is invertible in the Calkin algebra 2(H). |

Example C.6.4

1. The unilateral shift s (Example 1.1.1) is a Fredholm operator of index —1.
2. If a is normal, then ker(a) = ker(a*a) = ker(aa™) = ker(a™), and therefore a
normal Fredholm operator has index 0.

Proposition C.6.5 The function w(a) + index(a) from GL(Z2(H)) into Z is a
continuous and surjective group homomorphism. O

Definition C.6.6 A bounded linear operator a on H is normal if aa* = a*a and
self-adjoint if a = a*. The spectrum of a is sp(a):={X € C : a— A is not invertible}.

If H is finite-dimensional, then sp(a) is the set of eigenvalues of a. The
multiplication operator My on L>([0, 1], Lebesgue) associated with f (1) = t is
self-adjoint and it has no eigenvectors. Its spectrum is equal to [0, 1].

Proposition C.6.7 For every a € A(H), sp(a) is a nonempty and closed subset of
{zeZ:|z| < all}. O

Theorem C.6.8 Ifa € A(H) is normal and compact, then H has an orthonormal
basis consisting of eigenvectors for a. O

Theorem C.6.9 If A C HAB(H) is an abelian C*-algebra, then some probability
measure space (X, u) and a unitaryu : H — Lo(X, ) satisfy uAu* C Lo (X, w).
O

The following is Theorem 3.1.10.

Theorem C.6.10 Suppose M is a von Neumann algebra and a € M is normal.
Then W*(a) is isomorphic to Lo (sp(a), i) for some Radon probability measure |
on sp(a). The isomorphism sends a to the equivalence class of the identity function
and f to f(a). O

A proof of the following theorem can be found, e.g., in [194, Theorem 4.7.7]
(masa in a C*-algebra is a maximal abelian subalgebra).
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Theorem C.6.11

1. If (X, ) is a measure space, then Loo(X, ) is a masa in B(Ly(X, 1)).
2. Conversely, if D is a masa in 98(H), then there are a measure space (X, ) and

aunitaryu: H — Lo(X, u) such that uDu™ = Loo(X, ). |
Theorem C.6.12 (Fuglede) If a and b are in (H), ab = ba, and a is normal,
then a*b = ba*. O

Corollary C.6.13 Ifa € B(H) is normal, then {a} N PB(H) is a C*-algebra. O

C.7 Ultraproducts in Functional Analysis

Ultraproducts have been used by functional analysts to study II; factors, Banach
spaces, and C*-algebras for decades.! Variants of the following definition exist for
Banach spaces, II; factors, and other Banach space-based structures.

Definition C.7.1 Suppose 7 is an ultrafilter on an index set J and A}, for j € J,
are C*-algebras. The elements a of [] jeg Aj are norm-bounded indexed families
(aj : j€l).Thency = {a € ]_[j Aj i limj g |laj|l = 0} is a two-sided, self-
adjoint, norm-closed ideal of []; A;, and the quotient [, A; := []; Aj/cy is
the ultraproduct associated to 7 . If all A; are equal to some A, the ultraproduct is
denoted A% and called ultrapower.

One identifies A with its diagonal image in the ultrapower. The relative commu-
tant of A in its ultrapower is A’ N A% := {b € A% : ab = ba foralla € A}.

Functional analysts used ultrapowers of II; factors before £.os§’s seminal paper. See the introduc-
tion to [225].



Appendix D
Model Theory

As logicians we do our subject a disservice by convincing others that logic is first-order
logic and then convincing them that almost none of the concepts of modern mathematics
can really be captured in first-order logic.

J. Barwise [21]

In this section we review some model theory with an emphasis on model theory
of metric structures [22] and model theory of C*-algebras [90, §2]. We will consider
only some rudimentary model-theoretic notions (elementary submodels, types, and
saturation).! The classical (“discrete”) model theory is used only briefly in this book.
Standard sources include [39, 130], and [177] for classical theory, [22] for model
theory of metric structures, and [90] for model theory of C*-algebras.

D.1 The Classical (Discrete) Theory

In the discrete case we treat only the single-sorted languages. A language £ is a
triple (F, R, C) which contains the following data:

1. The set of function symbols, F. For each function symbol f € F we specity its
arity, n(f) > 1.

2. The set of relation symbols, R. For each R € R we specify its arity, n(R) > 1.

3. The set of constant symbols, C.

Given a language ., an .Z-structure is a quadruple 2l = (A, %, %, %) which
consists of the following :

1t should not be necessary to emphasize (but I will) that model theoretic methods have been
invaluable in some of the most sophisticated applications of logic to the mainstream mathematics.
The use of model theory in the present book is reduced to a convenient language.
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4. The set A which is the domain of 2.

5. Foreach f € F a function f2: A*(/) — A
6. For each R € R arelation R¥ < A"(®),

7. For each ¢ € C an element ¢ € A.

We say that f2, R%, and c* are the interpretations of f, R, and ¢, respectively,
in 2.
The language .Z is equipped with an infinite supply of variables x;, for i € N.

Definition D.1.1 Terms and formulas in . are defined inductively:

8. A variable x; is a term; a constant ¢ is a term;
9. If f e Fand 7, for j < n(f), are terms, then f (7o, ..., Tu(r)—1)-
10. If R € Rand 7, for j < n(R), are terms, then R(7, ..., T,R)—1) is a formula.
If 7o and 77 are terms, then tp = 77 is a formula. These are the atomic formulas.
11. If ¢ and ¢ are formulas, then ¢ Vv ¢ (disjunction), ¢ A ¥ (conjunction), —¢
(negation), ¢ — v (implication), and ¢ <> ¥ (equivalence) are formulas.

The relation “p is a subformula of ¢ is defined recursively in a natural way. This
relation is well founded, enabling one to prove statements about all formulas by
using Proposition A.2.1. This is the induction on the complexity of a formula.

Suppose ¢(x) is a formula with free variables among x = (xg, ..., x,—1) and
2l is an Z-structure. If @ is an n-tuple in A, then the interpretation of ¢ in 2 at a,
92 (@), is the truth value defined by induction on the complexity of ¢.

A formula with no free variables is called a sentence and the set of all £-
sentences is denoted Sent ¢. If ¢ is a sentence and the value ¢ is “true”, we write
2 = ¢ and say that ¢ is satisfied in 2 or that 2 is a model of ¢.

Definition D.1.2 The theory of 2 is Th() := {¢ € Senty : A = @}. f T C
Th(2l), then we say 2 satisfies T, or that 2 is a model of T and write 2 = T. The
class of all models of a theory T is denoted Mod(T').

A theory T is consistent if it has a model.> Two .Z-structures 2 and B are
elementarily equivalent, 2 = B, if Th(2) = Th(*B).

A substructure ‘B of 2 is an elementary submodel of 2, B < 2, if for every
formula ¢ of the language of 2 and every b in B we have 9P (b) = % (b). If
B < A, then we say that 2 is an elementary extension of B. If f : B — 2 and
f[B] < AU, then we say that f is an elementary embedding.

Theorem D.1.3 (Tarski-Vaught) IfB is a substructure of A, then B < 2 if and
only if for every formula ¢(x, 7) and every b in B, if ¢(a, b)2 for some a € A, then
¢(a,’ b)* for some a’ € B. |

Remark D.1.4 Constant symbols can be considered as functions of zero arity, and
therefore assuming that ¢’ = ¥ does not cause a loss of generality. An n-ary function
f: A" — A can be identified with its graph R := {(a, f(a) : @ € A"}, considered

2This is a theorem, but it works fine as a definition.
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as an (n + 1)-ary relation. Since the assertion that an (n + 1)-ary relation R(x, y)
is a graph of an n-ary function is expressed by a first-order axiom,? .Z-structures
are in a bijective correspondence with models of a first-order theory in a relational
language.

A function f: A" — A is definable in 2l if there exists a formula ¢(x, y) such
that for all @ and b in A we have f(a) = b if and only if 2 = ¢(a, b).

Lemma D.1.5 If a function f is definable in A and B < A, then B is closed
under f. O

Definition D.1.6 An .Z-structure 2 with domain X can be identified with a subset
of |_|ger X"™® . The space of all .#-structures with domain X is therefore construed
as Struct(.Z, X) := Z( | X"(R®)) The cardinality of a language .Z, |.Z)|, is the
cardinality of its set of symbols.

Lemma D.1.7 If|.Z| = «, then the cardinality of the set of all £ -formulas is equal
to k<N = max(Ro, k). o

Example D.1.8 1f a language . has cardinality not greater than a cardinal «, then
by fixing a bijection between « and Ligcrk”®) we can identify Struct(.Z, k) with
the power set of «. In particular the set of .Z-structures for a countable language .
is naturally identified with the Cantor space (Example B.1.3) and is therefore
equipped with a compact metric topology.

For an .Z-theory T the space of all models of T with domain X is
Mod(T, X) := {2 € Struct(Z, X) : A = T}.

We stop here. Types, saturation, and axiomatizability are treated only in the case of
logic of metric structures.

D.2 Model Theory of Metric Structures and C*-algebras

D.2.1 Metric Structures

We review the basics of logic of metric structures, also known as continuous logic.
A metric structure is a triple (., %, %) which consists of the following:

1. The set of sorts . is an indexed family of metric spaces (S, ds) where dg is a
complete, bounded metric on S.

SVHENRE, y) A (VE(YY)(V)(R(E, y) A R(E, 2) = y = 2).
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2. The set of functions % is a set of uniformly continuous functions such that for
f € %, its domain dom( f) is a finite product of sorts and its range rng(f) is a
sort.

3. The set of relations, Z, is a set of uniformly continuous functions such that for
R € #, dom(R) is a finite product of sorts and its range rng(R) is a bounded
subset of R.

4. The set of constants, €, such that for ¢ € € a sort S, is specified.

Definition D.2.1 To a C*-algebra A we associate the metric structure M(A)*
defined as follows. The sorts correspond to the closed n-balls A<, for n € N.
Formally, for every m we have separate function symbols corresponding to the
standard functions, +, -, and *, with the domain A2<m or A<y, and the range A<,
A_, 2, or Ay, respectively. This formality is routinely suppressed. There are no
relations and the constants are 0 and, if A is unital, 1. In the case of a C*-algebra with
additional predicates or functions, such as traces or automorphisms, the language is
expanded by additional relation or function symbols corresponding to the restriction
of these predicates and functions to each n-ball.

A *-homomorphism between C*-algebras @: A — B uniquely defines a
homomorphism between metric structures M(A) and M((B), and we have a functor
from the category of C*-algebras to the category of metric structures.

D.2.2 Syntax: Language, Terms and Formulas

A language & is a quadruple (S, F, R, C) which contains the following data:

5. The set of sorts, &. For each S € G there is a symbol ds meant to be interpreted
as a metric together with a positive number Mg meant to be the bound on ds.

6. The set of function symbols, F: for each f € F we specify dom(f) as a sequence
(St, ..., Sy) from G and rng(f) = S for some § € G. We will want f to be
interpreted as a uniformly continuous function. To this effect we specify, as part
of the language, functions (Sl.f : Rt — RY, fori < n. These functions are called
uniform continuity moduli.

7. The set of relation symbols, R: for each R € R we specify dom(R) as a sequence
(S1, ..., Sy) of sorts and rng(R) = K for some compact interval K in R. As
with function symbols, we additionally specify, as part of the language, functions
Sif :RT — R*, for i < n, called uniform continuity moduli.

8. The set of constant symbols, C: for each ¢ € C we specify a sort S,.

For each sort S € &, we have an infinite supply of variables xl.S , fori € N, for which
we will almost always omit the superscript.

4Some authors (including this one) use .# (A), but in this text .#(A) denotes the multiplier
algebra.



D.2 Model Theory of Metric Structures and C*-algebras 489

Definition D.2.2 Terms and formulas are defined recursively, similarly to the
corresponding definition in Section D.1.

1. A variable xl.s is a term with domain and range S; a constant ¢ is a term with
domain and range S,.

2. If f € F,dom(f) = (Sp,...,S,—1) forn > 1,and 1y, ..., t,—| are terms with
mg(t;) = S; fori < n, then f(1g, ..., t,—1) is a term with range the same as f
and domain determined by the #;’s.

3. If R € R, dom(R) = (So,...,S,_1) forn > 1,and 1y, ..., t,_1 are terms with
mg(t;) = §; foralli < n, then R(1, ..., t,—1) is a formula. Both the domain
and uniform continuity moduli of R(z, ..., ?;,—1) can be determined naturally
from R and 1y, . .., t,—1. These are the atomic formulas.

4. If f : R" — R is a continuous function and ¢y, ..., ¢,—1 are formulas, then
f(o, ..., en—1) is a formula.

5. If ¢ is a formula and x is a variable of sort S, then both inf,c5 ¢ and sup, g ¢
are formulas. Their domains are the same as that of ¢ except that the sort S is
removed.

The collection of all formulas of .# is denoted F . A formula with no free variables
is called a sentence. The set of all .Z-sentences is denoted Sent ¢. The set of all £
formulas whose free variables are included in x = (xg, ..., x,_1) is denoted ng.

Therefore Fo¢ = (J; Fff where x ranges over all tuples of variables. We write
sup, ¢ and infy ¢ whenever the sort of x is clear from the context. In the case of
C*-algebras it suffices to consider quantification over the unit ball.

Functions f as in (4) corresponds to logical connectives, V, A, and <>. (There are
no analogs of negation or implication in logic of metric structures.) The quantifiers
sup and inf in (5) correspond to the quantifiers V and 3.

D.2.3 Semantics: Interpretation of Formulas and Theories

Given a metric language .Z, an .Z-structure is a multi-sorted structure M whose
sorts correspond to the sorts of .. In addition, all relations, functions, and constants
in .Z are interpreted as relations, functions, and constants of M of the appropriate
arities, sort, and moduli of uniform continuity.

Suppose ¢(x) is a formula with free variables x = (xq, ..., x,—1) and M is an
Z-structure. If a is an n-tuple in M and g; is in the sort associated with a;, then
the interpretation of ¢ in M at a, 9™ (a), is the real number defined naturally and
inductively according to the construction of ¢. Quantification as in (5) is interpreted
as taking suprema and infima over the sort associated with the variable being
quantified.

Lemma D.2.3 To every £-term t(X) and every £ -formula ¢ (X) one can associate
a uniform continuity modulus so that in every £L-structure M the interpretations t™
and o™ satisfy this uniform continuity modulus. O
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Definition D.2.4 For a fixed Z-theory T and ¢ € F’fg let
lelr := sup{|(pM(Z1)|: M satisfies T,a € M}.

(This is a well-defined seminorm on Ff% by Lemma D.2.3.) The density character

of T is defined to be the supremum of density characters of (F*,, |l |l7) as X ranges
over all tuples of variables.

We also consider Fff with respect to the norm || - || in which no theory T is
specified.

The density character of (F%,, ||-||7) is at most |.Z|+Ro. If .Z has only countably

many sorts and (F%,, || - ||7) is separable for all X, then we say that T is separable.
An Z-formula is in prenex normal form (PNF) if it is of the form

sup,, infy, sup,, ...infy,, g(Ip1 O, - .. L)1)

for some k > 1, *-polynomials p j(x) for j < k in non-commuting variables, and a
continuous function g.

Definition D.2.5 A formula ¢ is called .Fy-restricted if it is obtained from the
atomic formulas by recursively applying the functions ¢ > /2 and (s, t) > s—t
(where s—t = max(s — ¢, 0)), the constant functions, and the quantifiers sup, and
inf, (see [22, Definition 6.5—Proposition 6.9]).

Proposition D.2.6 The set of PNF Fy-restricted formulas is dense in (F’}Z, [l 1D-

Proof By Theorem C.5.8 and [22, Theorem 6.3], every .#-formula can be uni-
formly approximated by .%y-restricted formulas. Now combine [22, Theorem 6.3,
Theorem 6.6, and Theorem 6.9]. m]

Definition D.2.7 (Theory as a Set) The theory of an £ -structure M is the set
Th(M) := {¢ € Senty : o™ = 0}.

A theory is any set of sentences. If T C Th(M), then we say that M satisfies T, or
that M is a model of T, or in symbols, M = T. Equivalently, M = T if o =0
for all ¢ € T. The class of all models of T is

Mod(T) :={A : Ais an .Z-structure and A = T'}.

A theory T is consistent if it has a model. Two #-structures A and B are
elementarily equivalent, A = B, if Th(A) = Th(B).

Since every real scalar is a formula, Th(M) uniquely determines the functional
on Senty given by ¢ > @M. The space Senty is an algebra over R, and this
functional is a character of that algebra. The theory as defined in Definition D.2.7 is
the kernel of this character.
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Definition D.2.8 (Theory as a Character) The theory of an £ -structure M is the
character ¢ — @M on Sent ».

Types can also be construed both as sets and as characters (Chapter 16).

A substructure M of N is an elementary submodel of N, M < N, if for every
formula ¢ of the language of N and every a in M we have oM (a) = ¢/ (a). If
M =< N, then we say that N is an elementary extension of M. If f : M — N is
an embedding of M into N and the image of M is an elementary submodel of M,
then we say that f is an elementary embedding. The Tarski—Vaught test has a metric
analog.

Theorem D.2.9 (Tarski-Vaught) If B is a substructure of A, then B < A if and
only if for every r € R and every formula ¢(x, b) where x is of some sort S and
b in B, if there is a € S* such that B (a, b) < r, then there is ¢ € S® such that
oA(c,b) <r. 0

We will sometimes need to handle more than one language at a time.

Definition D.2.10 If %, and %} are languages such that %) C .4, then we have
the forgettable functor from the category of .Z]-structures to the category of .4
structures that sends an .Zj-structure M to the Z-structure My with the same
domain and the same interpretations of the symbols in .%). We say that My is the
reduct of M1 and that M| is an expansion of M.

D.2.4 Axiomatizability

If T is an .Z-theory, a class of _Z-structures is axiomatizable if it is the set of all
models of some .Z-theory. A category is axiomatizable if it is equivalent to the
category of models of a theory in logic of metric structures.

Example D.2.11

1. Both Banach spaces and Banach algebras are axiomatizable.
2. C*-algebras are axiomatizable [87].
3. The II; factors are also axiomatizable [87].

Essentially all presently known axiomatizable classes of C*-algebras are col-
lected in [90, Theorem 2.5.1]. Definability by uniform families of formulas was
defined in [90, §5.7a]. We do not need the exact definition, only the following fact.

Lemma D.2.12 [Ifa class € of metric structures is definable by uniform families of
formulas, B < A are metric structures, and A € €, then B € €.

Proof By [90, Definition 5.7.1], belonging to ¥ is characterized by omission of a
sequence of types. To complete the proof, it suffices to note that if some x in B
realizes a type and B < A, then x realizes the same type in A. O
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A list of the properties of C*-algebras presently known to be definable by uniform
families of formulas is given in [90, Theorem 5.7.3].

D.2.5 Reduced Products and Ultraproducts in Model Theory

We include a general definition of a reduced product of metric structures.

Definition D.2.13 Fix a language .Z, an ideal _# on an index set J, and .Z-
structures M, for j € J. We will describe M := [[; M;/ _#, the reduced product
of the M;’s with respect to _¢#.

For each sort § € .Z with metric d /S on S(M;) take [ [; S(M;) together with the
pseudo-metric

dS(a, b) :=infxe g sup;epx 3 (aj, bj)

and let S(M) be the quotient of ]_[J S(M;) by dS. For each function symbol
f € £ define f¥ coordinatewise on the appropriate sorts. The uniform continuity
requirements on f imply that this is well-defined and that f* has the necessary
continuity modulus. For each relation symbol R € .Z define

RM(@) := infxe g sup;cpx RMi(@;).

All of these functions are well-defined and uniformly continuous by the uniform
continuity requirements of the language.

If ¢ is a maximal ideal, then % := _#* is an ultrafilter, and the corresponding
special case of Definition D.2.13 is worth singling out.

Definition D.2.14 Suppose 7% is an ultrafilter and ¢ = %*. Then the pseudo-
metric d5 on a sort S as in Definition D.2.13 reduces to d5 := lim; ¢ d/.S. The
interpretation of the relation symbols is given analogously, and the interpretation of
the function symbols is unchanged. In this case we write [ [, M; for [[M;/_# and
call it the ultraproduct of the M ;’s with respect to % .

If all M; are equal to a fixed metric structure M, then the ultraproduct is called
ultrapower and denoted M% .
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But I now leave my cetological System standing thus unfinished, even as the great Cathedral
of Cologne was left, with the crane still standing upon the top of the uncompleted tower. For
small erections may be finished by their first architects; grand ones, true ones, ever leave
the copestone for posterity. God help me from ever completing anything. This whole book
is but a draught — nay, but the draught of a draught. Oh, Time, Strength, Cash, and Patience!

Herman Melville, Moby Dick
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fIX], xxvii 2(H), the Calkin algebra, 68
X Ry, XXVil limsup;_, »rj, 68
K+, 4 a<<b,j71/ !
ag, 4 A’, the commutant of A, 82
EOn,S 1g(a), 85
1, 14, 1,, the multiplicative unit of a M®N, 87
, C*-algebra, 7 B’ N A, the relative commutant, 88
A" (the unitization of A), 8 X, 88
a, x—not necessarily the complex o ®id,, o™, 89
_ conjugate, 8 a1l b,91,247
A9 J fx)dp(x), 94
A 11 alF,99
Aga, 15 Acca, 107
[a, D], 18 AP 134
p=gq,18 B+, 113
p~q,19 HeK,125
Ay, 21 al. B, Bt 125
a>0,a>b,2l1 ©0 ~Aut 1, 155,159
A<p, Ap, A<y, ArL 21 @ ~Fe ¥, 163
At1,26 fla], 181
we (a vector state), 26 A 1Y, 201
A*, 28 B < 2,201
~,37,110 9™ (@), 201
H®I 47 N (A), 203
AQ K ,49 X(X, .2), 204
RA (@), #%(a), 56 B < A,204
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XY, 218

¢, 219

Aa, b), 222

100> Ms Nty - - > 222

Oy 225

S (D), 226,227

(- tl<y, 227

{0, 1<%, 228

s Ct,228

Mcountables 230

[X]2, 232

{x, y}<,232

Ts 235

ST (Hy), 236

xa, 14, 243

F, F4 (for afilter .F), 243
AAB, 243

C*, D%, 1 (in Z(N)), 245
1248

2(F), 253

<*,256

<*, the ordering on NN, 256
0,257

[k]<%0, 257

idp, 259

<r,=7,260

o+, 261

=* (on Party), 262

<*, the ordering on Party, 262
p)lgv q)lzj’ PXs gx; 262

P Se q,265

<*, the ordering on Party,, 266
Dy, 268

[1,r],268

Z, 269

G[X], 278

G, 279

CCR(G[X]), 280

(X,Y), 282

®, (Hy. 11y). 292

X (%), x(F), x(9), 295
p =" q.315

b*, 0%, 317

p, p*, 317

on, 338

List of Symbols

[XIFin, 353
pl. pt,355
dkk (A, B), 357

Hj Bj//’nj Bj/@j Bj, 397

[X]/,4OO

Il all2,u, 405

Cp([0, 1), A), 418
Ao, 418

F[E], 423

<*, 425

E <" F, 426

P, a fixed lifting of @, 432
p¥. q¥. 433

PX qx, 433

A(n), D(n), D[E], Dx[E], 434
D, Dp, 434

A(X, a), (Y, b)), 443
X A5y, 444

(Ax € y)p, 456
Ax)e(x), 456

(Vx € y)op, 456

- AV, =, <.V, 3,456
f X, 458

o+ p,a-B,459

w, 459

wg (an ordinal), 460
Ro, N1, R, ..., Ry, ..., 460
kT, 2%, 460

oM, 462

(-, t]<;, 465

C, 3, 465

[T], 466

sz, 466

[s], 466

plT], 469

x[A], 470

Loo, €0, €00, 1,474
X*,476

Y+ (annihilator), 478
K (H), 481

A =B, 486

M =T, 486, 490
M(A), 488

A = B, 490

M?, 492
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A [E], 262 Approximate unit, 22
/K], 330 idempotent, 32
Absolute value of an element of a increasing, 22
C*-algebra, 16 quasi-central, 32

Absoluteness sequential, 22

X }, 470 X-quasi-central, 32

x1. 470 Arity, 201, 485
AC, The Axiom of Choice, 456 A-strict topology, 338
Acting nondegenerately, 82 Asymptotic density zero, 269
Action, 64 Asymptotic sequence algebra, 68, 397
Adjacent, 276 Atom, 234
Adjoint, 4 Automorphism
Adu, 69 approximately inner, 69
Alnn(A), 70 asymptotically inner, 69
Algebra, 430 implemented by a unitary, 76
Almost disjoint, 245 inner, 69
Almost included, 245 multiplier inner, 69
Almost orthogonal family, 354 topologically trivial, 432

maximal, 354 of Z(N)/.7, 452
Amenable Axiomatizable, 491

Banach algebra, 391 Axioms of ZFC, 456

group, 377 AW*-algebra, 345
Amplification

of a Hilbert space, 82

of a representation, 60 B¢ (x), the e-ball centered at x, xxvii
Analytic, 469 BN-space, 390
Annihilator P(H), 4

of a C*-subalgebra, 316 B(X,Y),476

of a subset of a C*-algebra, 113 #1(H), 86

of a subset of a dual space, 478 Br(H), T

of a subset of a normed space, 477 b, 257
Antichain in a tree, 228 Baire space, 466
Anticommuting, 57, 276 Ball
Approximate diagonal, 137 n-ball, 473
Approximate identity, 22 unit, 473
© Springer Nature Switzerland AG 2019 507

1. Farah, Combinatorial Set Theory of C*-algebras, Springer Monographs
in Mathematics, https://doi.org/10.1007/978-3-030-27093-3


https://doi.org/10.1007/978-3-030-27093-3

508

Banach
A-bimodule, 391
algebra, 480
limit, 478
space, 474
reflexive, 478
Bessel’s inequality, 43
Bicommutant, 82
Blackadar’s method, 215
Boolean group, 276
Bounded, 473
Bounding number, 257
Branch
cofinal, 237
of a tree, 466
Bratteli diagram, 53
of an AF algebra, 53
Breakpoint of a piecewise linear function,
16

C(X), Co(X), Co(X), 7
CA, 49
Co(X, C), Co(X,R), Co(X), 475
CARD, 460
CCR(G), 278
CCR(G, X), 282
Clop(X), 15
Code(A), Codeg(A), Coder(A), 203
Ctble, 205
Proj(#(H)), 317
cov(.A), 230
¢, xviii, 118, 219, 460
C*(S),C*(a,b,c,...), 8
C*(I'), 64
Cy(IM), Cy(IN), 63
CH(I), 63
Cy, 183,186
conv(Y), 480
co(B), 397
co(N), 474
coy, 397
C*-algebra
AA-CRISP, 386
abstract, 7
approximately finite (AF), 53
approximately matricial, AM, 54
concrete, 7
CRISP, 374
essentially non-factorizable, 379
finite, 121
full group C*-algebra, 64
GCR, 107

Index

given by generators and relations, 56
infinite, 121
Jiang—Su, 348
KTT-algebra, 387
locally finite (LF), 74
locally matricial, LM, 179
matroid, 179
monotracial, 123
n-homogeneous, 358
non-type I, 79, 107
n-subhomogeneous, 358
primitive, 169
o -sub-Stonean, 387
o-unital, 22
SAW*, 374
simple, 67
stable, 49, 344
stably finite, 121
sub-Stonean, 387
tensorially prime, 390
type I, 79, 107
uniformly hyperfinite, 54
unital, 8
Calkin algebra, 68, 313
CAR algebra, 54, 60
Cardinal, 460
limit, 460
measurable, 420
regular, 460
singular, 460
strong limit, 196, 460
strongly inaccessible, 196
successor, 460
weakly inaccessible, 460
Cardinality, 460
definable, 219
of a language, 487
Cauchy net, 235
Cauchy—Schwarz inequality, 4
C*-dynamical system, 64
Center, 87
Central cover, 119
Central sequence, 271
Central sequence algebra, 398
Centralizer
double, 347
left, 347
right, 347
C*-equality, 5
Chain, 228
Character, 11, 357
of an abelian group, 75
of an ultrafilter, 295
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density character, 3
of a quantum filter, 295
of a state, 295
Characteristic function, 243
Choquet simplex, 136
Class
proper, 459
set-like, 459
Clopen, 14
Closed and unbounded, 183
Closed linear span, 473
Closed under f, 184
Club, 183
Club filter, 188, 244
Club many, 212
C-measurable function, 434, 470
Coarsening of K € Party,, 267
Code for an .Z-structure, 204
Cofinal, 181, 183
Cofinality, 257, 460
Cofinally equivalent, 260
Coherent family of unitaries, 447
Coideal of positive sets, 243
Coisometry, 15
Collapsing function, 463
Commutant, 82
Commutator, 18
Compactification
Cech-Stone, 338, 346
one-point, 7
Stone—éech, 338
Complemented
C*-subalgebra, 212
subspace, 213
Complete accumulation point, 192
Completely positive, 89
of order zero, 91
Completely regular, 346
Completion, 475
Compression, 89
Condition, 55
degree-n, 372
degree-1, 368
generalized, 373
generalized, 373
over X, 394
quantifier free, 372
satisfied, 368, 394
Conditional expectation, 94
Cone, 21, 49, 351, 481
Conjugate pure states, 155
Connected component, 278
Constants, 488

Continuous logic, 487

Continuum Hypothesis, CH, 220, 461

Contraction, xxviii
Contraction (in a C*-algebra), 15
Contractive, 10
Convergent function, 258
Convex, 480
Convex closure, 480
Convex cone, 481
Corner, 50, 340
Corona, 344
Countably degree-1 saturated, 368
Covariant system, 64
C.p.c., c.c.p., 89
Crossed product, 64

full, 65

reduced, 65
C*-subalgebra, 7

generated by S, 8

unital, 8
Cumulative hierarchy, 461
Cuntz algebras 0, 58
Cuntz—Pedersen nullset, 210
Cyclic vector, 34

A-system, 191
weak, 195

A(x, y) (not to be confused with x Ay), 466

A jy(x, ¥), Ap(x, y), 424
Al 469
8ij, xxv, 474
diam(X), 424
dist(x, Y), 18
dom(f), 488
9(E], 262
Px[E], 433
dy, 18
D, 467
P(A), 328
Degree of a nilpotent, 57
Degree-1 property, 373
Dense
ideal, 243
linear ordering, 221
Density character, xviii, 3, 203
of a theory, 490
Derivation, 368, 391
inner, 368, 391
Diagonal
embedding, 398
intersection, 185
masa in a UHF algebra, 88
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Diagonalizable
C*-subalgebra of Z(H), 322
operator in #(H), 322
Diamond sequence, 225
Diffuse measure, 131
Dilation
of a positive contraction, 43
Stinespring, 90
unitary, 43
Direct limit, 48
Direct product, 48
Direct sum, 47
of representations, 38
Directed set
concretely represented, 184
o-complete, 182
Discretization (of Z[E]), 434
Domain, 486
of an .Z-structure, 200, 203
Domain projection, 85
Dominating number, 257
Dual filter, 397
Dual space of a Banach space, 476
Duality, 477
algebraic, 477

Exc(Z), 152
Exh(p), 244
exp(a), 9
g-approximation
of an automorphism, 434
e-dense, 434
&-*-homomorphism, 430
unital, 430
g-isomorphic, 193
Elementarily equivalent, 490
metric structures, 486
Elementary
embedding, 486
metric, 491
extension, 486
metric, 491
submodel, 486
metric, 491
Elliott intertwining, 179
End-extension, 465
Endomorphism
implemented by a unitary u, 69
e-net, 139
Equinumerous, 218, 459
Exact C*-algebra, 77

Excise, 141

a state ¢ on X, 376

Excised by 27, 152
Expansion, 491
Extension, 422

split, 422

Extension property, 284
Extreme point, 480

Fy, the free group, 75
F,, 467
FA,(£2), 230
Fin(gp), 244
Fin, Finy, 243
Fg, 425

Lz (A), 148
F ¢, 489

FY,. 489
Face, 480
Factor, 87

of type I, IL, III, 87
of type 11, ll, 87

Family

almost disjoint, 245
Luzin, 250

Fermion algebra, 54
Fibonacci algebra, 77
Filter, 189, 242

dual, 243

Fréchet, 243

generated by a family of sets, 247
proper, 242

Finite intersection property, 242
First-order, 455

Forcing axioms, 217

Fglner net, 377

Formula, 486, 489

atomic, 486, 489
in a metric language, 489
prenex normal form, 490

Full matrix algebra, 50
Function, 488

Baire-measurable, 469
Borel-measurable (Borel), 467
definable, 487

finite-to-one, 237

regressive (generalization), 204
o -g-narrow, 441

o -narrow, 441

symbol, 485

Function symbol, 488

Index
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Functional
normal, 86
norming, 477
order-continuous, 86
positive, 25

Functional calculus
Borel, 84
continuous, 16
‘discontinuous’, 378
holomorphic, 9

G<%, 280
Gs, 467
Gg, 425
Godel’s L, 462
Gap
(x, 1)-gap, 248
abelian, 357
analytic, 251
asymmetric, 272
Borel, 251
countable, 350
of C*-subalgebras, 350
definition #1, 248
definition #2, 272
Hausdorff (disambiguation), 251
in #(N)/ Fin, 248
in Proj(C), 350
in C+, 350
in a C*-algebra, 350
linear, 248
Gap-preserving embedding, 352
Gelfand transform, 11
Gelfand—Naimark duality, 242
General Stone—Weierstrass Problem,
336
Generators, 55
GL(A), also denoted A~!, 9
Glimm Dichotomy, 158
Glimm-Effros Dichotomy, 120
GNS
construction, 34
triplet, 35
Graph, 276
M-k -graph, 279
simple, 276
undirected, 276
Graph algebra, 276
Graph CCR algebra, 276
Group algebra, 62
Group von Neumann algebra, 133

H,, 463
H<1,4
her(%Z"), 50
Hausdorff distance, 18, 467
Height of a tree, 228
Hereditary
C*-subalgebra, 50
generated by £, 50
cone, 351
subset of Z(N), 272
Hilbert space, 474
Homogeneous, 232
Homomorphism, 8
Homotopic
projections, 20
unitaries, 42, 70

Inn(A), 69
Ins (P), 189
index(a), 482
Ideal, 68, 189, 242
Borel, 243
Breuer, 122
in a C*-algebra, 66
dense, 243
dual, 243
essential, 67
Fréchet, 243
generated by 27, 269
A-complete, 190
of nonstationary subsets of I,
189
P-ideal, 245
proper, 243
o-ideal in a C*-algebra, 405
Idealizer, 91, 341
Immediate successor, 228, 466
Incomparable, 228
Independent
family in £ (X), 246, 292
family in NN, 270
modulo 2, 246
set in a graph, 284
Induced subgraph, 278
Induction on the complexity, 486
Inductive limit, 48
Inductive system, 48
Initial segment, 465
Injection isometry, 437
Inner product, 474
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Interpretation, 486
of a formula, 486
of a metric formula, 489
of a set of conditions, 58
Intertwiner, 101
Invariant mean, 94
Irrational rotation algebra, 66
Isometry, 15
partial, 15
Isometry trick, the, 438

jspa(a), 41

k-complete, 182
k-homogeneous, 396
K-universal, 396

H, H(H), T

J6.(H), 320

Kadison’s inequality, 115
Kadison—Kastler distance, 357

L, 462

Ly(A, 1), 124

Loo(X, ), 7

Lo(N), 474

£p-sum, 47

£(I), 62

lso(B), 397

Loo(T), 94

loo(N), 474

A(g), 62

A, 338

lh(s), 465

liI'Il)L A)\, 48

Z-structure, 200, 485, 489

ZLx, 394

Language, 485, 488
separable, 490

Left kernel, 34, 103

Left regular representation, 62

Lemma
A-System Lemma, 191
Fodor’s, 189
Glimm’s, 143, 173
Kirchberg’s Slice Lemma, 145
Pressing Down, 189

metric, 207

Riesz, 474
Second Splitting Lemma, 390

Level of a tree, 227
Level-by-level product of trees, 236
Lexicographical ordering, 222
L-homogeneous, 232
Lift
of a C*-subalgebra, 322
of an element, 67
of an element, a polynomial, or a
condition, 369
Lifting
of @: 2(A) - 2(B), 431
on 2,432
of product type, 438
o-narrow, 441
Linear functional, 476
bounded, 476
Logic of metric structures, 487
Logical connectives, 456

M(X), 475
My, 5
M, (A), 49
M, (C),7
My~ 54, 60
M3, 54
Mod(T), 486, 490
Mod(T, X), 487
M (A), 340
My, 44
Martin’s Axiom, 239
Masa, 73, 87, 482
atomic
in A(H), 88
in 2(H), 319
atomless
in A(H), 88
in 2(H), 319
Matrix
algebra, 7
completion trick, 98
Ulam, 197
Matrix units
in M, (C), 50
of type D, 57
of type M, 51
Meager, 467
Meagre, 182
Metric structure, 487
Minimal element, 457
Model, 486
of T, 490
transitive, 462

Index
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Multiplication operator, 5
Multiplicative domain, 44, 115
Multiplier algebra, 91, 340
outer, 344
Murray—von Neumann equivalence,
19

NS, 189
N, 466
N (B), 133
NN, 264
NN, 256
Nilpotent, 57
Node, 465
terminal, 465
Nondegenerate, 82
Nonstationary, 188
Norm, 473
quotient, 475
Norm ultrapower, 397
Normal, 15
Normalizer
of a C*-subalgebra, 133
of a subgroup, 133

OCAT, 232
OCA, 233
0n, Oy, 58
otp(X, <), 459
Open colouring, 232
Open Colouring Axiom, 232
Operator
compact, 5, 481
finite-rank, 5
Fredholm, 482
Hermitian, 5
norm, 4, 476
normal, 5
positive, 6
self-adjoint, 5
Opposite algebra, 134
Order
linear, xxvii
partial, xxvii
Rudin—Keisler, 254
topology, 183
total, xxvii
type, 459
Order-dense and open
set of nonzero projections, 327
Ordered abelian group, 77
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Ordinal, 458
limit, 459
successor, 459
topology, 346
Orthogonal
t-orthogonal, 125
complement
in a Hilbert space, 4
in a poset, 248
C*-subalgebras, 386
positive elements, 42
positive elements of a C*-algebra, 91
Orthonormal, 474
basis, 474

Party, 261
Party,, 265, 330
Proj(A), 14, 18
n ,1, , 469
P (X), 456
P (X), the power set of X, 218
P (k), 319
P(X), 182
P(A), 103
P, (A), 163
T, XXV
7, quotient map from A(H) to Z(H) (or a
representation of a C*-algebra, or
3.1415...),67
projg, 6, 320
prox(4), 249
P%> Px» 320
p)Ig, 266
p*, 334
Parallelogram identity
in C*-algebras, 43
Partial isometry, 6
Partial isomorphism, 223
Partial realization
of a degree-1 type, 368
of a type, 395
Piecewise linear function, 16
Pigeonhole principle, 177
PNF, 490
Point mass measure, 480
Polar, 479
Polar decomposition, 16
Polarization identity, 3
in C*-algebras, 43
Polish space, 465
Polish topology, 465
Pontryagin dual, 75



514

Poset, 19, 181
directed, 22, 256
K -directed, 256
o-directed, 256
Positive
element of a C*-algebra, 21
linear map, 89
Power set, 218, 456
Powers approximation property, 128
weakening of, 308
Powers group, 128
Pre-Hilbert space, 474
Predual of a von Neumann algebra, 86
Pregap, 248
cofinal in another pregap, 248
in Z(N)/ Fin, 248
in a C*-algebra, 350
separated, 248, 350
Primitive, 169
Problem
Kadison-Singer, 326
Naimark’s, 156
noncommutative Stone—Weierstrass,
336
Product type
automorphism of an ultrapower, 413
function, 435
Projection, 6, 14, 15
finite, 121
infinite, 121
nontrivial, 39
scalar, 39, 72
spectral, 85
of a tree, 469
Property of Baire, 270, 469
Pure state space, P(A), 103

0,171

2(A), 344

2(H), 314

Quantifer-free saturation, 372

Quantum filter, 147
associated with a state, 146
diagonalized, 317
generated by <7, 150
generated by projections, 150
maximal, 147
nonprincipal, 317
principal, 169

Quasi-ordering, xxvii, 245

Quasi-state, 171

Quotient
Banach space, 475

mg(f), 488
r(a), 10
Ramsey’s Theorem, 232
Range projection, 15, 85
Rank, 461
function (on a tree), 468
stable, 78
of a tree, 468
Rank-initial segment, 461
Rational UHF algebra, 54
Real rank zero, 71
Reals (as in ‘the reals’), 466
Reduced group C*-algebra, 63
Reduced product, 68, 397
of metric structures, 492
with respect to a filter, 397
Reduct, 491
Reflection principle, 177
Reflects, 463
to separable substructures, 208
Regressive function, 189
Relation, 55, 488
Relation symbol, 485, 488
Relative commutant, 88, 95, 212, 483
of a subset of [V]<X0, 283
Relativization, 462
Representation
of a C*-algebra, 34
algebraically irreducible, 96
cyclic, 34
disjoint, 101
factorial, 173
faithful, 34
of a group, 62
into a C*-algebra, 361
uniformly bounded, 361, 377
unitarizable, 361, 377
unitary, 62, 377
nondegenerate, 101
topologically irreducible, 96
universal, 112
Right regular representation, 63
Root
of a A-system, 191
of a weak A-system, 195
Rudin—Keisler isomorphism, 254
Rudin—Keisler reduction, 253
Russell’s paradox, 238

S(w), 459
SA, 49
Sent ¢, 489
Sep(M), 182
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sp(a), 15
sp4(a), 9
span(Y), 473
SPess (@), 75
Stone(B), 14
Struct(.Z, X), 487
Struct(.Z, X), 204
>l 469
S(A), 25
o-compact, 271
o-complete back-and-forth system, 223
supp(a), for a € Dy, 434
supp(y), 213
*-homomorphism, 8
*-polynomial, 8
SAW*-algebra, 374
Satisfiable

degree-1 type, 368

set of relations, 58

type, 395
Satisfies, 486, 490
Saturated, 396

countably saturated, 396

fully, 396

K -saturated, 395
Schauder basis, 213
Second-order, 455
Self-adjoint, 15

algebra, 7

functional, 26
Seminorm, 473
Sentence, 486

metric, 489
Separably homogeneous, 396
Separably inheritable, 215
Separably universal, 396
Separates, 248, 273, 350
Separating family of seminorms, 478
Sesquilinear, 3, 4, 474
Set

analytic, xxvii, 251

Borel, 467

g-narrow, 441

narrow, 441

m}, 469

perfect, 192

projective, 469

>l 469
Shift

on £, 478
Sides of a (pre)gap, 248, 350
Similar, 381
Simultaneously diagonalizable, 322
Singular
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cardinal, 460
state on Z(H), 169
Skolem function, 201
Smooth, xxvii
equivalence relation, 241
Sort, 487
SOT, 80
Source projection, 15
Spatially equivalent, 37, 110
Spectral radius, 10
Spectrum, 482
of a C*-algebra, 11
of an element of a C*-algebra, 9
essential, 75, 325
Gelfand, 11
joint, 41
Splits, 248
Stabilization, 49
State, 25
diagonalizable, 326
diagonalized, 326
diffuse
on an element a, 131
on an abelian C*-subalgebra, 131
on a C*-subalgebra, 131
faithful, 122
GNS-faithful, 143
normal, 86
product state, 157
pure, 25, 103
determined by a contraction, 308
tracial, 63, 87, 122
standard (on a graph CCR algebra),
278
vector, 26
State space, S(A), 25
Stationary, 188
Stone duality, 241
Stone space, 13
Strict topology, 338
Strictly Cauchy, 338
Strictly positive
element of a C*-algebra, 30
measure, 143
Strong Dixmier property, 124
Strong operator topology, 80
Subadditive, 244
Subalgebra, 360, 381
Submeasure, 244
lower semicontinuous, 244
Submodel, 201
elementary, 201, 204
Subrepresentation, 100
Subtree, 228
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Support of a vector, 213
Suspension, 49

T, 467
T(A), the space of tracial states of A, 122
type(a/X), 395
Tarski—Vaught test, 201, 486, 491
Tensor product
of infinitely many Hilbert spaces, 292
maximal, 60
minimal, 60
spatial, 60
Term, 55, 486
in a metric language, 489
Th(M), 490
Th(2l), 486
Theorem
Arveson’s Extension, 90
Atkinson’s, 482
Banach—Alaoglu, 479
Banach-Steinhaus, 476
Bicommutant, 82
Closed Graph, 476
excision of pure states, 141
Fuglede’s, 483
Fundamental Theorem of
Ultraproducts, 399
Gelfand—Mazur, 45
Glimm’s, 107
Hahn-Banach Extension, 477
Hahn-Banach Separation, 479
Jankov, von Neumann, 470
Johnson—Parrott, 318
Kadison Transitivity, 96
Kaplansky’s, 107
Kaplansky’s Density Theorem, 84
Keisler—Shelah, 414
Krein—Milman, 480
}.oS$’s, 399
Lowenheim—Skolem
downwards, 201
Upwards, 416
Mostowski’s Collapsing, 463
noncommutative Tietze Extension
Theorem, 348
Novikov, 471
Open Mapping, 475
polar decomposition, 6
Radon-Nikodym (noncommutative),
104
Reflection, 463
Riesz Representation, 477
Riesz—Frechet, 477

Index

Sakai’s, 86
Shoenfield’s Absoluteness, 470
Stinespring, 90
Stone—Weierstrass, 336, 481
for lattices, 481
Takesaki’s, 60, 170
Tomiyama’s, 94
Tychonoff’s, 457
Voiculescu’s, 335
Theory, 486, 490
as a character on Sent ¢, 491
consistent, 486, 490
of a metric structure, 490
Topological vector space, 473
locally convex, 480
Topology
o-weak, 85
ultraweak, 85
weak, 479
Trace, 86, 122
Trace class operator, 86
Trace-kernel ideal, 405
Transitive closure, 458
Transitive set, 458
Transpose, 479
Tree, 465
Aronszajn, 237
complete binary tree, 228
finitely branching, 466
growing downward, 468
growing upward, 227
ill-founded, 468
on a set Z, 466
Shoenfield, 470
Suslin (or Souslin), 228
Tukey equivalence, 260
Tukey function, 258
Twist of projections, 354
Type, 394
approximately realized, 395
degree-n, 372
realized, 372
satisfiable, 372
degree-1
approximately realized, 368
generalized, 373
n-type, 368
realized, 368
satisfiable, 368
I, 11, or III (of a factor), 87
II;, I, (of a factor), 87
of a factorial representation, 173
omitted, 395
over a set X, 395



Index

quantifier-free, 372
realized, 372, 373
satisfiable, 372, 373

realized, 394

relative commutant, 368

satisfiable, 395

separable, 396

type I C*-algebra, 79, 107

UX, 458
U(A), 15
Up(A), 70
U.c.p., 89
Ulam-stability, 452
Ultrafilter, 253
countably complete, 418
countably incomplete, 404
k-regular, 416
nonprincipal, 230
selective, 231
Ultrapower
of C*-algebras, 397, 483
of metric structures, 492
tracial, 397, 405
Ultraproduct
of C*-algebras, 397, 483
of metric structures, 492
Uniform 2-seminorm, 405

Uniform Boundedness Principle, 476

Uniform continuity modulus, 488
Uniformly hyperfinite (UHF), 54
Uniformization, 470
Unilateral shift, 5
Unitarily equivalent
C*-subalgebras, 88
states, 110

Unitary, 15
group, 15
Unitization, 8

Vy, fora € OR, 461
Vanishing at infinity, 474
Vector

cyclic, 45

separating, 45, 63
von Neumann algebra, 81

W*(2), 83
W*-algebra, 81
Weak
Continuum Hypothesis, 452
A-system, 195
operator topology, 80
topology, 478
on a Hilbert space, 481
Weakly stable relations, 59
Weight of a topological space, 39
‘Well-founded, 457
tree, 468
Well-ordering, 457
Well-supported, 16
WOT, 80

Z(M), 87,96
ZA(B), 212

ZFC*, 457
Zero-dimensional, 14
ZF, 457

ZFC, 455

Zorn’s Lema, 457
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